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Abstract Clustering forms one of the most visible conceptual and algorithmic framework
of developing information granules. In spite of the algorithm being used, the
representation of information granules – clusters is predominantly numeric (coming in
the form of prototypes, partition matrices, dendrograms, etc.). In this study, we consider a
concept of granular prototypes that generalizes the numeric representation of the clusters
and in this way helps capture more details about the data structure. By invoking the
granulation-degranulation scheme, we design granular prototypes being reflective of the
structure of data to a higher extent than the representation that is provided by their
numeric counterparts (prototypes). The design is formulated as an optimization problem,
which is guided by the coverage criterion meaning that we maximize the number of data
for which their granular realization includes the original data. The granularity of the
prototypes themselves is treated as an important design asset hence its allocation to the
individual prototypes is optimized so that the coverage criterion becomes maximized.
With this regard several schemes of optimal allocation of information granularity are
investigated where interval-valued prototypes are formed around the already produced
numeric representatives. Experimental studies are provided in which the design of
granular prototypes of interval format is discussed and characterized.
Keywords: information granularity, clustering, optimal granularity allocation, granular
prototypes, fuzzy clustering, granulation-degranulation scheme

1. Introductory comments
Clustering gives rise to information granules. The revealed structure in data is typically
expressed in terms of prototypes (or any other representatives of data, e.g., medoids) and
partition matrices (using which we quantify an allocation of data to individual
information granules) [1][2][3][4]. In spite of the overwhelming diversity of clustering
techniques, they share a highly visible commonality: the resulting constructs (prototypes
and partition matrices) are numeric entities. One should stress that this numeric nature of
the clustering results does not depend whether we are concerned with Boolean, fuzzy or
probabilistic clustering techniques. The similarity is associated with the fact that in all
these cases we end up with information granules whose description is realized in the
formal framework of Granular Computing [1].
Proceeding with a formal description, let us start with a collection of n-dimensional
numeric data (located in Rn), say X = {x1, x2, …, xN} for which constructed is a
collection of “c” information granules G1, G2, …, Gc (depending upon the formalism of
granulation used in clustering algorithm, we can arrive at Gis to be sets, fuzzy sets, rough
sets, shadowed sets, etc.[13]). A schematic view of the formation of information granules
is portrayed in Figure 1.

Figure 1. A general view at granulation of numeric data X
(the dotted line emphasizes that information granules are represented by prototypes and
the partition matrix)
Both prototypes v1, v2, …,vc as well as partition matrices being either elements in{0,1}cxN
or [0,1]cxN are plain numeric constructs. The outcome of granulation is a collection of
information granules G1, G2, .., Gc. In case of fuzzy sets, they are characterized by the
prototypes and membership functions (grades) forming the corresponding rows of the
partition matrix.
The quality of clusters can be assessed via numerous cluster validity indexes [5][10].
They could be helpful in some cases. They might also play a detrimental role by sending
confusing, inconsistent messages as to the most “feasible” number of clusters. This is not
surprising as each validity index originates from a certain heuristics being deemed
potentially useful in focusing on some selected aspect of the structure of clusters (say, we
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concentrate on forming clusters as disjoint as possible). Alternatively one can think of the
quality of granulation – de-granulation process in which the composition of the degranulation and granulation mechanisms should return the numeric result, which is as
close to the original numeric entity as possible, refer to Figure 2.

Figure 2. The concept of granulation-degranulation mechanisms
The granulation mechanism returns a representation of any input data (pattern) x
expressed in terms of membership degrees, u1(x), u2(x),…, uc(x). We use a concise
notation G(x, v1, v2, …, vc, U) to underline the usage of the mechanism of granulation
being applied to x. The de-granulation mechanism denoted by G-1 applies to the
previously obtained result of granulation and returns a certain numeric entity. Ideally, the
obtained result should be the same as the original input x we have started with. In other
words, we require that
G-1(G(x, v1, v2, …, vc, U))=x

(1)
It is well known (for instance, in case of quantization of continuous variables) that the
above equality does not hold as we usually encounter G-1(G(x, v1, v2, …, vc, U)) ≈ x.
Given this effect of approximate equality, we can treat a distance between the original x
and its de-granulated version as a measure of quality of the granulation process (the
quality of clusters returned by the clustering technique). In general, we may use the
€
following index
N

∑

||G-1(G(xk, v1, v2, …, vc, U))-xk||2

k=1

(2)
that can serve as a meaningful indicator of the overall performance of the granulation
mechanism. Here the symbol ||. || stands for a certain distance measure. The lower the
value of Q is, the€better the quality of information granules being assessed in terms of the
granulation-de-granulation effect. From the perspective of the concept of information
granulation, it is also not surprising that the value of the index is typically non-zero. One
could anticipate that the granulation-de-granulation may produce results that are
information granules rather than single numeric entities. The expectations could be that
such information granules Xk produced as a result of this transformation “cover”
(include) the original numeric input. In other words, instead of (2), we could expect a
satisfaction of the following inclusion
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xk ⊂ Xk

(3)
envisioning that this relationship be (hopefully) satisfied for all (or at least most) data xk.
The conceptual and ensuing technical question is about the origin of granularity to be
€
used in the formation of the clusters and a way of building it in the representation of the
results of clustering.
We may anticipate, which is intuitively appealing, that as being more abstract than data
themselves, the representatives of the granulation process can be regarded as information
granules. For instance, prototypes themselves could be regarded as information granules.
More formally, we consider that V1, V2, …, Vc are elements in the space of information
granules spanned over Rn, say V1, V2, …, Vc ∈ G(Rn) where G(.) denotes a family of
information granules formed in Rn. In contrast, let us stress that so far we assumed that
the prototypes are numeric, v1, v2, …, vc ∈ Rn. Following the same notation as before, the
€
result of expressing x via information granules
can be formally written down as G(x, V1,
V2, …, Vc, U). Subsequently, G-1(G(x, V1, V2, …, Vc, U)) is an information granule and
therefore the relationship xk ∈ G-1€(G(xk, V1, V2, …, Vc, U)) makes sense.
The study is reported in a top-down format. We start with a brief revisiting of the
granulation and de-granulation mechanisms (Section 2), which highlight a way in which
€
information granules are formed and lead to the reconstruction of original data. It is
shown that the both of them are formulated as some optimization problems. Next, we
generalize the mechanisms of granulation and degranulation to the example where
prototypes are granular; it is shown that this immediately leads to the granular outcomes
of reconstruction that is the reconstruction result is no longer a numeric entity. In the
preparation for the optimization of allocation of information granularity, we briefly recall
a mechanism of Particle Swarm Optimization (PSO). The essential design considerations
are presented in Section 6: here we discuss a granular data description including a
mechanism of linguistic quantifiers used in the selection of a suitable level of information
granularity. Experimental studies are reported in Section 7.
2. Granulation and de-granulation mechanisms in the system G(x, v1, v2, …, vc, U)
The expressions governing the granulation and degranulation mechanisms depend upon
the specific algorithm used to form information granules. The detailed results were
reported in [9] however it is instructive to recall here the main findings. Both the
granulation and de-granulation schemes are formulated as certain optimization problems.
In what follows, we assume that the distance used in the solutions is the Euclidean one.
The granulation of x returns its representation in terms of the collection of available
information granules expressed in terms of their prototypes. More specifically, x is
expressed in the form of the membership grades of x to the individual granules Gi, which
form a solution to the following optimization problem
c

Min

∑u

m
i

(x) || x − v i ||2

i=1
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subject to constraints
c

∑ u (x) = 1
i

u i (x) ∈ [0,1]

i=1

(4)
where “m” stands for the fuzzification coefficient, m > 1. The derived solution reads as
follows
€
1
u i (x) =
2/(m−1)
c ⎛
|| x − v i ||⎞
∑⎜⎜ || x − v ||⎟⎟
j ⎠
j=1 ⎝
(5)
For the de-granulation, given ui(x) and the prototypes vi, the vector xˆ is considered as a
solution to the minimization problem in which we reconstruct (degranulate) original x
€ and the membership grades
when using the prototypes

€

c

∑u

m
i

2

(x) || xˆ − v i ||

i=1

(6)
Because of the use of the Euclidean distance, the calculations here are straightforward
yielding the result
c
€
∑ umi (x)vi
xˆ = i=1c
∑ umi (x)
i=1

(7)
3. Granulation and de-granulation mechanisms in G(x, V1, V2, .., Vc, U)
€
In the case where the descriptors of the granulation process themselves are information
granules (and here Vi are elements in G(Rn)), the mechanisms of granulation is retained
the same as before (that is we involve the numeric prototypes). In the de-granulation, we
take into consideration the granular nature of the prototypes. In particular, let us consider
V1, V2, …, Vc to elements in a family of hypercubes (information granules) defined over
Rn, that is P(Rn), see Figure 3.
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Figure 3. Granular prototypes formed around numeric representatives v1, v2, vc and their
use in the realization of the granular reconstruction; shown are prototypes Vi and Vk;
dotted lines point at the bounds of the information granules used in the calculation
completed with the use of (8)
In the de-granulation, the bounds of the granular prototypes are used and they imply the
granular nature of the reconstruction. Now, the de-granulation returns an information
ˆ which is again defined in P(Rn) and whose bounds are expressed as follows
granule X
c

ˆ =[
X

€

c

∑ umi (x)Vi−
i=1
c

∑u

m
i

,

∑u

m
i

]

i=1
c

∑u

(x)

i=1

(x)Vi+

m
i

(x)

i=1

(8)
€
ˆ
where Vi=[vi , vi ]. When X is expressed in terms of the individual coordinates, one
obtains
€
c €
c
∑ umi (x)Vij- ∑ umi (x)Vij+
€
ˆ =[ i=1
X
, i=1c
]
j
c
m
m
∑ ui (x) ∑ ui (x)
-

+

i=1

i=1

€

(9)

4. Information granularity as a design asset and its optimal allocation
€
€
The granularity of the result coming from the de-granulation process has to have a certain
origin. Note that (7) produces a numeric result. The granular prototypes come as a sound
and justifiable alternative however they need to be constructed. The easiest way would be
to form information granules (say, intervals or fuzzy sets) around the prototypes obtained
so far. Put it in a more descriptive way, information granularity (giving rise to granular
prototypes) is an essential design asset that requires the best allocation so that the
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inclusion xk ∈ G-1(G(xk, V1, V2, …, Vc, U)) is satisfied for as many data in X as possible.
All the points x for which this relationship holds will be called compatible (or granularly
compatible) with the structure formed in the clustering process.
€
Proceeding with the structure of the granular prototypes, Vi is built around the original
prototype vi by admitting some level of granularity ε assuming values in [0,1]. In the
simplest possible scenario, we can envision the following transformation using which an
information granule of the prototype is being formed

Vij =[vij –ε∗rangej, vij+ε∗ rangej]
(10)
i=1, 2,…, c, j=1, 2, …,n. Note that the prototype is made granular to the same extent
with regard to all variables. All coordinates of the prototype are transformed to the
intervals that are symmetrically distributed around vij and equally affected by the
imposed level of granularity.
The de-granulation-granulation criterion can be used as a vehicle to associate ε with the
quality of the overall process. A convincing performance index Q can be introduced as
the following ratio of the count of the data included in the granular realization versus all
data (N)
card{x k ∈ G−1 (G(x k ,V1,V2 ,...,Vc,U)}
Q=
N
(11)
Evidently, the higher the value of ε, the higher the value of the ratio (and the quality of
the information granulation) becomes. Q is a non-decreasing function of ε. Too high
€
values of ε might not be acceptable–so one could admit some upper limit and regard ε
itself as a certain design resource used to facilitate an effective realization of the granular
structure.
This performance index captures the nature of consistent granular
representation of data through clustering: we strive to achieve a situation where most of
patterns when being represented by the granular prototypes are positioned within the
bounds resulting through the reconstruction process (9).
The main limitation of the construction of the granular prototypes is that we have treated
all variables in the same way by assigning to all of them the same value of ε. As
granularity is sought as an important modeling resource to be prudently allocated, its
distribution needs more attention. What is proposed here is that for a given ε, we allocate
a portion of available granularity to the individual variable. We require that the sum of
granularities of Vi is equal to nε. In other words, for each variable we assign some
specific level of granularity εi such that the following balance of overall granularity
resource expressed as
n

∑ε

i

=nε

i=1

(12)
becomes satisfied. The optimization criterion to be maximized that governs this
allocation is given by (11). By noting
an indirect way in which the optimization criterion
€
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depends upon the vector of variables ε =[ε1 ε2 … εn] with the constraint (12), which is
very likely out of reach of gradient-based optimization methods and it could become
advantageous to resort ourselves to the usage of some evolutionary or population–based
optimization method. One of the viable alternatives is the Particle Swarm Optimization
(PSO), see [12], which can serve here as a suitable optimization environment.
5. PSO in the optimal allocation of information granularity
A particle swarm is a population of particles – possible solutions located in the
multidimensional search space [8][11][14]. Each particle explores the search space and
during this search it adheres to some quite intuitively appealing guidelines navigating the
search process: (a) it tries to follow its previous direction, and (b) it looks back at the best
performance recorded so far both at the level of the individual particle as well as the
entire population. The algorithm exhibits some societal aspects of interaction. There is
some collective search of the problem space along with some component of memory
incorporated as an integral part of the search mechanism. The performance of each
particle during its traversal of the search space is assessed by means of some performance
index (fitness function). A position of a swarm in some search space S of a given
dimensionality “r”, is described by some vector z(t) S where ”t” denotes consecutive
discrete time moments (generation index). The method can be briefly explained as
follows. The next position of the particle is governed by the following update expressions
concerning the particle, z(t+1) and its speed, v(t+1)
zi(t+1) = zi(t) + vi(t+1)
vi(t+1) = ξ vi(t) + f1i(pi- zi(t)) + f2i (ptotal,i-zi(t))

//update of position of the particle
// update of speed of the particle
(13)
i=1, 2, …, r where p denotes the best position (characterized by the lowest performance
index) reported so far for this particle, ptotal is the best position overall developed so far
across the entire population. The two other parameters of the PSO that is f1i and f2i are
random numbers drawn from the uniform probability distribution defined over the [0,2]
interval that help build a proper combination of the components of the speed; different
random numbers affect the individual coordinates of the speed. The second expression
governing the change in the velocity of the particle is particularly interesting as it
captures the relationships between the particle and its history as well as the history of the
overall population in terms of their performance reported so far. The current speed v(t) is
impacted by the inertial weight (ξ) smaller than 1 whose role is to articulate some factor
of resistance to change the current speed (the values of the inertia weight are kept below
1). The fitness function is given by (11). The particle consists of the coordinates of e.
Before it is used to evaluate the fitness function, the coordinates are normalized so that
they satisfy the requirement expressed by (12).
6. Design considerations
In what follows, we elaborate on the design facet of the problem, which concerns a
selection of the level of allowable granularity. This directly relates to the structure
description (expressed in terms of the underlying granular core) and a way of selecting a
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suitable level of granularity. Here we link this selection to the problem of satisfaction of a
constraint of a suitable linguistic quantifier.
6.1. Granular core and granular data description
The union of granular prototypes Vi can be treated as a granular core of the data space
using which the data could be reconstructed. Note that we do not require that the granular
prototypes be pairwise disjoint. Considering the granular core and the implied
reconstruction, we identify two categories of data:
(a) data that are correctly de-granulated (according to the condition of granular
consistency , viz. a satisfaction of the inclusion xk ∈ G-1(G(xk, V1, V2, …, Vc, U))
(b) data, which are not correctly reconstructed (for which the inclusion condition does not
hold). These data can be regarded as not being compatible with the identified granular
core.
€
Note that these two categories of data are indexed by the values of ε with the increase in
the cardinality of the first category associated with higher values of ε.
One can also take advantage of the representation capabilities associated with the
granular prototypes when encountering a new pattern x, which has to be characterized.
Here in addition to the vector of the membership values, u(x) = [u1(x) u2(x)… uc(x)]T,
which are computed in the same way as in the generic FCM, we obtain the
characterization of the pattern with respect to its compatibility with the granular structure
(viz. the one that is correctly reconstructed based on the granular prototypes). This
description comes as a threshold function of ε, which assumes binary values, that is φ:
[0,1] {0,1}. An example of such function is shown in Figure 4. The scalar
representation of the function is provided by computing an area under curve (AUC),
which can be regarded as an indicator of the credibility (expressed through the
reconstruction abilities) associated with the membership degrees. In this way, a
characterization of x usually expressed only by membership degrees u(x) is now
augmented by φ or the AUC if a more concise description is more suitable. More
formally we can describe the characterization in the form x → G → (u(x), φ) or x →
G → (u(x), AUC) with G being the collection of information granules constructed for
the data.

€

€

€

€

Figure 4. An example of a threshold function φ and its AUC characterization
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6.2. Selection of a suitable value of information granularity
The relationship I = I(ε) is a non-decreasing function of ε and the increasing values of ε
produce higher levels of coverage of the data. While this observation is intuitively
appealing, the choice of a “suitable” value of ε requires some clarification. Two ways of
determining such value could be considered here:
(a) based on the plot of I, one determines its knee-like point, call it εopt beyond which
the changes of I start to become less visible. This way of the determination of εopt
is suitable in case in such point is clearly identified. Obviously, this critical point
supporting the choice of εopt may not always be clearly visible and this hampers
the usefulness of this criterion.
(b) Based on the use of linguistic quantifier τ = most [6][7] where εopt is determined
through the seeking a level of satisfaction of the linguistic quantifier
most data have a consistent granular representation > β
where β taking on values in the [0,1] interval is the predetermined level of
satisfaction of the linguistic quantifier most. The crux of this construct is
illustrated in Figure 5.

Figure 5. Determination of optimal level εopt for some predetermined satisfaction
level β of the linguistic quantifier most
A way of arriving at the values of εopt that corresponds to β is through the
calculations of the value of the argument of the quantifier where we have
most-1(β) = u (note that the quantifier is defined over the ratio of data) and then
from the relationship I(ε) =u we determine εopt, that is I(εopt)=u. This method is
attractive as it links the less tangible values of ε with the explicit and intuitively
convincing degree of satisfaction of the linguistic quantifier τ. For instance, we
can resort ourselves to the linguistic expression of the form
most data are granularly compatible with the structure to a degree β
where β is a predetermined level of satisfaction.
7. Experimental studies
In this section, we report the results of experiments completed for some illustrative twodimensional synthetic data and some selected data coming from the Machine Learning
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Repository, http://archive.ics.uci.edu/ml/.
modeled as [7]

In all experiments, the most quantifier is

⎧
0, if x ≤ 0.3
⎪
τ(u) = ⎨2x - 0.6, if x ∈ [0.3 0.8]
⎪
1, if x ≥ 0.8
⎩
while the threshold (satisfaction level) is set to the value β =0.8. This implies that
u0= most-1(0.8) is equal to 0.7.
€
Synthetic data The two-dimensional
data are shown in Figure 6. Through the visual
inspection, we distinguish three clusters. The FCM returns the following prototypes: v1=
[1.11 2.10]T v2 = [3.43 2.07]T, and v3 =[0.32 0.25]T

Figure 6. Two-dimensional synthetic data with three clusters
The prototypes are expanded to their granular counterparts by optimizing the allocation
of the available level of granularity ε. The results reported in terms of the maximized
performance index I are shown in Figure 7. It is apparent that the PSO led to the higher
values of this index in comparison with the values of I reported for the uniform allocation
of granularity across all the variables. The overall improvements are quantified by the
obtained values of the AUC, which are equal to 0.099 for the uniform granularity
allocation and 0.108 for the PSO optimized granularity allocation.

Figure 7. Plot of I versus granularity level ε:
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The plots of the core region composed of the union of Xis (as formed by (9)) for several
selected values of ε are shown in Figure 8.

(a)
(b)
(c)
Figure 8. Plots of the union of granular prototypes for selected values of ε: (a) e=0.03
with ε =[0.028 0.031], (b) ε = 0.1 , ε=[0.108 0.09] (c) ε =0.16, ε =[0.173 0.146]
The data set in Figure 9 exhibits more scattering and less visible structure than the one in
the previous example. The clustering is run for c=3 and the obtained prototypes are given
as v1 =[3.35 1.15] v2 = [3.14 3.45], and v3 = [0.55 1.01].

Figure 9. Two-dimensional synthetic data with more scattered patterns
The plot of the coverage index I versus ε is displayed in Figure 10.
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Figure 10. The values of I versus ε
Again, as visualized there, the advantages of optimization provided by the PSO are
evident. Considering the quantitative characterization provided by the AUC, we obtain
AUC = 0.113 for the uniform allocation of granularity and AUC = 0.136 for the PSOoptimized allocation of granularity.
Machine Learning data
Two selected data sets coming from the Machine Learning repository are auto data and
Boston housing data.
auto data The plots of I(ε) for the selected number of clusters “c” are shown in Figure 11.
There is a significant improvement over the case when all granular prototypes are
extended uniformly over the data space (as again illustrated in Figure 11) and quantified
in terms of the AUC values (which are reported in Table 1).

(a)

	
  

(b)
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(c)
(d)
Figure 11. Plots of I versus ε for c=2, 3, 4, and 5 (a)- (d). Grey lines pertain to the
uniform allocation of granularity; black lines- PSO-optimized granularity allocation
Table 1. Values of AUC for c =2, 3, 4, and 5 for the uniform allocation of granularity and
the PSO optimized allocation
c
2
3
4
5
AUC- uniform
0.571
0.579
0.627
0.635
Granularity
allocation
AUC
–
granularity
allocation

PSO

0.692

0.702

0.715

0.721

For the uniform allocation of the granularity, the values of AUC are lower than in case
of its optimized allocation. In all situations there is a significant improvement. For the
assumed value of satisfaction of the linguistic quantifier most at β =0.8 we have the
corresponding values of ε of 0.31, 0.29, 0.24, and 0.23 (for the optimized granularity
allocation).
The results for the Boston housing data set are concisely summarized in Figure 12 and
Table 2.

(a)
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(c)

(d)

Figure 12. Plots of I versus ε for c=2, 3, 4, and 5 (a)- (d): grey lines- a uniform allocation
of granularity; black lines- PSO optimized granularity allocation
Table 2. Values of AUC for c =2, 3, 4, and 5 for the uniform allocation of granularity and
the PSO optimized granularity allocation
c
AUC- uniform
Granularity
allocation
AUC
–
PSO
granularity
allocation

2
0.519

3
0.572

4
0.581

5
0.601

0.651

0.683

0.688

0.705

Again in all situations it is noticeable that there is an improvement resulting from the
optimization of the allocation of granularity.
8. Conclusions
As information granularity inherently promotes a certain global and abstract view at data,
it is quite convincing to anticipate that the resulting representation is of granular
character. This point is being addressed in this study by offering a concept of granular
prototypes, whose granularity is well reflective of the nature of the data themselves. The
tandem of granulation – degranulation mechanisms helps formulate the optimization
problem in which the granular prototypes can be formed in an effective manner. It is
shown that information granularity can be sought as an essential and valuable design
asset whose allocation among existing numeric prototypes can be optimized so that the
coverage criterion becomes maximized.
We can envision further enhancements of the construct developed in the study. A
number of refinements could be made to the strategy on how information granularity can
be allocated to the prototypes. The optimized intervals can be made asymmetric around
the initial numeric prototypes meaning that they are spread to the left and the right by
some different increments. Formally, such granular constructs are expressed in the
following form Vij =[vij –εj , vij+ εj ], i=1,2,..., c ; j=1,2,…, n. As before, an imposed
constraint is that an overall level of granularity, which is available in this optimization
problem is fixed and equal to nε. Although the optimal distribution of granularity was
realized here in terms of set-based information granules, the same development
methodology applies equally well to other formalisms of information granularity
including fuzzy sets (so the prototypes are viewed as fuzzy numbers).
−
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