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Abstract—In this paper, we present results of uncertain state
estimation of systems that are monitored with limited accuracy.
For these systems, the representation of state uncertainty as confi-
dence intervals offers significant advantages over the more tradi-
tional approaches with probabilistic representation of noise. While
the filtered-white-Gaussian noise model can be defined on grounds
of mathematical convenience, its use is necessarily coupled with a
hope that an estimator with good properties in idealised noise will
still perform well in real noise. In this study we propose a more re-
alistic approach of matching the noise representation to the extent
of prior knowledge. Both interval and ellipsoidal representation
of noise illustrate the principle of keeping the noise model simple
while allowing for iterative refinement of the noise as we proceed.
We evaluate one nonlinear and three linear state estimation tech-
nique both in terms of computational efficiency and the cardinality
of the state uncertainty sets. The techniques are illustrated on a
synthetic and a real-life system.

Index Terms—Confidence limit analysis, state uncertainty set,
system modeling, uncertain state estimation.

I. INTRODUCTION

ESTIMATION of a state of a system that is monitored
through measurements that have limited accuracy has

long been recognized as a challenging practical problem. This
is primarily because we are no longer interested in just a single
numerical value but try to identify a much larger set of all
possible system states. If the measurement errors are described
well by some probability distribution functions then the set of
feasible state estimates can also be described by a probability
distribution function. Unfortunately, in most practical situa-
tions, this is not possible as one deals with observations that
do not have full statistical characterization. An approach to
dealing with such situations has been introduced by [26] and
further developed by other researchers [3], [6], [10], [12], [14],
[15]–[17], and [20]. This is referred to in the literature as an
unknown but bounded error approach.

Within this approach there is a full spectrum of methods that
differ significantly with regard to computational complexity and
the quality of the estimation of the uncertainty set (an extent to
which this set is over estimated). An example of an accurate but
computationally inefficient method is a Monte Carlo estimation
that is guaranteed to avoid any over estimation but it requires a
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very large (in theory an infinite) number of iterations to cover
the continuous (infinite) solution space. At the other end of the
spectrum there is a trivial solution that takes the whole system
space as an estimate of the system uncertainty state. This has
a zero numerical complexity but also has no practical value. In
between these extremes there are methods that try to achieve the
best balance between computational complexity and accuracy.
Among the better known are methods based on variants of the
linear programming [2], [6], [20] and the ellipsoidal bounding
techniques [4], [7], [10], [15]. The main problem associated
with the linear programming methods is their numerical com-
plexity, particularly when one deals with multidimensional and
highly constrained problems, [20]. On the other hand, the el-
lipsoidal bounding techniques are computationally efficient but
often provide loose approximation of the state uncertainty set.
Furthermore the results of ellipsoidal bounding are dependent
on the order of processing of constraints [16].

In an effort to combine the advantages of the two approaches
researchers have attempted reduction of the number of con-
straints using ellipsoidal bounding techniques followed by a
linear programming estimation of the state uncertainty set that
takes advantage of a smaller number of active constraints that
need to be considered [1], [7]. Here we examine an alternative
combination of techniques. Our proposed method takes its roots
in the linear programming formulation but it avoids computa-
tionally expensive Simplex-type basis exchanges by taking ad-
vantage of the sensitivity matrix that is calculated during point
estimation of the system state for average values of measure-
ments. In other words, we hybridise the point estimation of the
average system state with linear programming estimation of the
state uncertainty set.

This paper is organized as follows. In Section II we provide
an overview of the four methods for estimation of the state un-
certainty set. These are the Monte Carlo, linear programming,
sensitivity analysis and ellipsoidal bounding methods. For the
sensitivity analysis method we look at two alternative formu-
lations. Each method is discussed in a separate subsection and
is illustrated with a numerical example. Section III provides a
real-life example of estimation of the state uncertainty set. An
exactly determined and an over-determined set of measurements
are considered. Conclusions about the relative merits of the four
techniques are provided in Section IV.

II. ESTIMATION OF THE STATE UNCERTAINTY SET

The estimation of a state of a system described by a (known)
nonlinear function and monitored through measurements
that have a limited accuracy, is a process of finding a set of
feasible state variablesthat results in values that satisfy
the measurement constraints [2], [26].
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To put it formally we identify astate uncertainty set

(1)

where represents a set of feasible measurement vectors,
i.e.,

(2)
In the above, the and represent a lower and upper bounds
on the measurements andrepresents a specific instance of the
measurement vector and represents a set of measurements
that are used in the state estimation process. The set M is called
observableif it is sufficient for the computation of the state vari-
ables and isminimal if it does not contain redundant measure-
ments. The inclusion relationship in (1) is reffered to in the liter-
ature as theuncertain system equation. For the uncertain system
equation there is no unique operating state that can be calcu-
lated. All that can be defined is a set of possible operating states
resulting from the set of possible measurement vectors. No pref-
erence is placed on these, all are assumed to be equally likely.
Although the lack of a unique estimate ofis at first worrying
it reflects the reality that any physical system can be known
only with a limited accuracy. So, the unknown-but-bounded [26]
modeling of measurement uncertainty can be seen as a natural
description of physical reality.

By analogy to the measurement uncertainty bounds it is nat-
ural to extend this approach to defining the uncertainty bounds
on system state variables. These can be formalised as follows:

(3)

The vectors and provide lower and upper bounds on
the state vector in the same way that and did for the
measurement vector. For each individual variable, the interval

is referred to as theuncertainty intervalfor the th vari-
able and and are referred to asconfidence limits[3], [12],
[13]. The uncertainty intervals or confidence limits, as defined
in (3), are as tight as can be achieved with the given measure-
ment uncertainty. However, calculating these bounds is a chal-
lenging task and, depending on the simplifying assumptions, it
can result in calculated bounds that are looser or tighter.

As a general point, it is worth pointing out that the hyperbox
defined by the uncertainty intervals

(4)
is a superset of , i.e.,

. The set contains, in addition to ,
all those combinations of values of that are each feasible
for individual state variables but are not feasible for a state
vector .

Similarily, we notice that the set , which is the image
of the state uncertainty set obtained through mapping
and formally defined as

(5)
is a subset of the feasible measurement set. The set
typically contains, in addition to , such for which there
is no (neither in ) nor ) for which .
In other words, there may be vectors in that are
inconsistent for . These two remarks are illustrated in Fig. 1
for a two-dimensional (2-D) case.

The optimization problems implied by (3) are, in general,
quite complex, particularly if the function is nonlinear. With

state variables and measurements the confidence limit anal-
ysis requires 2 nonlinear optimizations each subject to 2
constraints (the 2 constraints arise by considering the lower
and upper bounds on the measurement uncertainty). For real-life
systems there may be several hundred state variables and several
hundred measurements. Therefore, confidence limit analysis is
a highly computationally intensive task.

The focus of the subsequent sub-sections is the assessment
of the relative merits of the alternative confidence limit analysis
algorithms. Against this background, a novel sensitivity matrix
based estimation of the state uncertainty set is presented in the
Section II-D

A. Monte Carlo Method

In normal use, deterministic state estimators produce one
state estimate for one measurement vector. Used in this way
they give no indication of how a state estimate may vary in
response to variations in the measurement values. However, if
a deterministic state estimator is used repeatedly for a whole
range of measurement vectors then some indication of state
estimate variability is provided. It is this idea that forms the
basis of the Monte Carlo approach to confidence limit analysis.
A large number of feasible state estimates are generated, as
randomly as possible and from these the state estimate confi-
dence limits are estimated. The larger the number of random
feasible state estimates the more reliable the estimate of the
confidence limits.

Let be a measurement vector, selected randomly from the
set ) and let be a state estimate calculated using

. is a feasible state estimate if . This
follows from the definition of feasible vectors given in equation
(1). However, for some there is no state vector for which

(see Fig. 1). In fact, if is defined
as in (5), then only when
is a minimal measurement set (i.e., if is an observable set
and has no observable subset). For a sequence, , of
measurement vectors selected randomly from , a
sequence of sets , can be defined

for some (6)

where is the state estimate calculated using. This
sequence of sets is such that
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Fig. 1. Relationship betweenX andX and betweenZ andZ.

for all , as only feasible state estimates
are contained in . For a large number, , of randomly
selected measurement vectors it can be assumed thatis
approximately equal to . In other words, as

The actual estimator used to calculateof no importance,
provided that it is unbiased and that it can guarantee con-
vergence in a high proportion of cases. All state estimates
are checked for feasibility before being used to update.
A sequence of random measurement vectors can be selected
from by using a random number generator. For
example, a sequence of random numbers, , scaled to
be between 0.0 and 1.0, can be generated and used to construct
the measurement vector

m (7)

where and are the lower and upper bounds for
can be constructed in a similar way

from a new sequence of random numbers. Throughout the
computations, for , only two vectors need to be stored, these
are and , the lower and upper bounding vectors for the
current set of feasible state estimates,. These vectors are
updated whenever a new feasible vector, not contained in any
of the ’s, is found.

Monte Carlo confidence limit algorithm
1. Select a large number, (to limit the
number of iterations) and set .
2. Set .
3. Select a sequence of random num-
bers, and use these to con-
struct a random measurement vector from

as indicated in (7) .
4. Calculate a state estimate, from

. If , then use to

update , . Otherwise reject as in-
feasible.
5. If , go back to step 2. Otherwise
stop.

Monte Carlo method is obviously slow computationally, but
despite this, it is useful in some situations. The condition that
only feasible state estimates are used to updateand
makes the procedure mathematically reliable and ensures that
these bounds can be attained. The method can be used as a
yardstick, against which the accuracy of all other confidence
limit algorithms can be compared. Unfortunately, the method
is impractical in many real-time applications. More practical
methods are described in subsequent sections.

B. Linear Programming Method

The application of the linear programming technique to the
estimation of the state uncertainty set relies on the lin-
earization of the system function, This can be accomplished
using a first order Taylor approximation to give

(8)

for all state vectors close to. In (8), is the Jacobian matrix
evaluated at . Although can be linearised around any state
vector, , it is best if is in some way central to the state uncer-
tainty set. This is because, the approximation used in (8) is more
accurate for values of for which is small. The best es-
timate available for the centre of is the state esti-
mate calculated from . So, the definition (1) can be linearised
using (8) to give a linear approximation, , of the
state uncertainty set .

This is defined as follows:

(9)

will be referred to as the linearised state uncer-
tainty set. Substituting for and using the definition of

given in (2), can be written

(10)

The set has, in general, quite a complex
topology and will not be calculated explicitly. Rather, the
smallest ’box’ or orthotope containing is
sought. This set will be denoted by and
referred to as the linearised state uncertainty box. Following
the definition of and in (3), lower and upper limits for

can be defined as follows:

(11)
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Calculating the bounding vectors of can now
be formulated as a linear programming problem. To allow this,
some new notation is introduced

(12)

(13)

(14)

(15)

is the set shifted by ,
is the measurement uncertainty set shifted by

and and represent ‘tightest’ lower and upper
bounds for the set . Then, the th element of

can be found by solving the linear programming problem

minimize

subject to (16)

Similarly, the th element of can be found by solving the
corresponding linear programming problem

minimize

subject to (17)

Hence, by performing 2 linear programs, the vectors
and can be constructed. Once and have been
calculated, it is a simple matter to construct the bounds

(18)

(19)

The detailed analysis of the optimization problems, (16)
and (17), and the formal proof that the maximum discrep-
ancy between the upper limits for any of the state variables in

and is of order , is
given in [5]. This theoretical result provides an upper bound for
the discrepancy between in and
and the true magnitude of this discrepancy will, in most cases,
be much less. In fact for the over-determined measurement sets
the state uncertainty sets and benefit from the extra
measurement constraints and become even more alike.

Unfortunately, the solution of 2 linear programs with 2
constraints given by (16) and (17) represents a large computa-
tional task. This is particularly so if the solution is attempted
by a direct application of the revised simplex, or any similar
linear programming algorithm. In an attempt to alleviate this
load an alternative formulation has been proposed in [3], [12].
This is based on the partitioning of the Jacobian matrix onto
a square, observable matrix and the reminder representing re-
dundant measurements Using this partitioning the optimization
tasks (16) and (17) can be written as

minimize

subject to

(20)

and

maximize

subject to

(21)

where is the th row of , is a square sub-martix of
, represents the portion ofcorresponding to redundant

measurements and and represent the measurement
vectors associated with and .

This formulation of the problem has an important advantage
over the formulation of (16) and (17) since the number of con-
straints to consider is reduced to . In many real-life
systems measurement redundancy is low so . A
disadvantage of the second formulation is that it requires the in-
version of the martix . However need only to be inverted
once, while the maximizations and minimizations are carried
out 2 times. So, with an efficient matrix inversion scheme this
disadvantage quickly disappears.

Linear programming confidence limit
algorithm
1. Select an observable subset of con-
taining measurements. This is the min-
imal measurement set and is denoted by

. Order with the elements of ap-
pearing first.
2. Re-order and according to the
new ordering of . Assemble , ,

, , and .
3. Factorise and calculate .
4. For each variable, , calculate

, the th row of and carry out the
maximization in (20) using a linear pro-
gramming method. The resultant value of

is the th element of . Simi-
larly, carry out the minimization in (21) ,
to obtain the th element of .
5. Add and to to obtain and

.

The computational complexity of (20), (21) is
compared to of optimizations (16), (17).

Example 1: In order to illustrate the operation of the linear
programming algorithm let us consider a simple system de-
scribed by the following inequalities:

These are depicted in Fig. 2. Clearly, for the linear system the
linearization error is zero (thus, there is no need forand
notation). Consequently, it is expected that the linear program-
ming method will calculate the bounding box on the state un-
certainty set, , that is identical to the one pro-
duced by the Monte Carlo simulations (given a sufficiently large
number of Monte Carlo iterations).
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Fig. 2. State uncertainty set defined by three double inequalities.

We select the first two inequalities as the minimum measure-
ment set, thus, defining , , , ,
and .

and

So, the corresponding martices and are

and

The cost function, , for is ,
so minimizing it with respect of , subject to constraints (21),
gives

and

and maximizing the cost function gives

and

For we minimize , to obtain

and

(where the parameter, , signifies the degenerate LP
case)

The maximization of gives

and

Evaluating now the equations and
, for and , we have ,

,
, and , which is the excact solution:

and .

C. Ellipsoid Method

An alternative to linear programming based confidence limit
analysis is a method based on the iterative shrinking ellipsoids.
The method has been first reported in [26] and has been consid-
ered by other researchers e.g., [4], [10], [20]. The technique is
referred here asellipsoid method.

Mathematically, an ellipsoid, is a region of space defined
as follows:

(22)

Fig. 3. Ellipsoid update (in two-dimensions).

for some and some symmetric and positive-definite
matrix , of dimension by . is therefore, a region of
centered on . The aim of the ellipsoid method is to start with
a large ellipsoid (usually a-dimensional sphere) that contains
the whole state uncertainty set and then to generate a sequence
of ellipsoids, decreasing in size, leading to one that fits the state
uncertainty set as tightly as possible. Using an ellipsoid as an
approximation to the state uncertainty set provides a simple and
concise description of what can be a very complicated set. The
algorithm itself, has the advantages of being sequential, mathe-
matically and conceptually simple and can be very fast compu-
tationally.

We consider here the application of the Schweppe’s ellipsoid
algorithm to confidence limit analysis. The first point to note
is that it is a linear method, and so, the state uncertainty set to
be approximated is the set , for a measurement
set and measurement vector. An ellipsoid that is certain
to contain is used as the starting ellipsoid .
This ellipsoid may be the-dimensional sphere centered at the
state estimate (this is the state estimate generated by) with a
suitably large diameter,. In this case , where is the

by identity matrix. The ‘observations’ in confidence limit
analysis are the linearised measurement constraints provided by
(10), which can be rewritten as

(23)

for all in . In this equation,
and are constant vectors and so can be pre-
calculated. Equation (23) representsconstraints, bounding

above and below. Each of these is taken in turn and used
to modify the current ellipsoid.

Suppose that the th constraint is being used to up-
date the st ellipsoid, and that
contains . The region bounded by this
constraint also contains the uncertainty set .
So is contained in the intersection of these
two regions as shown in Fig. 3. A new ellipsoid, , can be
produced which contains the intersection of and the
region bounded by the constraint’s hyperplanes. is the
ellipsoid , where

(24)



BARGIELA et al.: A STUDY OF UNCERTAIN STATE ESTIMATION 293

(25)

(26)

(27)

(28)

In these equations, and are the positive definite
martix and center vector, respectively, for the previous ellipsoid,

and can be any non-negative real value. The value,
used in these equations, is theth element of the measurement
error vector, . It should
be noted that, despite the fact that (22) refers to matrix
and (24)–(28) refer to , no matrix inversion is involved in the
algorithm. In fact, the matrix need never be known as all
updating is performed using matrices and .

The choise of parameter gives rise to various elipsoid
methods. In [10] there are two suggestions. The first involves
the solution of a quadratic equation in and produces the
ellipsoid of minimum volume. The second requires the solution
of a cubic equation and minimizes the sum of squares of the
semi-axis in . Alternative choices are discussed in depth in
[16].

On termination of the algorithm, the confidence limits for
each variable are easily calculated from the final positive-def-
inite matrix, and the final center vector . These are

(29)

(30)

Ellipsoidal confidence limit algorithm
1. Set and .
2. Set .
3. Calculate and from (27) and (28) .
4. Find that minimizes the volume of
the new ellipsoid by solving the following
quadratic equation in :

5. Calculate from (26) .
6. Update the state variable , as per
(24) .
7. Update , (25) .
8. If not all constraints have been pro-
cessed yet than repeat from step 2.
9. If the volume of the ellipsoid has been
reduced by less than a pre-specified ratio
than stop, otherwise reset the constraints
counter, and repeat from step 2.

Fig. 4. Ellipsoid update does not always lead to improvement in all variables.

In some situations, tight bounds can be found by processing
each measurement constraint only once, in which case only

steps are required. However, published research suggests
that further reduction in the bounds is often possible by re-pro-
cessing some or all of the constraints [7]. Also, the variation of
the order in which the constraints are processed has the effect
on the rate of convergence of the algorithm.

Although the computational complexity of the ellipsoid algo-
rithm compares favorably with the linear programming method,
its effectiveness in bounding the state uncertainty set can be
poor. The reason for that is that when the Jacobian,, of the un-
certain system equation, is sparse, each measurement con-
straint only bounds a few of the variables. In the ellipsoid algo-
rithm, constraints are considered individually and so can only
improve confidence limits on the few variables that they bound
explicitly. Using a two-dimensional example in which the ob-
servation hyperplanes each constrain only one of the variables
(Fig. 4) we can see that the new ellipsoid, produces tighter con-
fidence limits in the horizontal direction but looser ones in the
vertical direction. When this idea is extended to many dimen-
sions, only a few of which are bound by each constraint, it is
easy to see that at each iteration the majority of the variables
will have their confidence limits increased and only a minority
will have them reduced [4].

Example 2: The system of inequalities introduced in Ex-
ample 1 is now processed using the ellipsoid algorithm. As in
the previous three examples, we note that for the linear system,
the variable is identical to so the (28) simplifies to

The initial ellipsoid is assumed to be a hypersphere of radius
centred at . The measurement upper- and lower-

bound vectors are and , and the
matrices and are

and
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Processing the three constraints in the order , 2, 3, we
obtain, rounded to two places after decimal point

and reversing the order of processing of the constraints to,
2, 1 gives

Although both results contain the linearised state uncertainty set
, which is defined by

and

the quality of bounding the state variables is clearly inferior to
that produced by the linear programming and the sensitivity ma-
trix methods. This is a particularly worrying characteristic of the
ellipsoid technique because it is quite difficult to decide which
order of processing of the constraints will result in the most
rapid convergence of the estimates. It is also worth pointing
out that the criterion of nonincreasing the volume of the elipse,
when progressing from one iteration to the next, does not neces-
sarily imply the tightening of the bounds on all state variables,
as can be seen from the transition from to in the
example above. The consecutive ellipsoids generated when pro-
cessing the constraints in the order , 2, 3 and , 2, 1
are given in Fig. 5.

Against this background a number of hybrid techniques
combining the ellipsoid and linear programming methods
have been proposed [16], [20]. These primarily involve a fast
pre-processing of constraints using ellipsoid method followed
by the linear programming optimization with the reduced
constraint set. In the subsequent sub-section we introduce an
alternative hybrid technique that combines the point estimation

Fig. 5. Confidence limits ellipsoids generated by processing the constraints in
the ordert = 1, 2, 3 andt = 3, 2, 1, respectively.

of the average system state with linear programming estimation
of the state uncertainty set.

D. Sensitivity Matrix Method

The basis of the method introduced here is the observation
that when the measurement set is minimal (ie it is observable
and contains no observable subset), the linearised uncertainty
bounds can be calculated without recourse to a linear program-
ming procedure [5]. In these circumstances, confidence limit
analysis can be carried out much more rapidly than in the gen-
eral case when the linear programming algorithm [even in its
improved form (20) and (21)] is used. This is possible because
when is minimal the Jacobian matrix is square and invert-
ible. So, any is given by
for some . In general however,
is over-determined and so is an by matrix of rank .
When is of this form it has no inverse and is calculated
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using pseudo-inverse as . The matrix
is referred to as thesensitivity matrixas its ( )th

element relates the sensitivity of theth element of the state
vector to changes in theth element of the measurement vector.

A new approximate linearised state uncertainty set,
, can be defined as follows:

(31)

This set is an approximation of the linearised state uncertainty
set, . The following lemma highlights the rela-
tionship between and .

Lemma 1: For defined as in (31) and
, defined as in (9),

(32)

and when is a minimal observable measurement set

(33)

Proof: Let , then
by (10) and (14). Put . The element

of generated by is just a vector
. Hence

and (32) follows. Proof of the second
part, (33) follows from the observation that whenis minimal,

symplifies to .
When is over-determined there may be vectors

) that are inconsistent. For such a
vector there can be no with .
So, in particular is not equal to . It
may even be that is not contained in

). It is these vectors that account for the
difference between and .
That is, if
and only if the state vector for some

with not a member
of . Although is not identical
to it can be used to form bounds for the
linearised state uncertainty set. Although these bounds are
less tight than the ones obtained with the linear programming
method, at least they do not rule out any feasible state vector
from the uncertainty box.

Bounding vectors for , denoted and ,
can be defined analogously to and for the true linearised
state uncertainty set . The following algorithm
provides a way of calculating these vectors.

Sensitivity matrix confidence limit
algorithm
1. Set .
2. Factorise the matrix (This can be
done using an augmented matrix formulation
so as to preserve the condition number of
the matrix ).

3. Set .
4. Calculate , the th row of the sensi-
tivity matrix (This can be done
efficiently taking into account the spar-
sity of and using the augmented matrix
based factorization of step 2).
5. Put , where

if

otherwise
(34)

Put , where

if
otherwise

(35)

6. If , go back to step 3. Otherwise
stop.

The computational complexity of the above algorithm is of
order . For a large values of and this offers
significant computational savings compared to linear program-
ming optimization. For example if and , the
computational complexity of the sensitivity matrix method is of
order , while the computational complexity of the linear
programming method is of order .

1) Example 3: We apply here the sensitivity matrix confi-
dence limit algorithm to the system of inequalities considered
in Example 1.

The pseudoinverse matrix is

so, and .
Processing , according to (34) and (35), using the

first row, , we obtain and
which produces

and using the second row, , we have
and

which gives

The bounding box on the state uncertainty set,
and , as calculated here, is larger than the
one obtained with the Monte Carlo and the linear programming
algorithm. The widening of bounds along the direction is
caused by the inherent feature of the pseudoinverse, that of at-
tempting to ballance the sum of distances fromand to
all upper- and lover- bound constraints, respectively. By con-
trast, the linear programming and the Monte Carlo algorithms
are concerned only with the “active” constraints for any given
value of the state vector, thus ignoring the redundant constraints.
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Interval Arithmetic Formalism for the Sensitivity Matrix
Method

The computation of the bounds on individual state variables,
implemented in Step 5 of the above algorithm ((34) and (35)),
can be expressed using the formalism of interval arithmetic. The
idea of defining algebras over the sets of intervals, rather than
over the sets of real numbers, dates back to late 50s, [27] and
it was subsequently developed by Moore, [18] and other re-
searchers [8], [9], [14], [19], [23]–[25] as a framework for the
quantification of the mathematically accurate results using finite
precision computations. The idea being that any real number can
be represented by a pair of adjacent machine numbers which
define an interval containing the original number. As the com-
putations proceed, the upper- and lower- limits of the interval
containing the result are evaluated conservatively so as to en-
sure that all feasible results are included.

For a scalar variable, an interval is defined by its upper
and lower limits as and it represents a subset of. The
set of all intervals of is denoted here as , so that .
For an -dimensional vector variable, an interval is defined
as a Cartesian product of intervals of the individual coordinates.
That is
which defines a hyperbox in the space. The set of all boxes
of is denoted as , so that and .

Here we will confine ourselves to two basic arithmetical op-
erations on intervals. These are: addition of and multiplication
of intervals. The constructive definitions of these operations are
as follows:

(36)

(37)

where , , and , , , . The
multiplication of an interval, by a scalar, , is
a special case of (37) with the scalar,, represented as a point-
interval .

The above formulas can be generalized to vector intervals
(hyperboxes) to give

(38)

(39)

where , , , , , ,
and , , , .

As before, the multiplication of an interval , by a
vector, can be seen as a special case of (39) with the
vector, , is represented as a vector point-interval .

From the definitions (36)–(39), it is clear that the sensitivity
matrix method, implemented through the formulas (34) and
(35), can be written using the interval arithmetic formalism as

(40)

where is a vector point-interval formed by theth row of
the sensitivity matrix and is a point-interval

.
The hyperbox , , is therefore iden-

tical with the set . This result gives an interesting
insight into the interval arithmetic based estimation of confi-
dence limits in the context of linear programming and Monte
Carlo methods.

Example 4: Continuing with the system of inequalities con-
sidered in Example 1 we can formulate the interval equations for
the sensitivity matrix method. The point-interval vectors corre-
sponding to the two rows of the pseudoinverse matrix are

and the interval vector is

Substituting the above to (40), the intervals for the state vari-
ables, can be calculated as follows:

and

As expected, the result is identical to that calculated by the sen-
sitivity matrix method (Example 3). However, it must be borne
in mind that the mathematical elegance of the interval arithmetic
is paid for with the increased computational burden. While the
interval arythmetic calculations, listed above, required 48 mul-
tiplications, 48 logical operations and 8 additions, those in Ex-
ample 3 were accomplished with 12 multiplications, 12 logical
operations and 8 additions.
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Fig. 6. Water distribution network used for testing the confidence limits calculations.

TABLE I
PIPE DATA FOR THE TEST NETWORK

III. REAL-LIFE APPLICATION

The uncertainty models from the previous section are illus-
trated here in the context of state estimation of water distribu-
tion networks [2]–[4]. A network represented diagrammatically
in Fig. 6 consists of 65 nodes, 92 pipes and 5 inflow points. The
inflow points are the reservoirs at nodes 60 and 160, a pumping
station at node 68 and two water supplies from a high pressure

zone through pressure-reducing valves at nodes 3 and 26. Pipe
data:—length [m];—diameter [m]; and C-values (conductivity);
are listed in Table I. This data, together with the reference pres-
sure measurement in node 160 and five inflow measurements
in nodes 3, 26, 60, 68, and 160 allows calculation of the system
state (a 70-dimensional vector of 65 nodal pressures and five in-
flows in fixed-pressure nodes).



298 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART A: SYSTEMS AND HUMANS, VOL. 33, NO. 3, MAY 2003

TABLE II
MEASUREMENTDATA

Two measurement sets are considered, both for the same op-
erating state. The first measurement set,, is a minimal mea-
surement set, consisting of nodal consumption values in all but
one of the nodes, an inflow measurement for each of the inflow
nodes and one reference pressure measurement at node 160. The
second measurement set, , consists of all measurements con-
tained in the set together with 4 additional pressure and 4
flow measurements.

As it is pointed out in Section I-A, the true measurement
vector, , rarely coincides with the observed one,. The dis-
crepancy is caused by meter noise affecting real measurements
and the inaccuracy of estimates, which are used as pseudomea-
surements. In order to reflect this reality the observed measure-
ment values, , are generated in the following way. Firstly, a
true operating state, , listed in column two of Table III, is as-
sumed and a true measurement vector,, is calculated as .
The true measurement values,, are listed in column two of
Table II. The observed measurement values,, listed in column
three, are selected randomly from within the range , in
accordance with (2). The bounds were defined in terms
of relative variability of as follows: 50% for l/s;
40% for l/s; 30% for l/s;
20% for l/s and 10% for l/s. This
corresponds to real-life situation where measurement values are
not exact but are contained within the range specified by the ac-
curacy of meters. The state vector,, calculated from the ob-
served measurement vector,, is shown in column three of
Table III. The difference between this state estimate and the true

state should be noted. It is caused solely by the addition of the
simulated measurement errors and shows how noise corrupted
measurement data affects system state.

The first set of results concerns the state uncertainty sets,
and , for the minimal

measurement set, , as calculated by the Monte Carlo confi-
dence limit algorithm and the linear programming confidence
limit algorithm. Results for the sensitivity matrix algorithm,

), are not included because for a minimal
measurement set these are identical to those using linear
programming algorithm, as explained in Lemma 5.

Rather than trying to visualise the state vectors themselves we
focus our attention on their variability, , around the
average value, , for each variable .
Fig. 7 depicts the following state uncertainty variability sets

and :

(41)

(42)

The Monte Carlo and linear programming results demon-
strate the scale of the potential error in state estimates for a
system with no measurement redundancy. Pressure errors are in
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TABLE III
TRUE AND ESTIMATED STATE VECTOR

Fig. 7. State uncertainity variability sets for Monte Carlo and linear
programming methods.

excess of 2.0 m in the region of the network that is most distant
from the reference pressure node. In fact, the majority of pres-
sure errors are over 1.0 m with only those nodes close to node
160 having relatively tight uncertainty bounds. This indeed con-
firms the intuitive understanding of the relationship between the
uncertainty bounds and the accuracy and location of measure-
ments in the system.

The linear programming results correlate well with the Monte
Carlo results; with the linear programming error bounds being
no more than 5% off the bounds calculated by the Monte Carlo
method for all but the most distant nodes from the reference
pressure e.i. 1, 2, 3, 6, 7, 8, 10, 11, 14, 15, 16, 17, and 26, for

which the discrepancy is less then 15% (the corresponding state
variables are 1, 2, 3, 4, 5, 6, 7, 10, 11, 12, 13, 61, and 62). These
observations lead to the conclusion that no significant accuracy
is lost in linearising the uncertainty model and justify the use of
linearised confidence limit algorithms.

The results obtained with the Elipsoid method are difficult to
assess objectively as they depend on the order of processing of
the measurements. Fig. 8 illustrates two sets of results obtained
by varying the order of processing of the measurements. In ei-
ther case it is clear that the Elipsoid method produces results
that are inferior to those obtained with the linear programming
method.

The second set of results concerns the state uncertainty sets
and calculated by the linear

programming and the sensitivity matrix methods using the aug-
mented measurement set, . Because of the huge computa-
tional requirements of the Monte Carlo method, when the in-
creased number of measurements raises the chances of gener-
ating infeasible state vectors, MC method was deemed imprac-
tical and was not attempted. As with the previous measurement
set, the results are analyzed in terms of the state uncertainty vari-
ability sets and . These
are presented in Fig. 9.

(43)

(44)
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Fig. 8. State uncertainty variability sets for two different runs of the Ellipsoid
method compared to the result of the Linear Programming method.

Fig. 9. State uncertainty variability sets for sensitivity analysis and linear
programming methods.

Since for both methods the state estimate for a given mea-
surement vector, , is and since

, the results demonstrate the important
result presented in Lemma 1 that

.
Considering the individual variables of the state vector it is

clear that the linear programming and the sensitivity matrix
results are closely correlated and that the overestimation of
the state uncertainty variability set with the sensitivity matrix
method is confined to approx. 30% of the range of the variables.
Again it is interesting to see that the uncertainty bounds have
been tightened considerably in the vicinity of the additional
meters.

IV. CONCLUSIONS

State estimation of nonlinear systems is a challenging task
that represents a large class of real-life problems. This is partic-
ularly so if a more realistic, interval representation of measure-
ment uncertainty is adopted. Clearly, while the interval-estima-
tion represents a positive development in terms of building ab-
stract knowledge, its practical value depends on two crucial fac-
tors. The ability to produce the bounds on individual variables
as tight as possible (thus, maximizing the information content
of interval-estimates) and the ability to calculate efficiently the
results so that the method is compatible with real-time require-
ments of physical systems.

We have considered here one nonlinear interval-estimation
technique (Monte Carlo) and 3 linear techniques (linear pro-
gramming, ellipsoidal bounding and sensitivity matrix) which
have been applied to the linearised system model. The analysis
shows that the linearization has only a second-order effect on
the shape of the state uncertainty set and, as such, it is an ac-
ceptable simplification leading to much more efficient estima-
tion techniques.

The Monte Carloestimation of the state uncertainty set is
most accurate as it does not need to make any simplifying as-
sumption about the nonlinear system model but it is computa-
tionally inefficient and consequently cannot be applied to any
but the simplest systems. Of the three linear interval-estimators
the Linear Programmingtechnique produces tightest bounds
on the state uncertainty set and is followed closely by the sen-
sitivity matrix method. However, even with various enhance-
ments to the formulation of the linear programming problem
the computational complexity of this method can be prohibitive
for a large class of applications. By contrast, theEllipsoidal
Boundingmethod is very efficient but it is somewhat disap-
pointing in that it produces a rather conservative bounds and
it is sensitive to the order of processing of the constraints. We
conclude therefore that the ellipsoid technique is best suited for
a rapid, rough approximation of the state uncertaintry set, while
the other two techniques are preferable for calculation of tight
and consistent bounds. The proposedSensitivity Matrixmethod
offers a good compromise between the accuracy and efficiency
of estimation of the state uncertainty set. It demonstrates com-
putational efficiency comparable to ellipsoidal bounding (and
much better than linear programming) and it offers accuracy that
is comparable to linear programming results (and much better
than ellipsoidal bounding).
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