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Abstract    
The electrode resolution of current retinal prostheses is still far from matching the densities of retinal neurons. Decreasing 

electrode diameter increases impedance levels thus deterring effective stimulation of neurons. One solution is to increase the 
surface roughness of electrodes, which can be done via nanoparticle coatings. This paper explores a Lattice Gas Model of the 
drying-mediated self-assembly of nanoparticle mixtures. The model includes representations for different types of nanoparti-
cles, solvent, vapour, substrate and the energetic relationships between these elements. The dynamical aspect of the model is 
determined by energy minimization, stochastic fluctuations and physical constraints. The model attempts to unravel the rela-
tionships between different experimental conditions (e.g. evaporation rate, substrate characteristics and solvent viscosity) and 
the surface roughness of resulting assemblies. Some of the main results include the facts that the assemblies formed by 
nanoparticles of different sizes can boost roughness in specific circumstances and that the optimized assemblies can exhibit 
walled or stalagmite structures. This study provides a set of simulation modelling experiments that if confirmed in the laboratory 
may result in new and useful materials. 
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Nomenclatures 

numTestsPerConfig:Number of tests per configuration
np1sizes: Nanoparticle 1 sizes 
np2sizes: Nanoparticle 2 sizes 
totNPcov: Total nanoparticle coverage 
np1cover: Relative nanoparticle 1 coverage 
Liqcover: Liquid coverage 
w_ll: Liquid to liquid energetic attraction 
w_l: Liquid energetic constant 
w_n1l: Nanoparticle 1 to liquid energy 
w_n2l: Nanoparticle 2 to liquid energy 

w_n1n1: Energy between nanoparticles of type 1 
w_n1n2: Energy between nanoparticles 1 and 2 
w_n2n2: Energy between nanoparticles of type 2 
w_sl: Energy between substrate and liquid 
w_n1s: Substrate to nanoparticle 1 energy 
w_n2s: Substrate to nanoparticle 2 energy 
p.maxIter: Maximum number of simulation iterations 
p.substrateDim: Substrate dimensions 
p.substrateHeight: Height of LGM 
p.bolt: Boltzmann constant 
p.temperature: LGM temperature 

 
1  Introduction 

There are a number of retinal conditions that pref-
erentially affect the outer retina (the photoreceptor and 

the retinal pigment epithelium) resulting in blindness 
(such as retinitis pigmentosa), yet the inner retina is 
relatively healthy and, in particular, the Retinal Ganglion 
Cells (RGCs) remain intact. This raises the tempting 
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possibility that visual rehabilitation could be achieved 
with a retinal prosthesis[1–3]. 

Overall, there is very significant convergence with 
100 fold fewer RGCs as there are photoreceptors, but at 
the fovea, the degree of convergence is much less, with a 
close to one-to-one correspondence between photore-
ceptors and (midget) RGCs. Visual quality of life is 
largely determined by spatial resolution (which is the 
function measured by visual acuity) and the ability to 
develop electrode arrays that can stimulate the retinal 
neurons with a resolution of under 10 microns is a major 
technological challenge. Normal visual acuity of 6/6 
equates to a resolution of one minute of arc, which is a 
spatial resolution of about 6 microns at the retina. 
Maximum resolution of the human eye is about double 
this and equates to 3 microns and the diameter of a cone 
at the fovea is 1.5 microns. 

The challenge is then to make a prosthesis that can 
stimulate cells at this level of spatial resolution given 
that the ability to stimulate cells is dependent upon the 
surface area of the electrode. We describe a potential 
technology that could be adapted to increase electrode 
surface area while not increasing electrode diameter by 
exploiting the fractal properties of roughness. 

We are currently exploring two main approaches 
for the improvement of retinal prostheses: 1) reducing 
hardware limitations and 2) increasing the realism and 
complexity of the information processing carried out by 
prosthetic devices. In the second approach, large scale 
models of the retina are constructed and tested in order 
to study how the retina implements colour coding, image 
enhancement, motion analysis, amongst other func-
tions[4]. The insights obtained from modelling studies 
can be used for designing more effective prostheses that 
take into account the type of information that the human 
visual system expects at different levels. 

In the first approach, which is the focus of this 
paper, the limitations of current hardware solutions are 
addressed. As already mentioned, one such crucial 
limitation lies in the resolution of micro-electrode arrays. 
The resolution of the first ever commercially implanted 
retinal prosthesis (implanted on the 29th of October 
2011), the Argus II[5], is limited by an array of 60 elec-
trodes. The urgency of eliminating or reducing this 
limitation becomes manifestly clear when we compare 
this resolution of 60 electrodes to the density of RGCs in 
the human retina, estimated to be around 32,000-38,000 

cells/mm2 in the central area[6]. This is particularly true 
when considering epiretinal devices which attempt to 
stimulate RGCs directly. As stated in Ref. [7], the op-
timal device would allow a one-to-one correspondence 
between electrodes and RGCs, whereas many current 
prostheses not only have low resolution (e.g. total of 12 
to 16 electrodes) but also have electrodes with large 
diameters (e.g. several hundred micrometres) which 
indiscriminately stimulate a large number of RGCs. 

There are several reasons that can explain the 
resolution limits of current retinal prostheses, including: 
the multiplexing/leads problem[8] and electrode imped-
ance[9]. This work focuses mostly on the latter issue. 
Increasing resolution generally requires decreasing 
electrode diameter, which increases impedance, which 
in turn decreases the charge transfer capacity of the 
electrode leading to a signal which is too weak to  
effectively stimulate neurons. Since impedance is in-
versely proportional to surface area one solution is to 
increase the surface area of electrodes, without signifi-
cantly affecting their diameter. One way to do this is 
through carbon nanotubes[7,9–11]. The advantages of 
carbon nanotubes in this context include better charge 
injection limits and improved biocompatibility and du-
rability[7,12]. 

An alternative yet related approach with similar 
promise is based on nanoparticle assembly coatings. In 
Ref. [13], the authors tested the hypothesis that the  
assemblies formed by nanoparticles of different sizes 
lead to hierarchical structures which, then, lead to as-
sembly surfaces with increased roughness (surface area 
divided by substrate area). This increased roughness and 
multiplicity of nanoparticle sizes are at the core of the 
simulation experiments reported in this paper. In this 
solution, the surface roughness of electrodes can be 
conveniently increased by dipping electrodes in 
nanoparticle mixtures and using a controlled evaporation 
process that leads to the self-assembly of nanoparticles 
into complex morphologies. For the sake of complete-
ness it is worth mentioning a different nanoparticle 
based approach for increasing surface roughness which 
is based on the deposition of gold nanoflakes on elec-
trodes[14]. 

In one set of results in Ref. [13] it is shown that 
assemblies formed from mixtures of 7-nm and 14-nm 
SiO2 particles lead to rougher surfaces than assemblies 
formed from either one of the nanoparticles alone. The 
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apparent advantage (with regards to roughness) con-
ferred by nanoparticles of different sizes will hereafter 
be referred to as the Size Mixture Advantage (SMA). 
The important point here is that the combination of par-
ticles of different sizes, through the intermediary of 
geometric and/or energetic factors, leads to surface 
roughness values larger than those resulting from sur-
faces consisting of one or the other nanoparticle alone. 
Because of the intuitive notion of smaller nanoparticles 
filling in the gaps produced by larger nanoparticles 
thereby producing a smoother (less rough) surface, it is 
important to note that the SMA phenomenon is treated 
here as a hypothesis to be tested under different condi-
tions. In the current paper we report a modelling study 
which attempts to explore the robustness of the SMA 
effect and to unravel other conditions that might be 
suitable for maximizing roughness. 

The specific type of model adopted is referred to as 
a Lattice Gas Model (LGM)[15], where the main elements 
consist of nanoparticles, liquid, vapour and substrate 
(refer to Ref. [16] for a simple geometrically-inclined 
model based on the spray deposition process). Lat-
tice-gas models have been studied and validated exten-
sively in the context of nanoparticle assembly processes 
by Rabani and co-workers[17–19]. In early experiments[18], 
the feasibility and validity of the approach were thor-
oughly investigated and confirmed in the context of 2D 
assemblies. Fig. 1 depicts an example of a 2D lattice-gas 
model of a nanoparticle assembly process. In more re-
cent studies, the formation of 3D assemblies, involving 
particle mixtures[17], has also been investigated. The 
work reported in this paper is based on these earlier 
studies, but is characterized by several extensions which 
were necessary considering our motivation. 
 

 
Fig. 1  Example of a 2D lattice-gas model where green and brown 
pixels represent nanoparticles, white pixels represent vapour and 
blue pixels depict liquid. 
 

One such extension pertains to the modelling of 
nanoparticles of different sizes. To the best of our 
knowledge no other model of nanoparticle assembly 
processes has systematically studied the consequences 
of incorporating nanoparticles of different sizes. An-
other important difference of this work pertains to the 
types of measured quantities (i.e. surface roughness). 

Among the main results reported in this paper, is 
the observation that the model does show evidence of the 
SMA effect, but not for all conditions. In fact the SMA 
effect seems to be more of an exception than a rule. 
Furthermore, other model parameters (and inferable 
experimental conditions) seem to be more relevant to the 
maximization of roughness (e.g. increased evaporation 
rate). Optimization experiments that attempt to maxi-
mize roughness directly reveal interesting wall-like and 
stalagmite structures. 

The following section will discuss the main meth-
ods adopted in this work, i.e.: lattice-gas models, opti-
mization and simulation modelling experiments. The 
third section will outline the main experimental results, 
including those pertaining to the SMA effect and the 
maximization of roughness. The fourth and final section 
will attempt to interpret some of the results and discuss 
their potential implications. 

2  Methods 

2.1  Lattice Gas Models  
In this paper, LGMs are used to model the interac-

tions between some liquid solvent, vapour, one or  
more types of nanoparticles and a substrate, in a 3D 
space. The dynamics of the model’s core elements (i.e. 
liquid, vapor and nanoparticles) are guided by a local 
energy minimization function and generally mirror a 
gradual evaporation or drying process. This gradual 
drying process is what allows nanoparticles to 
self-assemble into often complex and occasionally use-
ful structures. 

For efficiency purposes and in order to simplify the 
model all elements are represented by cells in a 3D ma-
trix. Indivisible elements of vapor and liquid are repre-
sented by single cells, whereas nanoparticles can be 
represented by one or more cells depending on their 
relative sizes. Refer to Fig. 2 for a simplified illustration 
of such a matrix with several examples of the constituent 
elements. 
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Fig. 2  Diagram of an LGM for modelling the self-assembly of 
nanoparticles. 
 

The configuration of the matrix evolves through 
time thanks to the following possibilities: 1) liquid cells 
being converted into vapour cells and/or vice versa, 2) 
nanoparticles moving into neighboring locations. The 
changes are guided by the minimization of the following 
Hamiltonian energy function as in Ref. [20] 
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where li, ai and bi approximately represent the density of 
liquid and nanoparticles n1 and n2 at coordinate i re-
spectively, sj stands for the existence (or not) of substrate 
at coordinate j, wll, wa, wb, wal, wbl, wab, wls, was and wbs,  
represent the energetic affinity between two liquid cells, 
two n1 particles (also referred to as NP1), two n2 parti-
cles (also referred to as NP2), liquid cells and n1 particles, 
liquid cells and n2 particles, n1 and n2 particles, liquid 
and substrate cells, substrate cells and n1 particles, and 
substrate cells and n2 particles respectively. Note that 
constants such as wll are often represented in the text as 
w_ll. The sum encompassed by <ij> involves only 
immediately adjacent neighbours. The last term on the 
right (i.e. wl) controls the relative proportion of vapour 
and liquid cells at equilibrium. 

Refer to Fig. 3 for a high-level depiction of the 
algorithmic flow of the model. For each iteration of the 
model, and each LGM cell, the difference between the 
energy state of the current local neighborhood and the 
energy state based on a configuration change (e.g. ran-
dom nanoparticle movement in a feasible direction) is 
computed based on Eq. (1). The configuration of the cell 

is modified based on a probability that is computed from 
the above mentioned energetic difference, so that the 
larger the energy decrease resulting from the new con-
figuration, the larger the probability of accepting that 
change. 

 
Algorithm 1: Basic Lattice Gas Model algorithm
1. Procedure: LGM(param)
2. assembly  initAssembly(param)
3. noStop  True
4. While(noStop)
5. cellCount  0
6. While(cellCount < numCells(assembly)
7. (y,x,z)  selectRandCell(parameters)
8. If (assembly(y,x,z) == (liquid OR vapour))
9. checkConstraints(assembly,y,x,z)
10. windowold getWindow(assembly,y,x,z)
11. windownew flipLiquidVapour(windowold)
12. ΔE energyChange(windowold,windownew,param)
13. prob  compProb(ΔE)
14. assembly  update(prob,assembly,y,x,z)
15. EndIf
16. If (assembly(y,x,z) == nanoparticle)
17. pprop  getPProp(assembly,y,x,z)
18. (dy,dx,dz)  getRandDir
19. windowold getWindow(assembly,y,x,z,pprop)
20. canMove  haveSpace(windowold,dy,dx,dz,pprop)
21. If (canMove)
22. windownew  compWin(windowold,dy,dx,dz,pprop)
23. ΔE energyChange(windowold,windownew,param)
24. prob  compProb(ΔE)
25. assembly  update(prob,assembly,dy,dx,dz,pprop)
26. EndIf
27. EndIf
28. cellCount  cellCount + 1
29. EndWhile
30. noStop  checkStop(...)
31. EndWhile
32. surfProp  compSurfProp(assembly)
33. EndProcedure

 
Fig. 3  High-level algorithm of the LGM. 

 
Apart from energetic considerations, the LGM 

dynamics are also influenced by certain feasibility con-
straints, e.g.: nanoparticles can only move into liquid 
cells, if a liquid cell has a nanoparticle immediately 
above it then it can’t be converted into a vapour cell and 
if a vapour cell has another vapour cell immediately 
beneath it then it can’t be converted into liquid. 

As an example of the effect of energetic parameters 
on LGM assemblies, consider the case of evaporation 
rate. Drying dynamics can be significantly modified by 
controlling different parameters. For instance, the pa-
rameter wll, which determines the energetic attraction 
between liquid elements, significantly affects the rate of 
evaporation. Fig. 4 depicts an example of three simula-
tion runs on a 2D lattice gas model, using three settings 
of the parameter (i.e. 0.6, 0.7 and 1). Each row repre-
sents a different wll setting and depicts four snapshots  
of the LGM at iterations 1, 50, 100 and 250. When  
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liquid-liquid attraction is weakest (i.e. top row), liquid 
evaporates rapidly and nanoparticles remain relatively 
scattered, whereas when liquid-liquid attraction is 
strongest (i.e. bottom row), liquid evaporates slowly, and 
nanoparticles are clumped into a cohesive structure. 
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Fig. 4  The effect of different liquid-liquid energies on a 2D LGM 
of a nanoparticle mixture. 

 
2.2  Simulation experiments 

Two main categories of experiments were con-
ducted, i.e.: systematic manipulation and optimization of 
parameters. In the first category, subsets of parameters 
were manipulated (e.g. proportions of nanoparticles of 
different sizes or evaporation rate) in order to find their 
effect on different variables, mainly roughness (surface 
area divided by substrate area). One of the main goals 
here was to determine the robustness of the SMA. In the 
second category, we adopted a Global Stochastic Opti-
mization (GSO) method to search parameter space with 
the aim of maximizing surface roughness. Although this 
method is likely to produce a considerable proportion of 
physically infeasible solutions, the resulting insights can 
nevertheless potentially inform future laboratory ex-
periments. 

 
2.3  Optimization method 

For the optimization experiments, a GSO method 
was used that combines ideas from genetic algorithms[21] 
and differential evolution[22]. Due to space limitations 
and since this method is described elsewhere[4], it will 
not be described here at length. Other GSO methods can 
also be deployed in this optimization task. The main cost 
function experimented with was roughness, whereby the 
cost for a particular set of parameters was defined as the 

negative of the roughness of the surface of the nanopar-
ticle assembly resulting from that particular parameter 
configuration, after a certain number of iterations. 

3  Results 

3.1  Size Mixture Advantage 
One of the earliest results emerging from the 

simulation experiments suggests that SMAs are not 
necessarily common. The emergence of SMAs in our 
simulations is highly dependent on parameter settings 
and therefore a real SMA is likely to be highly dependent 
on specific experimental conditions. The main system 
parameters are given in the Nomenclatures. 

Consider, for example Fig. 5 and Fig. 6, which 
represent the outcome of multiple simulation experi-
ments where the nanoparticle coverage was 30% (rela-
tive to liquid and vapor) and where we specifically var-
ied the relative coverage of the largest particle (i.e. n1) 
from 0% to 100%. The means of both roughness (blue 
bars; y-axis on the left) and Contact Angle (CA) (red line; 
y-axis on the right) are depicted in both figures. In Fig. 5, 
where particles’ sizes were 2 and 1 cells for n1 and n2 
respectively, the apparent linear relationship between n1 
coverage and roughness, suggests an absence of SMA. 
In Fig. 6, where particle sizes were 4 (n1) and 2 (n2), 
there seems to be a relative advantage for size mixtures 
(i.e. n1 coverage of 40% and 50%), although this poten-
tial SMA is somewhat questionable as the large standard 
error bars can be seen. In order to verify the above result, 
in Fig. 7 we ran 10 tests per parameter configuration, 
decreased the overall nanoparticle (NP) coverage to 0.2, 
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Fig. 5  Roughness and CA of assembly with NP sizes 2 and 1. 
Parameter settings: numTestsPerConfig = 3; np1sizes = [2]; 
np2sizes = [1]; totNPcov = 0.3; np1cover = 0:0.1:1; liqcover = [1]; 
w_ll = [0.5]; w_l = –10.5; w_n1l = [1]; w_n2l = [1]; w_n1n1 = 
[1.5]; w_n1n2 = [1.5]; w_n2n2 = [1.5]; w_sl = [0.5]; w_n1s = 
[3.5]; w_n2s = [3.5]; p.maxIter = 200; p.substrateDim = 50; 
p.substrateHeight = 9; p.bolt = 0.00831447; p.temperature = 20. 
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Fig. 6  Roughness and CA of assembly with NP sizes 4 and 2. 
Parameters: same as for Fig. 5 except for np1sizes = [4], np2sizes 
= [2] and totNPcov = 0.2. 
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Fig. 7  Larger assemblies, smaller NP coverage and more tests. 
Parameters: same as Fig. 6 except for numTestsPerConfig = 10, 
p.maxIter = 300, p.substrateDim = 80 and p.substrateHeight = 16. 
 
and increased the size of the assembly. Particle sizes 
were 4 and 2. According to this statistically more  
robust result, there appears to be no SMA in terms of 
roughness, but there does seem to be one in terms of 
contact angle. 

The figures in this section represent a subset of the 
experiments that were designed to reveal SMAs. At this 
point, it is worth mentioning another observation from 
this large set of experiments. For those parameter set-
tings where an SMA was absent, most of the relation-
ships between the proportion of the largest particle (i.e. 
n1) and roughness were linear direct proportionalities. In 
other words: the larger the proportion of large particles 
in the mixture, the larger the resulting roughness of the 
assemblies. An example of this relationship can be seen 
in Fig. 5. 

In another SMA related experiment, relative n1/n2 
coverage and n1 size were kept constant (i.e. 0.5/0.5 and 
4 respectively) whereas n2 size was varied between 1 and 

4. Having observed the possibility of SMAs one might 
be tempted to hypothesize that the larger the size 
asymmetry between NP sizes, the larger the roughness of 
resulting nanoparticle assemblies. Fig. 8 shows that this 
is not the case. When n1/n2 sizes are 4/1, roughness is 
minimized (presumably because it is relatively easy for 
the smaller particles to fit into grooves and pockets 
therefore smoothing the assembly). According to the 
figure, one may tentatively conclude, at least in these 
conditions, that the 4/3 condition maximizes roughness, 
even more so than the 4/2 condition. 
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Fig. 8  Constant coverage but different relative sizes. Parameters: 
numTestsPerConfig = 5; np1sizes = [4]; np2sizes = [1 2 3 4]; 
totNPcov = 0.2; np1cover = 0.5; liqcover = [1]; w_ll = 0.5; w_l = 
−9.5; w_n1l = [1]; w_n2l = [1]; w_n1n1 = [1.5]; w_n1n2 = [1.5]; 
w_n2n2 = [1.5]; w_sl = [0.5]; w_n1s = [3.5]; w_n2s = [3.5]; 
p.maxIter = 300; p.substrateDim = 50; p.substrateHeight = 9; 
p.bolt = 0.00831447; p.temperature = 20. 

 
3.2  Roughness maximization 

The original wet lab size-mixture experiments[16] 
were motivated by the hypothesis that size mixtures 
maximize roughness. The present simulations show that 
this is true in some cases but also show that the rela-
tionships between relative particle sizes and roughness 
are actually significantly more complex than expected. 
This observation motivated experiments designed to 
uncover other parameter settings (or experimental con-
ditions) that maximize roughness. This was done in two 
main ways: firstly, by systematically varying specific 
parameters, secondly, by employing optimization 
methods. 

 
3.2.1  Evaporation rate 

In one of the earliest roughness maximization ex-
periments conducted, evaporation rate was controlled by 
manipulating parameter wL, which is the weight defining 
the energy contribution of liquid cells. Fig. 9 illustrates 
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how roughness can be directly proportional to evapora-
tion rate. The bar chart illustrates mean roughness values 
for three different wL settings, i.e. −8.5, −9.5 and −10.5. 
The more negative wL is, the faster evaporation is. The 
top row of Fig. 9 shows three different assembly con-
figurations, each one at iteration 200, for different wL 
settings.  

In Fig. 9, each assembly diagram consists of 9 
sub-figures, each one corresponding to a different layer 
(i.e. L1 corresponds to layer 1) of the assembly. Refer to 
Fig. 10 for a summary of the colour and layout conven-
tions of assembly diagrams. The lowest layer is depicted 
on the top-left, and corresponds to the assembly sub-
strate (in red). The top layer is depicted on the bot-
tom-right, and corresponds to vapor (depicted in white). 
The spatial arrangement of the other layers follows the 
order depicted in Fig. 10. 

Fig. 9 shows that the more negative wl is, the more 
nanoparticles can be found in higher layers, thus con-
tributing to surface roughness. Notice also that for the 
roughest assembly (i.e. the one with the fastest evapo-
ration, with wL = −10.5) the lower layers (e.g. layer 3) 
tend to have more pockets of liquid. 
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Fig. 9  The effect of evaporation rate on roughness. Parameters: 
numTestsPerConfig = 3; np1sizes = [2]; np2sizes = [1]; totNPcov 
= 0.3; np1cover = 0.5; liqcover = [1]; w_ll = [0.5]; w_l = [-8.5 -9.5 
−10.5]; w_n1l = [1]; w_n2l = [1]; w_n1n1 = [1.5]; w_n1n2 = [1.5]; 
w_n2n2 = [1.5]; w_sl = [0.5]; w_n1s = [3.5]; w_n2s = [3.5]; 
p.maxIter = 200; p.substrateDim = 50; p.substrateHeight = 9; 
p.bolt = 0.00831447; p.temperature = 20. 
 

 

 
Fig. 10  Colour and layout conventions for assembly diagrams. 

 
3.2.2  Substrate effects 

In order to investigate the effect of substrate related 
parameters (i.e. liquid to substrate energy (sl); nanopar-
ticle 1 to substrate energy (n1s); nanoparticle 2 to sub-
strate energy (n2s)) on roughness, extensive experiments 
were conducted on different combinations of the pa-
rameter settings. In total 27 different configurations 
were tested. The results showed significant roughness 
differences between many of the configurations (not 
shown). Fig. 11 shows two assembly diagrams, with 
different roughness values, resulting from different 
substrate properties. Notice that the assembly with 
overall larger nanoparticle-substrate attraction and 
smaller liquid-substrate attraction, is smoother. Fig. 12 
makes this relationship more explicit. It turns out that, at 
least in these conditions, there is a very strong relation-
ship between min(n1s,n2s)−sl and roughness, with a 
correlation coefficient (Pearson’s r) of −0.81. If we as-
sume that n1s < n2s by default, then we can predict 
roughness in these conditions via the equation: 

10.033( ) 1.55.R n s sl= − − +                         (2) 

 

 
Fig. 11 Different substrate effects on roughness. Parameters: 
testsPerConfig = 3; np1sizes = [2]; np2sizes = [1]; totNPcov = 0.3; 
np1cover = 0.5; liqcover = [1]; w_ll = 0.5; w_l = -9.5; w_n1l = [1]; 
w_n2l = [1]; w_n1n1 = [1.5]; w_n1n2 = [1.5]; w_n2n2 = [1.5]; 
w_sl = [0 0.5 1]; w_n1s = [0 1.5 3]; w_n2s = [0 1.5 3]; p.maxIter = 
200; p.substrateDim = 50; p.substrateHeight = 9; p.bolt = 
0.00831447; p.temperature = 20. 
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Fig. 12 Strong correlation between substrate related parameters 
and roughness. Parameters: same as Fig. 11. 
 
3.2.3  Solvent viscosity 

Parameter wll defines the energy between liquid 
cells. It is related to at least viscosity and evaporation 
rate. Fig. 13 shows that if wll is too large (e.g. wll ≥ 0.75) 
the solvent is not capable of evaporating. The figure  
also shows that as long as evaporation is still possible 
(i.e. 0 ≤ wll ≤ 0.5), roughness is inversely proportional to 
wll. Fig. 14 depicts the average number of nanoparticles 
per layer, at iteration 200, as a result of different wll 
values. Notice that, for example, when wll = 0.5, more 
nanoparticles concentrate at lower layers, contributing to 
a smoother surface. 
 

R
ou

gh
ne

ss

2.5

2.0

1.5

1.0

0.5

0.0
0.00 0.25 0.50 0.75 1.00

wll

wll = 0 wll = 0.5 wll = 0.75

 

Fig. 13  The effect of wll (or “solvent viscosity”). Parameters: 
numTestsPerConfig = 3; np1sizes = [2]; np2sizes = [1]; totNPcov 
= 0.3; np1cover = 0.5; liqcover = [1]; w_ll = [0 0.25 0.5 0.75 1]; 
w_l = −9.5; w_n1l = [1]; w_n2l = [1]; w_n1n1 = [1.5]; w_n1n2 = 
[1.5]; w_n2n2 = [1.5]; w_sl = [0.5]; w_n1s = [3.5]; w_n2s = [3.5]; 
p.maxIter = 200; p.substrateDim = 50; p.substrateHeight = 9; 
p.bolt = 0.00831447; p.temperature = 20. 
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Fig. 14  Effect of wll on num. of nanoparticles per layer. Parame-
ters: same as in Fig. 13. 

 
3.2.4  NP-NP energies 

Different energy relationships between nanoparti-
cles (i.e. n1n1, n2n2 and n1n2) can produce assemblies 
with very diverse structural properties. We experimented 
with 27 different combinations of these parameters. 
Each parameter was given a value from the set {1, 1.5, 
2}. Fig. 15 gives an idea of some of the diversity pro-
duced by these parameter combinations. The top row 
represents the three assemblies with the largest rough-
ness whereas the bottom row represents the three as-
semblies with the smallest roughness. 
 
3.2.5  Optimization – roughness maximization 

Fig. 16 depicts an assembly optimized for rough-
ness (maximization). Fig. 16a depicts the usual assembly 
diagram. Notice the low density of n2 nanoparticles,  
the absence of evaporation and the solvophillic nature  
of nanoparticles (nanoparticles surrounded by solvent). 
Fig. 16b depicts a surface map of the assembly. Notice 
the red/blue interleaving vertical bands with depths 7/1 
respectively. These bands effectively represent 
nanoparticle walls. Figs. 16c and 16d contain 3D rep-
resentations of the assembly, as viewed from different 
angles, where the spheres represent nanoparticles. In  
Fig. 16c the assembly is viewed from above, whereas in 
Fig. 16d, it is viewed from the side. Notice that both 
nanoparticle types have the same size. 

In Fig. 17, the assembly was maximized for both 
roughness and evaporation (multi-objective optimiza-
tion). Because of the new cost term (i.e.  evaporation), 
roughness was somewhat inferior to the previous single- 
objective  optimization  (i.e.  4.1833  <  5.2964), but still 
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Fig. 15  Effect of different inter/intra nanoparticle energies on surface roughness. Parameters: np1sizes = [2]; np2sizes = [1]; totNPcov = 
0.3; np1cover = 0.5; liqcover = [1]; w_ll = 0.5; w_l = −9.5; w_n1l = [1]; w_n2l = [1]; w_n1n1 = [1 1.5 2]; w_n1n2 = [1 1.5 2]; w_n2n2 = 
[1 1.5 2]; w_sl = [0.5]; w_n1s = [3.5]; w_n2s = [3.5]; p.maxIter = 200; p.substrateDim = 50; p.substrateHeight = 9; p.bolt = 0.00831447; 
p.temperature = 20. 
 
superior to the assemblies resulting from the systematic 
parameter experiments (i.e. 4.1833 > 2.151). Fig. 17a 
depicts the usual assembly diagram. Fig. 17b depicts  
a surface map, where colour represents surface height. 
Fig. 17c represents a top-view of the assembly, where 
nanoparticles are represented by spheres, whereas  
Fig. 17d represents a side view. Notice that stalag-
mite-like structures emerge spontaneously from the 
optimized set of parameters. Notice also that only one 
nanoparticle type was used in the optimized assembly. 

 

 
Fig. 16  Optimized assembly with roughness 5.2964. Optimized 
parameters: np1sizes = [1]; np2sizes = [1]; np1_coverage =0.135; 
np2_coverage = 0.007; liqcover = 0.857; vapour_coverage = 0; 
w_ll = 2.126; w_l = -10.03; w_n1l = 3; w_n2l = 2.884; w_n1n1 = 
1.5; w_n1n2 = 0; w_n2n2 = 0.43; w_sl = 1.82; w_n1s = 2.5; 
w_n2s = 2.44. 

(a) Assembly diagram (b) Surface map

(c) 3D representation (top) (d) 3D representation (side)

 

Fig. 17  Assembly optimized for roughness and evaporation. 
Optimized parameters: np1sizes = [1]; np2sizes = [1]; 
np1_coverage =0; np2_coverage = 0.16; liqcover = 0.84; va-
pour_coverage = 0; w_ll = 0.35; w_l = -10.19; w_n1l = 1.48; 
w_n2l = 0.24; w_n1n1 = 0; w_n1n2 = 0; w_n2n2 = 0; w_sl = 0.29; 
w_n1s = 0; w_n2s = 2.6.     
4  Discussion 

4.1  Size Mixture Advantage 
The experiments outlined above demonstrate that 

size mixtures have a statistically significant effect on 
roughness (e.g. Fig. 6 and Fig. 8). It is very likely that 
this effect holds true for other properties. This in itself is 
an interesting and useful result. However, the exact na-
ture of the relationships between relative nanoparticle 
sizes and assembly properties is not currently clear. 
Many questions remain, e.g.: 
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•  What conditions increase the probability of an 
SMA? 

•   What is the full range of size mixture effects? 
•  What relationships hold between relative sizes 

and relative coverages? 
Furthermore, the experiments show that configura-

tions that lead to an SMA do not necessarily lead to the 
largest overall roughness values. In other words, there 
are other parameters that seem to be more important for 
maximizing roughness, e.g.: evaporation rate. The ex-
periments also show that different relative sizes can also 
play an important role. Fig. 8 suggests that mixtures 
consisting of sizes 4/3 can outdo those consisting of 
sizes 4/2, in terms of roughness (note that Redl et al. in 
Ref. [1] managed to fine tune the properties of their 
nanocrystals by controlling the relative sizes of the two 
nanoparticle types in their assemblies). In a similar vein, 
even for SMAs, it is not necessarily the case that 
50%/50% mixtures maximize roughness. In one ex-
periment (data not reported here) the SMA showed a 
maximum roughness for an n1/n2 mixture of 90%/10%. 

Both the statistical significance of size mixture ef-
fects and the fact that many questions remain as to their 
exact nature, suggest that laboratory experiments de-
signed to address these questions will lead to several 
interesting results. Further simulation studies can of 
course help focus on a minimal set of wet lab experi-
ments. 
 
4.2  Roughness maximization 
4.2.1  Evaporation rate 

Preliminary results (e.g. Fig. 9) suggest that 
evaporation rate is a critical and significant parameter 
for modulating assembly roughness in a predictable 
manner. Recall that evaporation rate was used success-
fully before to control other structural properties: Redl et 
al. in Ref. [23] generated ordered 3D arrays of nanopar-
ticles by modulating evaporation rate (in turn controlled 
by modulating solvent vapor pressure). So far, our re-
sults seem to suggest that in most conditions, increasing 
the evaporation rate tends to increase the resulting 
roughness of nanoparticle assemblies. One important 
issue to address here is whether this positive result with 
regards to roughness negatively affects other assembly 
properties, such as durability or conductance. Wet lab 
experiments will be able to address these questions. 
Further simulation studies will allow us to determine 

precisely which conditions are likely to allow favorable 
relationships between evaporation rate and roughness. 

 
4.2.2  Substrate related parameters 

In the very least the results reported here show that 
substrate properties have a significant effect on the  
resulting roughness of nanoparticle assemblies (see  
Eq. (2)). The tentative hypothesis one can formulate here, 
is that, in general, the more nanoparticles are attracted to 
the substrate relative to the liquid-substrate attraction, 
the smoother the resulting assemblies will be. So in 
principle, in order to increase roughness, one should 
choose substrates with relatively small attractions rela-
tive to the used nanoparticles. This is a hypothesis that 
deserves wet lab experimentation, not least because it is 
likely to impact other properties such as durability in a 
negative way. Low nanoparticle-substrate attraction and 
high liquid-substrate attraction might increase roughness 
somewhat whilst making it easy to wash away the re-
sulting assemblies (i.e. weak durability). Note that this 
latter consequence might be advantageous in some 
contexts. In future simulation studies, it would be in-
teresting to investigate the interactions between the 
substrate properties discussed here and other relevant 
properties such as substrate 3D structure. 

 
4.2.3  Solvent viscosity 

The simulation results in Fig. 13 and Fig. 14 again 
show us that evaporation rate seems to be a very im-
portant factor for controlling roughness. In this case, the 
property is controlled via the wll parameter, which is also 
related to solvent viscosity, and therefore particle motil-
ity and other factors. Future work should try to separate 
the underlying causes of roughness modulation through 
wll. Does particle motility play an important role in 
modulating roughness? If so, how does this factor in-
teract with evaporation rate? 

 
4.2.4  NP-NP energies 

Different energy relationships between nanoparti-
cles (inter and intra) produce assemblies with signifi-
cantly different roughness values. Furthermore, ac-
cording to Fig. 15 there seems to be a relationship be-
tween the difference between n1n2 and n2n2 on one side, 
and roughness on the other. When these parameters are 
the same, assemblies tend to be smoother (bottom row of 
Fig. 15), whereas when they are different, assemblies 
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tend to be rougher (top row of Fig. 15). This is con-
firmed in Fig. 18 where we computed the mean rough-
ness of all assemblies where n1n2 = n1n1, n1n2 ≠ n1n1, 
n1n2 = n2n2 and n1n2 ≠ n2n2. Notice that the only catego-
ries that seem to be noticeably different in terms of 
roughness are n1n2 = n2n2 and n1n2 ≠ n2n2. Interestingly, 
this is not the case for n1n2 = n1n1 and n1n2 ≠ n1n1. In the 
former case most of the energies involve n2 (i.e. small 
particles). So, this result seems to constitute another 
interesting geometrically related “size mixture” effect. 

 
2.05

2.00

1.95

1.90

1.85

1.80

1.75

1.70

1.65

1.60

n1n2 = = n1n1

n1n2 ! = n1n1

n1n2 = = n2n2

n1n2 ! = n2n2

 

Fig. 18  The effect of n1n2, n1n1 and n2n2 similarities. 
 
4.2.5  Optimization – roughness maximization 

Considering some of the findings reported here 
concerning size mixture effects (and their conditional 
advantages with respect to roughness) one might expect 
to find size mixtures in the assemblies that are optimized 
for maximal roughness. Maybe somewhat surprisingly, 
the optimized assemblies select nanoparticles of identi-
cal sizes. Other striking properties of these optimized 
assemblies include: moderate nanoparticle coverage (i.e. 
14.2%), nanoparticle walls covered with solvent and 
absence of evaporation. The roughness of the resulting 
assembly is dramatically larger than those that were 
obtained in the “systematic experiments”, i.e. 5.2964 vs. 
2.151. This dramatic result is caused by the “wall 
structures” that can be easily observed in Fig. 16. How 
are these walls formed and how might one generate them 
whilst still evaporating the solvent? Furthermore, how 
do the resulting assemblies perform in terms of other 
properties such as durability? Wall formation is likely to 
be dependent on relatively low nanoparticle coverage, 
nanoparticles with relatively strong solvophilic proper-
ties and relatively strong inter nanoparticle attraction. To 
the best of our knowledge, the spontaneous formation of 
walls for maximizing roughness appears to be a novel 

result, which deserves to be replicated in the laboratory, 
in order to answer questions pertaining to the durability 
and other properties of such assemblies. 

The stalagmites evident in Fig. 17 replicate an  
earlier result by Kletenik-Edelman et al. reported in  
Ref. [17]. Although stalagmites do not maximize 
roughness as much as walls do, they might be physically 
more realistic. In the simulation experiments we have 
conducted so far, it was not possible to find a physically 
viable set of parameters capable of generating walls 
whilst allowing for full evaporation. Some interesting 
observations pertaining to the parameters used in Fig. 17 
include: 1) assemblies consist of only one nanoparticle 
type, 2) nanoparticle coverage is relatively low (i.e. 16%) 
and 3) there is no inter nanoparticle energy (but this is 
contradicted by other “stalagmite optimizations” where 
such energies did emerge). 

5  Conclusion 

This simulation based study has shown that the size 
mixture advantage is real and does occur in specific 
conditions. However, a complete and general under-
standing of when and why the phenomenon occurs is 
still lacking. Apart from the effectiveness of having 
nanoparticles with different sizes, it was also shown that 
factors such as evaporation rate, substrate attractiveness, 
solvent viscosity and energetic relationships between 
nanoparticles of different types, all have significant 
impact on surface roughness. By directly optimizing the 
parameters dictating the behaviour of the LGM, it was 
shown that walls and stalagmites are the feasible struc-
tures that maximize roughness in the context of the 
model. 

The most urgent and possibly fruitful direction for 
future work is to test these results in the laboratory. We 
believe that it should be possible to calibrate laboratory 
conditions to match our optimized parameters resulting 
in nanoparticle assemblies with significant surface 
roughness. These assemblies in turn may form the basis 
for new electrode coatings, allowing for higher-resolu-
tion arrays and therefore improving the perceptual ca-
pabilities of individuals with prosthetic devices. Another 
fruitful future direction pertains to the relationship be-
tween LGM parameters, assembly energy and assembly 
structure. Our unpublished preliminary experiment re-
sults suggest that there are strong relationships between 
parametric, energetic and structural factors that can be 
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exploited for purposes such as efficient structural pre-
diction. In future work it will be interesting to decom-
pose both energy functions and assembly morphologies 
into compact sets of components, in ways that reveal 
strong predictive relationships. 
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