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a b s t r a c t

Many of the analyses of time series that arise in real-life situations require the adoption of various sim-
plifying assumptions so as to cope with the complexity of the phenomena under consideration. Whilst
accepting that these simplifications lead to heuristics providing less accurate processing of information
compared to the solution of analytical equations, the intelligent choice of the simplifications coupled
with the empirical verification of the resulting heuristic has proven itself to be a powerful systems mod-
elling paradigm. In this study, we look at the theoretical underpinning of a successful heuristic for esti-
mation of urban travel times from lane occupancy measurements. We show that by interpreting time
series as statistical processes with a known distribution it is possible to estimate travel time as a limit
value of an appropriately defined statistical process. The proof of the theorem asserting the above, sup-
ports the conclusion that it is possible to design a heuristic that eliminates the adverse effect of spurious
readings without loosing temporal resolution of data (as implied by the standard method of data averag-
ing). The original contribution of the paper concerning the link between the analytical modelling and the
design of heuristics is general and relevant to a broad spectrum of applications.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

The analysis of complex systems poses two interrelated challenges: the challenge of coping with the complexity of data and the chal-
lenge of coping with the complexity of the data processing algorithms. Although this general insight has motivated the development of
scientific disciplines for centuries, the formalisation of it, in the context of information theory, is much more recent. In his pioneering con-
tribution, Zadeh introduced the fuzzy set representation of information and the concept of information granularity (Zadeh, 1979). Subse-
quently, he postulated the development of a computational framework for processing information granules and has called this framework
Granular Computing (Zadeh, 1997, 1999). The vigorous research activity that ensued (Bargiela and Pedrycz, 2003; Bargiela and Pedrycz,
2005; Bargiela et al., 2006; Pedrycz and Bargiela, 2002; Reformat et al., 2004; Yao, 2001), addressed both the abstraction (granulation)
of data and the development of methods for processing information granules. Insights gained from this research point to the convergence
of methodological approaches between our development of granular algorithms and our development of heuristics, as methods designed to
solve complex problems in a pragmatic way (Burke et al., 2003, 2004, 2006a,b,c; Agafonov et al., 2006). To highlight this convergence we
investigate, in this study, the theoretical basis of our recent successful heuristic for the estimation of urban travel times.

The problem of estimating urban travel times from the lane occupancy readings has been investigated by various researchers and has
been found to be representative of a significant class of real-life time series analysis problems. Taking our recently published algorithm
(Agafonov et al., 2006) as a point of departure, we discuss here a mathematical justification of the proposed heuristic. However, to put this
discussion in the right context we recall briefly the early attempts to estimate travel times. These were based on general notions of traffic
flow and lane occupancy to estimate speed and consequently, travel time along a link. The relationship used was
speed ¼ flow
occupancy

� effective car length: ð1Þ
ll rights reserved.
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Fig. 1. Urban link model with upstream measurement (A), downstream measurement (B) and two unmeasured links.
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In Hall and Persaud (1989), Pushkar et al. (1994), the authors investigated the relationship of various factors in Eq. (1) and showed that the
accuracy of this equation depends on such things like physical location and weather conditions. They also suggested that the relationship is
prone to a systematic bias with respect to occupancy. Attempts to quantify such errors have been made by various researchers (Hall and
Persaud, 1989; Pursula, 1995) and have prompted alternative approaches in which stochastic nature of the measurements was taken explic-
itly into account (Dailey, 1997, 1999; Pursula, 1998; Bargiela et al., 2006).

The approaches based on Kalman filtering (Dailey, 1997, 1999), implied the need for the identification of several parameters which, in
themselves, were not trivial to calculate. The problems associated with this approach seem to have been rooted in the implicit rather than
explicit identification of the sources of errors in the fundamental traffic flow relationship (1). Refinements proposed by Coifman (2001)
have produced some improvement but did not resolve the root problem.

In a more recent work, Petty et al. (1998) has proposed a more general model of traffic flow. This model has some similarity to the Dai-
ley’s cross-correlation approach described in (Dailey, 1993). The model is using stochastic variables and suggests practical procedures that
can potentially lead to accurate travel time estimates. The underpinning assumption in this model is that travel times can be considered to
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Fig. 2. Heuristic for estimating travel time by varying ‘‘Time shift” and evaluating the resulting matching of the two time series.



Fig. 3. Indicator of the quality of matching evaluated for a typical of real-life data set.
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be drawn from the same probability distribution. This enables an estimation of probability distribution from the cumulative upstream and
downstream arrival processes. However, there are several difficulties associated with the above methodology and these are widely recog-
nised by transportation researchers. Firstly, the choice of the time windows, in which the upstream and downstream processes are con-
sidered, is not trivial. The results of empirical study (Agafonov, 2003), intended to inform such a choice, indicate that adaptive choice of
parameters (depending on the traffic conditions) is necessary. Secondly, it is difficult to find ‘‘stationary” periods in traffic behaviour from
which to draw measurement data. It is clear that the larger, such a period is the better, is the precision of the proposed model. However,
there does not seem to be an easy way of identifying such a period other than monitoring transitions in traffic regime through some mea-
surements of traffic density. Thirdly, the choice of the appropriate level of data aggregation represents a significant challenge. Although it is
possible to assess the effects of different levels of aggregation retrospectively, what is needed is the a-priori information about the right
aggregation level.

2. The heuristic

In (Agafonov et al., 2006), we proposed a heuristic designed to overcome the shortcomings of previous travel time estimation tech-
niques. The heuristic is based on the intuitive notion of maximising the overlap between the upstream and downstream arrival processes
by iterative refinement of the time shift of the downstream arrival process while discarding individual items in the respective time series
that are deemed to represent traffic originating from- or destined to- the unmeasured links (as indicated in Fig. 1).

The iterative refinement of time shift is represented graphically in three stages in Fig. 2. Fig. 2a represents the initial state with no time
shift applied to the downstream arrival process. Fig. 2b represents an intermediate state where the time shift is smaller than the actual
travel time between the two measurement points and Fig. 2c represents the time shift which is equal to the travel time.

While the match of the upstream and downstream time series can never be perfect, due to the variation of actual travel times of indi-
vidual vehicles, the unmatched (spurious) events corresponding to traffic entering/leaving unmeasured links are clearly discarded resulting
in a well-defined minimum of the performance index. A typical result is illustrated in Fig. 3.

3. Mathematical justification of the heuristic

In order to explore analytical underpinning of the travel time estimation heuristic outlined in Section 2, we adopt the representation of
the upstream and downstream time series as homogeneous Poisson processes. Since these two processes represent the combined traffic
between the measurement points and the traffic entering/leaving through unmeasured links respectively, we can take advantage of the
property of homogeneous Poisson processes implying that all three stochastic processes have the same distribution (Feller, 1968). The
combination of the three processes into upstream and downstream measurements is illustrated in Fig. 4.

The observable processes NðtÞ and MðtÞ can be expressed as follows:
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Fig. 4. Structure of the considered traffic processes.
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NðtÞ ¼ N1ðtÞ þ LuðtÞ;
MðtÞ ¼ M1ðtÞ þ LdðtÞ:

ð2Þ
Since N1ðtÞ, M1ðtÞ, LuðtÞ and LdðtÞ are Poisson processes with parameters k1, l1, a and a respectively, the processes N(t) and M(t) are also Pois-
son processes with parameters k ¼ k1 þ a and l ¼ l1 þ a respectively. The arrival times of processes LuðtÞ and LdðtÞ are subject to the
conditions
8ai 2 LuðtÞ 9bj 2 LdðtÞ : bj ¼ ai þ T and also
8bk 2 LdðtÞ 9al 2 LuðtÞ : bk ¼ al þ T;

ð3Þ
where T represents the estimate of travel time and ai, al are arrival times of events belonging to LuðtÞ and bj, bk are arrival times of events
belonging to LdðtÞ. It then follows that process LdðtÞ is equal to LuðtÞ shifted in time by a constant T, or LdðtÞ ¼ Luðt � TÞ. With the above nota-
tion, the algorithmic procedure for estimating travel time T can be expressed as follows:

Algorithm 1

1.1 Combine the upstream and downstream processes as
Rðt; sÞ ¼ NðtÞ þMðt � sÞ: ð4Þ
This is subject to the condition that if the arrival time of an upstream event equals to the arrival time of a downstream event, then the up-
stream arrival time is given a preference and is placed in front of the downstream arrival time. N(t) and M(t � s) are Poisson processes but the
compound process R(t) is obviously not a Poisson process since the processes N(t) and M(t) are not independent. We denote the arrival times
of the compound process R(t) by riðsÞ. In order to distinguish arrival times riðsÞ by their original process (N(t) or M(t)), let us introduce the
indicator function IðriðsÞÞ as
IðriðsÞÞ ¼
0 if ri originates from process NðtÞ;
1 if ri originates from process MðtÞ:

�
ð5Þ
1.2 Extract interarrival times riþ1 � ri according to the following procedure
Step
 Action
ai         ai+1

bj

CASE 2 

rk          rk+1   rk+2

     Upstream 

     Downstrea
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CASE 1 

a

Current

Fig. 5. Illustration of possible outcomes for the next event
Comment
1
 k ¼ 1; i ¼ 1
 Initialisation

2
 While IðriðsÞÞ ¼ 1; i ¼ iþ 1
 Looking for an event from the upstream process

3
 if Iðriþ1ðsÞÞ ¼ 0; i ¼ iþ 1; go to 2
 Skip this event if next is not from downstream process

4
 DkðsÞ ¼ riþ1ðsÞ � riðsÞ; k ¼ kþ 1; i ¼ iþ 1; go to 2
 Save the found interarrival time at k-s position
The above procedure is infinite but, in practice, it can stop whenever either processes N(t) or M(t) are exhausted, or the necessary precision is
reached.

1.3 Calculate the limit of the average value of interarrival times calculated in 1.2.

To formalise and justify the step 1.3 of the algorithm we express it as the following theorem.
Joined the link
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Theorem 1. Consider processes N, N1, Lu, M, M1, Ld defined in (2). Assuming that k >0 and l >0 we consider the average of N values DkðsÞ (a
sample of interarrival times of process Rðt; sÞ) evaluated as
Table 1
Types o

Type nu

1
2
3
4
5
6

FNðsÞ ¼
1
N

XN

k¼1

DkðsÞ: ð6Þ
The travel time estimate T can be found as
T ¼ arg min F�ðsÞ ð7Þ
with F�ðsÞ representing a finite limit of FNðsÞ for N increasing to infinity, i.e.
F�ðsÞ ¼ lim
N!1

FNðsÞ ð8Þ
Proof. Assume that T � s P 0. In order to find the analytical form of function F�ðsÞ, we need to investigate the properties of interarrival
times extracted by Algorithm 1. We observe that the shifting of the downstream process by a constant time s in step 1.1 does not change
the statistical properties of the downstream process. The extraction of interarrival times in step 1.2 implies identifying a corresponding
upstream event. Since processes LuðtÞ and N1(t), forming the observed upstream process N(t), are independent it follows that the probabil-
ity of picking an event corresponding to part LuðtÞ of N(t) is a

aþk1
¼ a

k and the probability of picking an event corresponding to part N1ðtÞ is
k1

aþk1
¼ k1

k . Once the algorithm has chosen the next event from the upstream process, it checks if the following event of the merged process
R(t) corresponds to the downstream process. There are three possibilities for the next event of process R(t):

1. Next event originates from upstream.
2. Next event originates from downstream from its LdðtÞ part.
3. Next event originates from downstream from its M1ðtÞ part.

Fig. 5 illustrates the above outcomes. Let us introduce an extended indicator function in order to distinguish the above combinations.
IðriðsÞÞ ¼

0 if ri originates from process N1ðtÞ;
1 if ri originates from process LuðtÞ;
2 if ri originates from process M1ðtÞ;
3 if ri originates from process LdðtÞ:

8>>><
>>>:

ð9Þ
Thus, the algorithm basically deals with 6 types of pairs of events. Let us represent the type of a pair ðriðsÞ; riþ1ðsÞÞ of consequent events of
process R(t) by the pair of their indicator functions ðIðriðsÞÞ; Iðriþ1ðsÞÞÞ. Then the types of pairs the algorithm deals with are given in Table 1.

The purpose of differentiating the types of the pairs is that the corresponding time differences form random variables of different types
and in order to derive the properties of the sum of them, they need to be investigated separately. Pairs of type 3 and type 6 are of no interest
and are reported here only for completeness.

Let us denote by Q1 the choice of an event from N1ðtÞ by and by Q2 the choice of an event from LuðtÞ. It has already been noted that
PfQ 1g ¼
k1

k
and PfQ 2g ¼

a
k
: ð10Þ
Assuming that event Q1 has taken place we can evaluate probabilities for the algorithm to encounter pairs of types 1, 2 and 3. Fig. 6 helps to
visualise the evaluation. The circles on the time axis represent events of the merged process and the numbers within the circles show the
f pairs classified by the values of indicator functions

mber Pair of indicator functions Comment

(0,2) First event is from N1ðtÞ and second event is from M1ðtÞ
(0,3) First event is from N1ðtÞ and second event is from LdðtÞ
(0,0), (0,1) First event is from N1ðtÞ and second event is from N(t)
(1,2) First event is from LuðtÞ and second event is from M1ðtÞ
(1,3) First event is from LuðtÞ and second event is from LdðtÞ
(1,0), (1,1) First event is from LuðtÞ and second event is from N(t)

3 1 0 2 0

Currently chosen event 
from upstream: ri

3

T-τ

T-τ

Fig. 6. Illustration of the resulting process and procedure of choosing the pair of events.
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value of indicator function (the source process) of the event. The arrows emphasise the dependency between co-related events from LuðtÞ and
LdðtÞ. The distance between corresponding events from LuðtÞ and LdðtÞ is T � s due to the shift s introduced by the algorithm.

With the above assumption, the probability that the event following the currently chosen one will be from M1ðtÞ (indicator function
equals to 2) can be calculated as
Table 2
Probabi

Type nu

1

2

3

4

5

5a

5b

6

PfIðriþ1Þ ¼ 2jQ 1g ¼
Z T�s

0
l1e�l1t

Z þ1

t
ðaþ aþ k1Þe�ðaþaþk1Þx dxdt þþe�aðT�sÞ

Z þ1

T�s
l1e�l1t

Z þ1

t
ðaþ k1Þe�ðaþkÞxdxdt: ð11Þ
The first component of the above sum represents the fact that on the interval [0,T-s] four independent exponentially distributed random
variables are active. The process LdðtÞ has effect at the distance from ri that does not exceed T � s, since its generating event from Lu(t)
has to be before ri and not further from ri than T � s. The probability of the event that an event originated from LuðtÞ lies within the interval
½ri � ðT � sÞ; ri� equals 1� e�aðT�sÞ (following from properties of exponentially distributed random variable) and thus the second component
of the sum (11) represent the case when this does not happen. If LuðtÞ does not lie within the interval ½ri � ðT � sÞ; ri�, there is no process LdðtÞ
acting and the second component of the sum represents this fact by omitting one alpha-parameter (that corresponds to process LdðtÞÞ. Bear-
ing in mind that k ¼ aþ k1 and l ¼ aþ l1, Eq. (11) can be evaluated as
PfIðriþ1Þ ¼ 3jQ 1g ¼
Z T�s

0
l1e�ðlþkÞt dt þ e�aðT�sÞ

Z þ1

T�s
l1e�ðkþl1Þt dt ¼ l1

kþ l
ð1� e�ðkþlÞðT�sÞÞ þ e�aðT�sÞ l1

kþ l1
e�ðkþl1ÞðT�sÞ

¼ l1

kþ l
1þ a

kþ l1
e�ðkþlÞðT�sÞ

� �
: ð12Þ
Using the same arguments, the following probability for pairs of type 3 can be calculated
PfIðriþ1Þ ¼ 0 or Iðriþ1Þ ¼ 1jQ 1g ¼
Z T�s

0
ke�kt

Z þ1

t
ðaþ l1Þe�ðaþl1Þx dxdt þ e�aðT�sÞ

Z þ1

T�s
ke�kt

Z þ1

t
l1e�l1x dxdt

¼ k
kþ l

1þ a
kþ l1

e�ðkþlÞðT�sÞ
� �

: ð13Þ
lities of occurrence of different types of pairs

mber Pair of indicators ðIðriÞ; Iðriþ1ÞÞ Full probability

(0,2)
k1

k
l1

kþ l
1þ a

kþ l1
e�ðkþlÞðT�sÞ

� �

(0,3)
k1

k
a

kþ l
ð1� e�ðkþlÞðT�sÞÞ

(0,0), (0,1)
k1

k
k

kþ l
1þ a

kþ l1
e�ðkþlÞðT�sÞ

� �

(1,2)
a
k

l1

kþ l ð1� e�ðkþlÞðT�sÞÞ

(1,3)

Both:

a
k

a
kþ l

þ kþ l1

kþ l
e�ðkþlÞðT�sÞ

� �

Independent:

a
k

a
kþ l

ð1� e�ðkþlÞðT�sÞÞ

Dependent:

a
k

e�ðkþlÞðT�sÞ

(1,0), (1,1)
a
k

k
kþ l

ð1� e�ðkþl1ÞðT�sÞÞ
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The probability of an event of choosing a pair of type 2 is different in that the effect of process LdðtÞ lies in the interval ½ri; ri þ ðT � sÞ� only,
due to the previously discussed reasons. So,
PfIðriþ1Þ ¼ 3jQ 1g ¼
Z T�s

0
ae�at

Z þ1

t
ðaþ k1 þ l1Þe�ðaþk1þl1Þx dxdt ¼ a

kþ l
ð1� e�ðkþlÞðT�sÞÞ: ð14Þ
Eqs. (12)–(14) form a partition of the space that consist of outcomes of the experiment of trying the type of the next event that follows the
chosen ri. It can be easily checked that
PfIðriþ1Þ ¼ 2jQ 1g þ PfIðriþ1Þ ¼ 3jQ1g þ PfIðriþ1Þ ¼ 0 or Iðriþ1Þ ¼ 1jQ 1g ¼ 1
as required.
Now, assume that Q2 has taken place while the algorithm was choosing the upstream event. Then together with the following event riþ1

the pair can be of types 4, 5 or 6 as given in the table. Let us calculate the probabilities of the above types.
Consider the outcome that leads to a pair of type 4. Since the current upstream even ri originates from process LuðtÞ, it is known that

within the interval of length T � s there is a related event originated from LdðtÞ. Therefore riþ1 are of the M1ðtÞ process if and only if they
happen before the expected event from LdðtÞ. It is also known that on the interval ½ri; ri þ ðT � sÞ� events from LuðtÞ, N1ðtÞ and uncorrelated
LdðtÞ can take place. Then the probability that the outcome is of type 4 will be
PfIðriþ1Þ ¼ 2jQ 2g ¼
Z T�s

0
l1e�l1t

Z þ1

t
ðaþ k1 þ aÞe�ðaþk1þaÞx dxdt ¼

Z T�s

0
l1e�ðl1þaþk1þaÞt dt ¼ l1

kþ l
1� e�ðkþlÞðT�sÞ� �

: ð15Þ
Now consider the outcome that leads to a pair of type 5. In this case there are two possible outcomes. First one is when the events that form a
pair are not related. In this case the difference is a random variable. Its distribution will be studied later. The second outcome is when the
events that form the pair are related. Then their difference equates to T � s is a constant provided that s is fixed. Let us study the probabilities
of the above outcomes.

The events ri and riþ1 will be independent if riþ1 � ri < T � s. Therefore, the probability of such outcome, denoted by P1, is
P1fIðriþ1Þ ¼ 3jQ 2g ¼
Z T�s

0
ae�at

Z þ1

t
ðaþ k1 þ l1Þe�ðaþk1þl1Þx dxdt ¼ a

kþ l
1� e�ðkþl1ÞðT�sÞ� �

: ð16Þ
The probability for ri and riþ1 that correspond to independent events to be riþ1 � ri ¼ T � s is zero and thus can be neglected. Therefore, if no
events of processes LuðtÞ, M1ðtÞ, N1ðtÞ, LdðtÞ have happened in the interval ½ri; ri þ T � sÞ then ri and riþ1 are dependent and the probability for
this event is
P2fIðriþ1Þ ¼ 3jQ 2g ¼ e�ðkþlÞðT�sÞ: ð17Þ
Together P1 and P2 from (16) and (17) give the total probability for the pair to be of the type 5
PfIðriþ1Þ ¼ 3jQ 2g ¼ P1fIðriþ1Þ ¼ 3jQ 2g þ P2fIðriþ1Þ ¼ 3jQ 2g ¼
a

kþ l
1� e�ðkþl1ÞðT�sÞ� �

þ e�ðkþlÞðT�sÞ ¼ a
kþ l

þ kþ l1

kþ l
e�ðkþlÞðT�sÞ: ð18Þ
The last possible outcome for the pair is to be of type 6. In this case the events with arrival times ri and riþ1 are both produced by the up-
stream and thus the algorithm will skip over them. The probability for the pair to be of type 6 equals the probability of an exponentially
distributed random variable with parameter k (upstream) to be greater than another independent exponentially distributed random variable
with parameter l (downstream). Therefore
PfIðriþ1Þ ¼ 0 or Iðriþ1Þ ¼ 1jQ 2g ¼
Z T�s

0
ke�kt

Z þ1

t
le�lx dxdt ¼ k

kþ l
1� e�ðkþl1ÞðT�sÞ
� �

: ð19Þ
All the above probabilities have been calculated conditional on the occurrence of Q1 and Q2. Then the probabilities for the algorithm to
encounter a certain type of a pair in a step of its cycle is given as full probabilities
PfQ 1;Ag ¼ PfQ1gPfAjQ 1g and PfQ 2;Ag ¼ PfQ2gPfAjQ 2g;
where A is one of the following outcomes {Iðriþ1Þ ¼ 0 or Iðriþ1Þ ¼ 1, Iðriþ1Þ ¼ 2, Iðriþ1Þ ¼ 3}. This is summarised in Table 2. Probabilities P{Q1}
and P{Q2} have been given in (10).

From the description of the algorithm it follows that it extracts only pairs of types 1, 2, 4 and 5 and sends the corresponding difference
riþ1 � ri to the resulting series. Thus it is required to calculate the probability with which a certain type of differences goes into the resulting
series. Let us denote by Ak, an event that the current type of a pair encountered by the algorithm is k. Then the difference of the pair will go
to the resulting series if and only if one of A1, A2, A4 or A5 has taken place. Then among outcomes A1, A2, A4 or A5 the probability for the
difference of type k to go into the resulting series is given by the conditional probability
Pk ¼ P Akj
[

i2f1;2;4;5a;5bg
Ai

( )
¼ PfAkg

P
S

i2f1;2;4;5a;5bg
Ai

( ) ; k ¼ 1;2;4;5a;5b: ð20Þ
Since the Ak’s are disjoint, (20) can be rewritten as
Pk ¼
PfAkgP

i2f1;2;4;5a;5bgPfAiÞ
; k ¼ 1;2;4;5a;5b: ð21Þ
It can be easily calculated that
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X
i2f1;2;4;5a;5bg

PfAiÞ ¼
l

kþ l
1þ a

kþ l1
e�ðkþlÞðT�sÞ

� �
: ð22Þ
Finally, the calculated probabilities Pk are given as
P1 ¼
k1l1

kl
; P2 ¼

ak1

kl
1� e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ; P4 ¼
al1

kl
1� e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ;

P5a ¼ a2

kl
1� e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ; P5b ¼
aðkþ lÞ

kl
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ :
Now consider Eq. (6) representing the average of the elements of the resulting series. We note that the algorithm gives four types of differ-
ences as elements of the series. Let us denote these differences by Dk where k is its type (as in Table 2). The algorithm does not recognise
dependent and independent differences of type 5 but they will be distinguished here and thereafter as D5a for independent and D5b for
dependent differences. Thus, the sum (6) can be expanded onto a four sub-sums that contain elements only of certain type
FNðsÞ ¼
1
N

XN

k¼1

DkðsÞ ¼
1
N

X
k2f1;2;4;5a;5bg

XjXk j

i2Xk

Dk
i ðsÞ

 !
; ð23Þ
where Xk is a set of indices that correspond to differences D of type k, k 2 f1;2;4;5a;5bg upper index of the D-s shows the type of this dif-
ference and jXkj ¼ Nk is the cardinality of Xk. Further
FNðsÞ ¼
1
N

X
k2f1;2;4;5a;5bg

Nk

Nk

XNk

i2Xk

Dk
i ðsÞ

 ! !
¼

X
k2f1;2;4;5a;5bg

Nk

N
1

Nk

XNk

i2Xk

Dk
i ðsÞ

" # !
: ð24Þ
As N !1 according to the strong law of large numbers the terms 1
Nk

PNk
i2Xk

Dk
i ðsÞ converges with probability 1 to the expectation E½DkðsÞ� of the

random variable Dk, and according to the weak law of large numbers (Bernoulli’s theorem), frequencies Nk
N converge (in probability) to the

probabilities Prk of a certain type of differences to get into the resulting series (Feller, 1968). It is well-known that if sequence XN converges
to X with probability 1 and YM converges to Y in probability, then XNYM converges to XY in probability. Therefore FNðsÞ converges to F�ðsÞ in
probability and
F�ðsÞ ¼ lim
N!1

FNðsÞ ¼
X

k2f1;2;4;5a;5bg
PrkE Dk

i ðsÞ
h i

: ð25Þ
In order to calculate the expectations of the above random variables, their properties need to be investigated.
The first type of the differences, D1, is produced by ri and riþ1 such that IðriÞ ¼ 0 and Iðriþ1Þ ¼ 2, that is ri and riþ1 correspond to the

events that belong to processes N1ðtÞ and M1ðtÞ accordingly. These two processes are independent and also independent of LuðtÞ and LdðtÞ.
Let us denote the random variable whose realizations are D1 by n1 and calculate its probability distribution function. Assume that ri is fixed
and IðriÞ ¼ 0 and consider a random variable v that represents the time from ri to the occurrence of an event from either of the processes,
that is v ¼ riþ1 � ri. Then n1 can be considered as being conditional on v such that it is produced by a pair of type 1 (or Iðriþ1Þ ¼ 2 subject to
IðriÞ ¼ 0). This fact will be denoted as v 2 ð0;2Þ. Formally, it can be written as follows:
Fn1 ðtÞ ¼ Prfv < tjv 2 ð0;2Þg ¼ Prfv < t \ v 2 ð0;2Þg
Prfv 2 ð0;2Þg ð26Þ
The numerator in the above formula represents the probability that from the given time ri first arrival event will correspond to the process
M1ðtÞ and the distance from ri to that event is less than t. Taking into account that process LdðtÞ is active only on the interval ½ri; ri þ T � s�,
and does not realise on that interval with probability e�aðT�sÞ, that probability can be calculated as follows (similar arguments to those used in
derivation of Eq. (12) can be applied)
Prfv < t \ v 2 ð0;2Þg ¼
Z t

0
l1e�l1x

Z þ1

x
ðk1 þ aþ aÞe�ðk1þaþaÞy dydx

� l1

kþ l
ð1� e�ðkþlÞtÞ t 6 T � s

Prfv < t \ v 2 ð0;2Þg

¼ l1

kþ l ð1� e�ðkþlÞðT�sÞÞ þ e�aðT�sÞ
Z t

T�s
l1e�l1x

Z þ1

x
ðk1 þ aÞe�ðk1þaÞy dydx

¼ l1

kþ l
ð1� e�ðkþlÞðT�sÞÞ þ e�aðT�sÞ l1

kþ l1
ðe�ðkþl1ÞðT�sÞ � e�ðkþl1ÞtÞ t > T � s

ð27Þ
It can be easily seen that the denominator in the Eq. (26) is the same as (12), that is (Q1 represents an event that IðriÞ ¼ 0)
Prfv 2 ð0;2Þg ¼ PrfIðriþ1Þ ¼ 2jQ 1g ¼
l1

kþ l
1þ a

kþ l1
e�ðkþlÞðT�sÞ

� �
: ð28Þ
Finally, substitution of (27) and (28) in (26) yields the following probability distribution function for random variable n1
Fn1 ðtÞ ¼
1�e�ðkþlÞt

1þ a
kþle�ðkþlÞðT�sÞ ; t 6 T � s;

1�e�ðkþlÞðT�sÞ

1þ a
kþle�ðkþlÞðT�sÞ þ e�aðT�sÞ ðkþlÞðe�ðkþl1 ÞðT�sÞ�e�ðkþl1 ÞtÞ

ðkþl1Þ 1þ a
kþle�ðkþlÞðT�sÞð Þ ; t > T � s:

8><
>: ð29Þ
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Fig. 7. Structure of probability density function of random variable n1.
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In order to obtain the expectation of n1, its probability density function is calculated
fn1 ðtÞ ¼

kþl
1þ a

kþl1
e�ðkþlÞðT�sÞ e

�ðkþlÞt; t 2 ½0; T � sÞ;

ðkþlÞe�aðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ e
�ðkþl1Þt ; t 2 ½T � s;þ1Þ:

8><
>: ð30Þ
An illustration of the above probability density function is given in Fig. 7. It is worth noticing that the probability density function is con-
tinuous in the point of t ¼ T � s.

Having calculated the probability density function of the random variable n1 it is possible to calculate its expectation using the
definition
E½n1� ¼
Z þ1

�1
tfn1ðtÞdt ) E½n1� ¼

1
1þ a

kþl1
e�ðkþlÞðT�sÞ

Z T�s

0
ðkþ lÞte�ðkþlÞt dt þ

kþl
kþl1

e�aðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ

Z þ1

T�s
ðkþ l1Þte�ðkþl1Þt dt ð31Þ
After integration by parts and some elementary calculation and simplification we obtain
E½n1� ¼
1

kþlþ a
kþl1

T � sþ 1
kþlþ 1

kþl1

h i
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ð32Þ
Now we consider differences D2, D4, D5a. Despite the fact that these differences are produced by events that belong to different Poisson pro-
cesses, they can be considered as realisations of the same random variable, denoted by n2. This result is implied by the fact that events, whose
arrival times produce the above differences belong to either of the processes LuðtÞ or LdðtÞ (see Fig. 6, events of types 1 and 3). For example,
consider events that generate differences of the 2nd class. The indicator functions for such a pair of events are IðriÞ ¼ 0 and Iðriþ1Þ ¼ 3. Due to
the relationship between the processes LuðtÞ and LdðtÞ, it is known, that at the time riþ1 � T þ s there is an event from LuðtÞ that has taken
place. Therefore, the event from N1ðtÞ that happened at time ri and produced the difference cannot be located into the past further then
riþ1 � T þ s. From this argument it follows that all differences of the second type do not exceed the value of T � s. Now consider time interval
½ri; riþ1 � T þ s�. On this interval four independent exponentially distributed random variables are acting. Thus, random variable n2 can be
seen as being exponentially distributed but with the restriction that its values are not greater than T � s. Therefore, its probability density
function is the head of the exponential density cut at the point T � s. Fig. 8 illustrates such a distribution.

It can also be shown that random variables that produce differences D4 and D5a have the same form of density function. Since n2 is
exponentially distributed but conditional on not being greater than T � s, it can be defined via a proper exponentially distributed random
variable as having a conditional probability distribution function as follows:
Fn2 ðtÞ ¼ Prfw < tjw 6 T � sg; ð33Þ
where w is an exponentially distributed random variable with parameter kþ l. Then, following from the definition of conditional
probability:
T-τ

Time 

Four exponential
variables  are active

Fig. 8. Structure of probability density function of variables D2, D4 and D5a.
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Prfw < tjw 6 T � sg ¼ Prfw < minðt; T � sÞg
Pr

fw < T � sg ¼ 1� e�ðkþlÞt

1� e�ðkþlÞðT�sÞ ; 8t 2 ½0; T � sÞ: ð34Þ
Finally, the random variable that corresponds to differences D2, D4, D5a has the following probability density function:
fn2 ðtÞ ¼
kþl

1�e�ðkþlÞðT�sÞ e�ðkþlÞt; t 2 ½0; T � sÞ;
0; t 2 ½T � s;þ1Þ

(
ð35Þ
and the expectation of n2 is evaluated as
E½n2� ¼
Z þ1

�1
tfn2 ðtÞdt ) E½n2� ¼

1
1� e�ðkþlÞðT�sÞ

Z T�s

0
ðkþ lÞte�ðkþlÞtdt ¼ 1

1� e�ðkþlÞðT�sÞ �e�ðkþlÞt t þ 1
kþ l

� �� �
T � s

0

				 E½n2�

¼
1

kþl� T � sþ 1
kþl


 �
e�ðkþlÞðT�sÞ

1� e�ðkþlÞðT�sÞ : ð36Þ
The last type of the differences left to be considered is D5b. The differences of this type correspond to the events of the processes LuðtÞ and
LdðtÞ that are bound by the relationship given in (3). Therefore, the arrival time ri that corresponds to an event of process LuðtÞ and arrival
time riþ1 that corresponds to the related event of process LdðtÞ are related as follows: riþ1 ¼ ri þ T � s.

Therefore, the differences D5b are not random variables but a constant
D5b ¼ riþ1 � ri ¼ T � s: ð37Þ
We have now expressed analytically all components for the Eq. (24). This allows for the calculation of the limit of the average F(s), as given in
(8).
F�ðsÞ ¼
X

k2f1;2;4;5a;5bg
PrkE½Dk

i ðsÞ� ¼ E½n1�P1 þ E½n2�
X

k2f2;4;5ag
Pk þ ðT � sÞP5b ð38Þ
The first component of the sum is
E½n1�P1 ¼
1

kþlþ a
kþl1

T � sþ 1
kþlþ 1

kþl1

h i
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ
k1l1

kl
: ð39Þ
It can be shown, that
X
k2f2;4;5ag

Pk ¼
aðkþ l1Þ

kl
1� e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ :
Therefore, the second component of the sum (38) is
E½n2�
X

k2f2;4;5ag
Pk ¼

1
kþl� T � sþ 1

kþl


 �
e�ðkþlÞðT�sÞ

1� e�ðkþlÞðT�sÞ
aðkþ l1Þ

kl
1� e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ¼
aðkþ l1Þ

kl

1
kþl� T � sþ 1

kþl


 �
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ð40Þ
and the last component of the sum (38) is simply
ðT � sÞP5b ¼ ðT � sÞaðkþ lÞ
kl

e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ : ð41Þ
After substitution of Eqs. (39)–(41) into (38) and some simplifications F�ðsÞ can be obtained as
F�ðsÞ ¼
1

kþlþ a
kl

kl
kþl1
ðT � sÞ þ k1l1

kþl1

1
kþl1
þ 1

kþl


 �
� kþl1

kþl

h i
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ : ð42Þ
The above calculation have been conducted with the assumption that T � s P 0. Since the algorithm does not know T a priori, it can choose s
such that T � s < 0. Assume now that T � s < 0 and calculate F�ðsÞ. Since T � s < 0 the dependency picture on Fig. 9 will change as follows.

Comparing Figs. 6 and 9 it is clear that every event of LuðtÞ has a corresponding event LdðtÞ located away by time T � s in the past. Since
the algorithm looks ahead for a candidate for the pair, the type of the currently chosen event will not affect the algorithm’s choice, that is
1 3 0 2 0

Currently chosen event 
from upstream: ri

1

T-τ

T-τ

Fig. 9. The events of types 1 and 3 have swapped their roles.
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the following events of M(t) will be known to be independent of the currently chosen event of N(t). Therefore, a separate consideration of
N1ðtÞ and LuðtÞ, as was undertaken for the case of T � s P 0, is not required.

Taking into account the above argument, the pairs of events taken out by the algorithm will be identically distributed random variables
with the probability density function shown in Fig. 7 and thus having the mean function given by Eq. (32) with T � s replaced with s � T.
Since the algorithm deals only with one type of random variables in the case of T � s < 0, the Eq. (8) takes the following form:
F�ðsÞ ¼
1

kþlþ a
kþl1

s� T þ 1
kþlþ 1

kþl1

h i
e�ðkþlÞðs�TÞ

1þ a
kþl1

e�ðkþlÞðs�TÞ : ð43Þ
Finally, (42) and (43) together give the full solution for the limit version of the cost function (6) as follows:
F�ðsÞ ¼

1
kþlþ

a
kl

kl
kþl1

ðT�sÞþk1l1
kþl1

1
kþl1

þ 1
kþl


 �
�kþl1

kþl

h i
e�ðkþlÞðT�sÞ

1þ a
kþl1

e�ðkþlÞðT�sÞ ; s 6 T;

1
kþlþ

a
kþl1

s�Tþ 1
kþlþ

1
kþl1

h i
e�ðkþlÞðs�TÞ

1þ a
kþl1

e�ðkþlÞðs�TÞ ; s > T:

8>>>><
>>>>:

ð44Þ
A typical plot of the above function is given in the following Fig. 10.
It has therefore been shown that the limit (8) exists and is finite with probability 1 and its analytical form has been identified in the form

of the Eq. (44).
In order to prove the statement of the theorem concerning the travel time estimate (7) it is required to show that (44) has a single global

minimum at the point s ¼ TðT � s ¼ 0Þ. To do so we introduce the following parameters.
a1 ¼
1

kþ l
; a2 ¼

a
kþ l1

; a3 ¼
a
kl

kþ l1

kþ l
� k1l1

kþ l1

1
kþ l1

þ 1
kþ l

� �� �
; k ¼ kþ l and t ¼ T � s: ð45Þ
The function (44) can now be written as
f ðtÞ ¼ a1 þ ða2t � a3Þe�kt

1þ a2e�kt
; ð46Þ
where a1 > 0, a2 > 0, a3 > 0, k > 0 and t P 0. The condition f 0ðtÞ ¼ 0 leads to the following equation:
e�kt ¼ k
a2

t � 1
a2
þ ka3

a2
2

þ ka1

a2

� �
ð47Þ
representing an intersection of a line and an exponential function as illustrated in Fig. 11.
It has therefore been shown that function (44) has a single extremum at t ¼ tm on the interval t P 0. By checking the sign of the

derivative f0(t) we can see that the extremum is maximum. This completes the proof. h



286 E. Agafonov et al. / European Journal of Operational Research 198 (2009) 275–286
4. Conclusions

Heuristics have proven themselves to be effective in solving complex real-life problems but they suffer from the credibility problem if
they are designed on a trial-and-error basis. This paper presents a derivation of a heuristic dealing with processing of time series data as a
simplification (abstraction) of the statistical correlation of random variables. While the heuristic discussed in this paper is derived in the
context of an urban traffic analysis, the bridge between the mathematical analysis of the correlation of random variables and the pattern
matching in experimental data is general and applicable to a broad spectrum of practical problems.

The paper supports also a more general conclusion about the nature of heuristics as abstractions of analytical algorithms in a similar
way as information granules are considered abstractions of numerical data in the context of Granular Computing (Bargiela and Pedrycz,
2002). It is interesting to note that this algorithmic abstraction is prompted by the abstraction of the data (ignoring its statistical proper-
ties) so that the two abstraction paradigms can cross-validate each other.

On the application specific level, the adequateness of modelling the road traffic as Poisson processes has been established empirically by
other researchers (Gerlough and Barnes, 1971; Cowan, 1975) and has served as a basis of our analytical model. In this paper we take full
advantage of the property that the sum of two independent Poisson processes is also a Poisson process and derive on that basis an ana-
lytical formula for the estimation of travel times by the correlation of upstream and downstream traffic counts. The uniqueness of the tra-
vel time estimate calculated in this way has been asserted as a theorem and has been formally proven.

The simplifying assumption about constant travel time between upstream and downstream measurement points is well justified in the
context of urban road networks (with short travel times between detectors) and it ensures that a convolution of gamma-distributed arrival
times is also gamma-distributed. It is worth emphasising however that although the assumption makes the analytical evaluation of the
correlation much easier it does not exclude the possibility of applying the same approach to a situation where the travel times are different
for different categories of vehicles.

The complexity of the analytical evaluation of the travel time highlights the advantages of the heuristic outlined in Section 2. The less
detailed view of the lane occupancy time series (abstracting from the actual probability distributions) leads to an algorithm that replaces
the notion of statistical correlation with the notion of a simple match of upstream and downstream time series. The close correspondence
of analytical and heuristic results confirms the value of the heuristic.
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