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ABSTRACT
Optimisation is an adaptive process and it is widely applied in science and
engineering from scheduling a manufacturing process to control of an spacecraft.
Genetic algorithms are search and optimisation methods based on the mechanics of
natural evolution. They provide promising results in non-linear and complex search
problems. They have been proven to be parallel and global in nature. Genetic algorithms
run slowly on sequential machines which is their major drawback. Most of the
applications of genetic algorithms in engineering are in the area of design and schedule
optimisation, where usually enough time is available to simulate the algorithm. The
computer architecture is a main bottleneck since the sequential computation does not
reflect the true spatial structure of the algorithm. There are couple of parallel models and
implementations available which improve the performance of these algorithms.
The aim of this research is to develop a new model and/or to improve existing
parallel models for real-time application of these methods in system identification and
intelligent control. The desired features of this new model are: it should be independent
of the optimisation problem, so it could be able to cope with a black box problem, it
could be used in real-time applications, where the exact model of the system is
unknown, and it should be implementable within the current technological framework.
An extensive study of the current literature on genetic algorithms has been carried
out. A detailed review of the underlying theory of genetic algorithms has also been
presented. A parallel model of genetic algorithm has been proposed and implemented on
a transputer based system using ANSI C toolset for transputers. It has been tested for
different strategies on the traditional suite of optimisation problems, i.e., DeJong’s
function and Deceptive functions. The results are compared using the performance
measures proposed by DeJong. The performance and efficiency measures of the
algorithm have been defined and worked out for the simulation results.
The research has advanced the understanding of genetic algorithms as stochastic
processes. A Markov chain based mathematical model has been developed. An informal
study of convergence properties of the algorithm are presented from different points of
view, i.e. time series, real analysis, Markov chains and metric topology.
Gradient like information has been integrated into the genetic search in order to
improve the performance and efficiency of the algorithm. A novel directional search
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method has been developed tested on the same set of problems and compared using the
same performance and efficiency measures as those reported in the recent publications.
Unlike neural networks and fuzzy systems, genetic algorithms do not provide any
general logic for system modelling. Therefore system identification is achieved by using
the fuzzy network for general logic and a genetic algorithm for parameter estimation
giving as a result an evolving fuzzy network. This novel method has been applied to
modelling of chaotic time series and it has been used to control a highly non-linear
system, i.e. inverse pendulum. It is expected that with the advance of re-configurable
electronics, evolutionary chips will be realised in the near future. They will play an
important role in the development of genetic algorithms based control systems.
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CHAPTER 1
INTRODUCTION
Adaptation / self-optimisation is a highly desirable feature in any artificial system
regardless of the application domain. Adaptive methods are basically search methods and they
search for the best possible solution. These methods have found their applications in almost all
areas of engineering and technology. This subject area has received a lot of attention from those
involved in problem solving, from numerical computing to spacecraft design. This dissertation is
concerned with the development, analysis and application of an efficient evolutionary method of
search / optimisation. The algorithm has been used to search and optimise a wide range of
problems. It has been applied to the modelling and control of the complex non-linear systems.
This new approach introduces the efficient search mechanism and strategies to an evolutionary
method.
1.1 Motivation
The methods available traditionally are applicable on a class of problems which are well
defined in the form of mathematical equations. These methods are not capable of handling a vast
majority of real world problems which tend to have uncertainty arising from the unavailability of
a priori information, complex search space and time-varying dynamics of the problem. Most of
the conventional methods rely on the analytical expression for the objective functions and the
derivatives up to a higher order. These methods are only appropriate for unimodal problems of a
low dimensional search space. Most of the time they are not very easy to translate into a parallel
model.
An adaptive search method is in fact a feedback system where the system learns from the
environment and then uses that information to search further for the better solution. A genetic
algorithm works on the same principle in a very generalised manner. These algorithms were first
proposed by John Holland and they appeared in his seminal book "Adaptation in natural and
artificial systems" [Holland'75]. He had his inspiration from biological systems which are
adaptive in nature. Holland developed a formalism for adaptive methods and proved the
generalised nature of genetic algorithms as an adaptive search method. These methods are not
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very demanding about the search problem and they are able to handle a ill-defined problem with
no a priori information and time-varying dynamic property.
1.2 Evolutionary Algorithms
Evolutionary algorithms are basically search / optimisation methods and they are generally
classified into three main areas, genetic algorithms, genetic programming and evolutionary
strategies. The common theme of these methods is the Darwinian notion of selection and
variation. Genetic algorithms take their cue from the natural evolution, so in order to understand
genetic algorithms it is necessary to understand the mechanism of natural evolution. Darwin
[Darwin 1859] formulated a theory about the causes and effects of the evolution in the plant and
animal kingdom. He deduced the following propositions out of his observation around the
world.
• Organisms produce a very large number of reproductive cells.
• The number of individuals in a species remain more or less constant.
• Therefore there must be a relatively higher rate of mortality.
• The individuals in a species show variation in character.
• The parents of the next generation will be naturally selected from those members of the
species that show variation in the direction of more effective adaptation to their environment.
• The subsequent generations will maintain and improve on the degree of adaptation realised
by their parents.
The Darwinian propositions were not enough to define the inheritance until the discovery of
chromosome. The chromosomes in the nucleus of a cell are responsible for carrying the
information about the phenotype of an individual. This information is carried by chromosomes
from generation to generation by the reproduction process. The characteristics of an individual
are coded in the chromosomes by nature using different combinations of genes. In order to
change the characteristics of an individual, these chromosomes should change in their
combination of genes. In a bisexual population when two individuals mate, their offspring share
the genes from both of their parents. The recombination process between the chromosomes of
two parents is quite complicated and it varies from species to species. This process is also called
crossover and in the most simple mechanism the chromosome strings break into two or
sometimes more parts and recombine to form the chromosome of the offspring. There exists an
another interesting phenomenon in the process of genetic evolution referred to as mutation. Each
2

gene in a chromosome determines a particular characteristic of the individual and this
characteristic is due to different allele values of the gene. Mutation is responsible for the change
of the allele value of a gene and it does not happen very often.
Genetic algorithms are population based search methods, the genetic population of the
algorithm is composed of strings of characters (individuals). The choice of the set of characters
is a representation issue. There are different approaches or preferences, with the most widely
used representations being binary, Grey code, integer and floating-point. The idea of using
strings of characters is similar to the concept of chromosomes. The individual bits of the string
are the genes and their corresponding value is the allele level. The different segments, or substrings, of an individual string represent the different parameters of the search space. As a result
each string corresponds to a unique point in the search space. The purpose of using genetic
algorithm is to search for the best solution (individual) in the problem space. The problem space
(search space) is defined by an objective function. Each point in the search space is assigned a
unique value using the objective function. The analogue of fitness is fitness value and this value
is determined for an individual using a fitness function. The fitness value for an individual
should be non-negative, in order to have finite number of offspring in the next generation. The
objective function does not guarantee non-negative values so it is not always suitable as a fitness
function. Usually the fitness function is derived from the objective function by adding an
appropriate number to it, as an offset, to ensure it is non-negative.
A genetic population of strings is initialised randomly, the size of the population and the
length of strings is determined by the user according to the particular search problem. The
selection process of individuals for mating in a natural population is quite complicated to be
defined in mathematical terms and it is based on the fitness of the individual. In genetic
algorithms, the process of selection is kept quite simple and although there are different
strategies, the general idea is always the same. In a proportional selection method an individual
is selected for mating according to its relative fitness in the population. During the mating
process two individuals exchange their substrings, called crossover or recombination. In a
simple crossover mechanism, the crossover operator is applied according to a pre-defined
probability referred to as crossover rate. A crossover point is selected on the string using
uniform probability distribution and finally substrings are exchanged from that point to the end
of the string. The mutation operator is applied on an individual according to a pre-defined
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probability called the mutation rate. During this process the allele value of a bit is changed in a
string. In case of a binary string mutation will change a ‘0’ into ‘1’ or vice versa.
A genetic algorithm runs from generation to generation and the genetic operators
selection, crossover and mutation are applied successively. This could be outlined as follows:
initialise a random population
repeat
evaluate the fitness
select the mates
crossover the mates
mutate individuals
until stop_criteria_satisfied
Calculus based search methods are largely used in engineering applications, which
require the search space to be continuous and differentiable up to higher order. They sometimes
also require the space to be convex or unimodal. These conditions are ideal and they are hardly
available in most real world problems. In most of the calculus based search methods
approximation of the derivatives is used rather than the exact values, which results in
inefficiency and long run-time. These methods are local in nature and they are bound to get
stuck in sub-optimal point in a multi-modal space, unless some specific strategy is adopted to
avoid sub-optimal points.
The advantages of using genetic algorithms are that they use the representation of the
search parameters rather than the parameters itself, so they are independent of the nature of the
search space. The search space could be discontinuous and non-differentiable because the only
feedback required for search is the fitness value. Genetic algorithms search at several points of
the space simultaneously, so they are parallel in nature. The search is not only parallel but the
individuals (solutions) also have a method of sharing information through genetic operators at
each search step. It has been observed experimentally that Genetic algorithms can avoid suboptimal points and they are global.
1.3 Fuzzy Logic System
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Fuzzy logic has found applications from control of a train to the investment strategies
since its invention by Lotfi Zadeh [Zadeh’65]. It is a method of measuring vague and imprecise
information precisely. It has been observed in most real world problems that the system under
study is not completely known in exact mathematical form. It often happens that engineering
designs are based around an approximation of the true system. In the business world it is even
more difficult to model, a business manager makes the decisions based on a very complicated
linguistic model. The uncertainty arises in any model because of no a priori information and
imprecise measured quantities. It is known that human intelligent model / control is more
efficient but a humanly understandable model is based on vague linguistic terms like big, small,
hot, cold etc. Fuzzy logic provides a framework to integrate numerical and linguistic knowledge
in a single system. The fuzzy logic theory is rooted in fuzzy set theory which is discussed further
in the next chapter. A fuzzy set always corresponds to a vague linguistic term. In crisp set theory
an object could either be associate with a set or its complement whereas in fuzzy set theory an
object is associated with a set with a measure of membership and it is defined using a
membership function. Consider a set of tall people there are three persons A, B and C of height
5’, 6’ and 7’ with their membership values 0.5, 0.7 and 0.9 respectively. The selection of the
membership value depends on ones opinion of a particular problem. This logic system provides
ground for a novel method, fuzzy logic system. A fuzzy logic system is a collection of fuzzy
rules such that the premises and consequences of the rules involve fuzzy terms, e.g.,
If temperature is hot then set the heater low.
If temperature is cold then set the heater high.
The terms hot, cold, low and high are linguistic terms, it depends on the designer of this
controller that how hot is hot? and how cold is cold? It is a highly subjective decision to be made
by the designer. In human terms the control rules are complete and understandable. People have
also used probability based systems for such problems. Some researchers do not believe in fuzzy
theory and they support the probability theory. This research does not go into the philosophical
arguments about the two methods. The fact is that probability theory has existed for a long time
compared to fuzzy theory but fuzzy theory in a short period captured a multi-million market
because of the simplicity of idea. This research looks at how fuzzy logic could be used to model
an unknown plant without any information just from the dynamic data of system using an
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evolutionary approach. This research develops a fuzzy - evolutionary method of system
identification and non-linear control.
1.4 Optimisation
Optimisation problems are adaptive search problems. It is the only area of mathematics
which deals with a wide variety of problems from management, economics, science, engineering
and technology. It is a powerful tool for design and development of systems where no formal
methods are available. A global optimisation problem has a solution set S and a real-valued
objective function f: S->R and the task of the problem is to find out a solution s* ∈ S such that
f(s*) ≤ f(s) ∀s ∈ S (Optimisation has been assumed to be minimisation without loss of
generality). The nature of optimisation problems provide an ideal test bench for many search
methods. This is the reason why most of the models developed in evolutionary methods are
tested and compared on optimisation problems. This research is aimed at developing a new
paradigm of the evolutionary algorithms with better efficiency and performance than the other
models. The models studied in this research are also tested on a set of function optimisation
problems because of the easier comparison with the research work done by others on the basis of
standard performance measures. DeJong [DeJong’75] used five test functions for his study of
simple genetic algorithm as a function optimiser. He chose these functions in such a way that
they covered most of the features available in any class of functions. The features of his test
suite made these functions a standard in research and most of the comparative studies use them
as bench mark problems.
Nevertheless this study includes DeJong’s functions for the purpose of comparison as
they cover most of the features but conventional methods of function optimisation are also
applicable to these functions. Since the advent of deceptive functions [Bethke’80] there has been
a lot of work done to understand the working mechanism of the genetic algorithm by applying
them to functions which are misleading in nature. There have been a lot of strategies and
variations proposed in order to handle these kind of problems. Nowadays all comparative studies
include deceptive functions as part of their test suite. Tenese [Tenese’89] used randomly
generated Walsh polynomials of increasing order of difficulty for her study of distributed
genetic algorithms. This research includes five deceptive functions of increasing difficulty to the
test suite in order to evaluate the performance of the model. At the application stage in this
research a fuzzy - evolutionary method has been developed and it is applied to system
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identification and non-linear control problems. The system modelling and control problems are
also defined as optimisation problems.
1.5 Efficiency and Performance
Efficiency and performance measures are vital in order to compare one algorithm to
another and one strategy from the other. Function optimisation methods are traditionally
measured using on-line and off-line performance measures. These measures attribute the
robustness of the algorithm for a particular problem. The on-line performance measure is the
average value of all the solutions existing in a population at the end of entire run whereas offline performance measure is the average of best values at each generation existing after the
entire run. There is an another very important performance measure called, ‘best so far’ which is
included in this research, it is the best solution found in any generation. Performance is related to
robustness, it measures the convergence of the algorithm to the best solution. Efficiency is the
measure of the speed (rate) of convergence or the time complexity required to reach the best
solution. The number of function evaluations has been used as an efficiency measure. It has been
observed that the difference between performance and efficiency is often ignored. CPU time is
very much independent of the algorithm so it is not an appropriate candidate for efficiency
measure. On the application side within the modelling and control problems the efficiency and
performance measures take a different form. The problems are still within the search /
optimisation domain and the root mean square error (RMSE) between the actual system and the
hypothesised model is used as a performance measure.
1.6 Research Aims and Contributions
It is not possible to develop an adaptive search method which could be equally
applicable, robust and efficient for all problem domains. The basic aim of this research is to find
an efficient parallel model of genetic computations which could be used in real time
applications. It has been suggested by many researchers that genetic algorithms are not
appropriate for time critical applications. It has also been observed that these methods fail to
converge to optimal solutions in certain situations.
The very first goal is to investigate a parallel model of the genetic algorithm on the
standard test problems for all possible and appropriate parameters and strategies. This research
proposes a fine-grained parallel model of parallel genetic algorithm and a thorough investigation
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has been carried out. This research contributed by presenting the explorative results of efficiency
and performance of a parallel method of genetic algorithm for different coding strategies and
genetic parameters.
Evolutionary algorithms are easy to define but it is difficult to understand the search
mechanism of the method. Convergence has a prime position in any search method, it is vital to
have well convergent algorithms for most of the problems. The second goal is to develop a
framework for understanding the search mechanism of the genetic algorithms. In the second
stage this research looks at the mathematical foundations of the algorithm in order to understand
the search mechanism. This research contributed by developing a stochastic model of the finegrained parallel genetic algorithms and it also presents the convergence analysis of the algorithm
using other mathematical approaches [Muhammad’97].
The mathematical study provides foundation for further improvement of the algorithm.
The third goal is to develop an efficient model of the algorithm. This research developed a new
evolutionary algorithm by introducing efficient recombination operators and population
initialisation method.
There could be several constraints involved in applying any adaptive search method in
real world problems even with an efficient method. Most real world problems lack a formal
model, a precise mathematical relationship between inputs and outputs of the system. This
research is also aimed at developing a method to model and control non-linear dynamic systems
with no a priori knowledge about the system dynamics. This research developed a fuzzy based
method of system identification using an evolutionary approach. The developed method is
applied to the chaotic time series forecasting and control of unstable non-linear systems.
1.7 Dissertation Organisation
This chapter is limited in its scope and it does not go into very much details. The first
chapter presented the basic concepts of genetic search with particular reference to the biological
counterpart. Chapter 2 is more detailed and it discusses theory of genetic algorithm for the
various population models and implementation strategies. It also discusses issues like premature
convergence and implicit parallelism. It introduces the available parallel models for genetic
algorithms. It presents the basics of fuzzy theory for a later development of a fuzzy evolutionary method of modelling and control. Chapter 3 presents a detailed empirical study of
fine-grained parallel genetic algorithms with comparison of performance and efficiency of
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different strategies. A mathematical model using a Markov chain has been developed for a finegrained parallel genetic algorithm in Chapter 4. It also presents the convergence properties of the
algorithm from different mathematical aspects. Chapter 5 proposes a new paradigm of genetic
search and it presents an empirical study of the algorithm on an appropriate set of optimisation
problems. Chapter 6 applies the new method developed in chapter 5 for system identification
and non-linear intelligent control. A new paradigm based on fuzzy and evolutionary methods
has been presented in this chapter. Finally, in the end a conclusion has been presented with the
directions for further research work.
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CHAPTER 2
GENETIC ALGORITHMS: A SURVEY
This chapter presents a review of the theory of genetic algorithms. It explains various
population models with representation issues and their effects on the performance of genetic
algorithms. It also covers different strategies for selection, crossover and mutation as well as a
brief review of other strategies developed to improve the performance of this method. An
important issue of modelling genetic algorithms using stochastic processes, i.e. Markov chain,
has been introduced in this chapter. The final section of this chapter provides an introduction to
fuzzy logic theory.
2.1 Population Model
In a genetic algorithm, a population consists of individuals as strings of characters. These
strings are the artificial analogue of the chromosomes and the genetic material of the individuals.
In some populations, there are more than one string assigned to an individual. If the individual
has one string then the population is called haploid, whereas in the case of more than one string
to an individual, it is called polyploid. There are different representations adopted by different
researchers to represent strings, e.g., binary, Grey, decimal, floating-point etc. In the following
two sub-sections, issues related with representation and number of strings will be discussed
subsequently.
2.1.1 Parameter Representation
There are two approaches commonly used among researchers for representing an
individual string. Some prefer low cardinality characters and others use high cardinality
characters. Examples of low cardinality characters are binary numbers and Grey code and
examples of high cardinality characters are integers and floating-point numbers. Each one of
these approaches offer various advantages and disadvantages. Historically, the earlier developers
of genetic algorithms [Holland’75 and DeJong’75] concentrated on low cardinality and in
particular to binary representation of individual strings. Therefore, the schema theorem, implicit
parallelism analysis, genetic operators, and all other mathematical framework is based on binary
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representation. Currently, binary representation is the most popular approach in the research
community due to the historical reasons and mathematical foundations provided in First
Theorem of Genetic Algorithms [Holland’75].
Binary representation due to low cardinality offers higher number of schemata per bit of
information of any coding. Simple analyses suggest that enhanced schema processing is
obtained by using alphabets of low cardinality. Grey coding is an another candidate for low
cardinality representation. Grey coding uses the same characters as the binary numbers. A
change of one bit in a Grey coded string is a very small change compared to the binary coded
string. The advantage of this feature is the little loss of information as a result of mutation. Since
Grey coding and binary numbers use the same characters, therefore the genetic operators and
other mathematical analyses remain the same for the Grey coded population.
Recently, researchers [Janikow’91 and Eshelman’93] have started looking at the
advantages of high cardinality representations. High cardinality representation seems more
similar to the search problem. It is capable of handling quite large domain of parameters with
high precision which is unlikely to be obtained in low cardinality representation. In the case of
floating-point representation, each parameter of the search space is assigned a floating-point
number. However, in the case of integer representation, each parameter is assigned a vector of
integers and the string is formed by concatenating these vectors. An experimental comparison by
Janikow [Janikow’91] has shown the superiority of floating-point representation over the binary
representation. The mathematical framework developed by earlier researchers is not sufficient to
interpret the functioning of genetic algorithms while using high cardinality characters. Eshelman
[Eshelman’93] presents the Interval-Schemata, a real-coded analogue of the schema theorem, to
provide the theoretical foundations to the high cardinality representations. The disadvantage of
high cardinality is the enormous change in the genetic operators which were designed to deal
with low cardinality representations. In the following sections the genetic operators for high
cardinality will be discussed.

2.1.2 Diploidy and Dominance
The earlier work on genetic algorithms was limited to the haploid genetic populations
where each individual is composed of one string of characters. Normally in nature even the most
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simple species contain more than one chromosomes. Brindle [Brindle’81] presented a detailed
experimental analysis of genetic algorithms based on diploid population. In a diploid population,
each individual carries a pair of chromosomes called, homologous chromosomes. Each
homologous chromosome contains information for the same functions. The duplication of
information looks rather redundant but it is a strange way of nature to remember the genetic
history of an individual. At a particular locus, the two genes on the homologous chromosomes
could have different allele values. The dominant allele at that location takes precedence over the
other alternative recessive allele. An allele is called dominant, if it is expressed in the phenotype
of the individual. Dominance is controlled by enzymes in nature which are very difficult to
model mathematically for an artificial system. In genetic algorithms, dominance is controlled by
an operator called, dominance operator. Hollstien [Hollstien’71] developed a strategy to
implement the dominance operator. In his strategy, he uses a third allele called a modifier gene
to determine the precedence of the allele. Dominance is not something static, it evolves with the
generations.
Brindle’s [Brindle’81] analysis was limited to the stationary functions. Diploidy is a
mechanism to remember the history of genetic adaptation with the changing environment. This
memory permits faster adaptation to the drastic changes in the environment without adding any
additional structures or operators. In a stationary environment, there is no need to use diploid
populations for adaptation, because there has been no significant improvement found by using
diploid populations. Goldberg and Littman [Goldberg’87 and Littman’91] reported significant
improvement in the performance of genetic algorithms for non-stationary functions. In the realtime environment where the functions are non-stationary, diploidy could be a better option.
2.2 Population Initialisation and Size
There are not many methods available for the initialisation of the population. Most
researchers follow the random initialisation method proposed by Holland [Holland'75]. In this
method, the initial binary population is generated randomly with equal probability for "0" and
"1" to appear in an individual. In integer populations, each individual is a list of integers where
these integers are initialised with equal probability for each integer from 0 to 9. Similarly, in a
floating-point coded population, an individual is a list of real-numbers and they are initialised
with uniform probability within a range of [a,b]. Bramlette [Bramlette'89] proposed two
alternatives to random initialisation. In the first method, he proposed to use the information
12

available about the solution and include the individuals in the population which are known to be
close to the best solution. In the second method, he proposed to generate n individuals randomly
and select the best among n to be included in the initial population. In the later method, the cost
of the generation is increased because of the increase in the number of function evaluations. In
both of the above methods, the biased initial population will result in the premature convergence
to the sub-optimal solution.
It seems better to have as big population as possible when one looks at the mechanism of
the genetic algorithms. It looks obvious that the bigger population will provide more variation
and diversity. In the beginning, the population size was limited due to finite computing
resources. However, nowadays with the availability of cheaper computer resources, the question
arises as to what is the optimal size of a genetic population. Goldberg [Goldberg'89] presented a
mathematical analysis for the optimal population size for sequential and parallel genetic
algorithms. His mathematical results are based on the convergence and asymptotic behaviour of
the schema theorem. There are certain doubts about the validity of the schema theorem, and it
will be discussed in the relevant section later. Since the intrinsic drawbacks of the schema
theorem are bound to influence the calculations based on it, thus Goldberg’s results are not free
from flaw. Qi [Qi'94] presented the theoretical analysis of genetic algorithms for an infinite
population in a continuous space. His mathematical analysis is much more rigorous than
Goldberg's work. Qi's assumption of infinite population in continuous space gives very
important results about the convergence of the algorithm. His results could be extended to finite
large discrete populations and as the population size gets bigger, the algorithm will exhibit the
asymptotic properties of the infinite and continuous space genetic population. Although his
results suggested the use of large populations he did not propose any upper or lower limits to the
population size. In real-time problems the larger populations are difficult to use due to time
constraints, although in certain parallel models, it might be possible to have very large genetic
population.
2.3 Selection Schemes
There have been various selection strategies proposed since Holland [Holland’75] first
invented genetic algorithms. Holland proposed a proportional selection method, in which
individuals are selected for mating according to their relative fitness in the population as
described earlier. The individuals with average and above average fitness values will have one
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or more offspring respectively in the next generation. The best individuals will take over the
population, where as a result of this, after few generations the population will be almost
homogeneous. The mutation operator will be the only one responsible for any variance,
otherwise, crossover will be almost ineffective. This could lead to premature convergence to a
sub-optimal point. In order to avoid such a situation other strategies are proposed by different
researchers [DeJong’75], e.g. expected value method.
In the expected value method the number of offspring,

, are calculated and

assigned to each individual in the population. After each time an individual is selected as a mate
for crossover, the associated offspring count is decreased by 0.5, in the case of selection without
crossover the count is decreased by 1.0. An individual is available for selection only if the
associated count is above zero. This change in selection strategy makes sure that the number of
offsprings always remain less than

0. Researchers have reported improvement in

performance of the genetic algorithm due to the expected value method [DeJong’75 & Back'91].
The search for new solutions involved in genetic algorithms is solely due to crossover
and mutation. These operators are responsible for search in new areas of the search space by
generating new individuals. Although, they are disruptive in nature this also provides variance to
the population. On one hand, these operators produce better individuals, but on the other hand,
they could also destroy the best individuals in the population. This usually happens once the
algorithm has reached the best solution. In order to avoid this problem, researchers have adopted
a slightly different approach. In this strategy, the best individual of a generation is saved as an
elite and it is updated during each generation. This approach is called the Elitist method.
In order to get the most out of the last two selection strategies, both expected and elitist
methods could be combined together to form a new strategy, the expected elitist method
[DeJong'75]. An appreciable improvement has been reported due to this strategy by many
researchers [DeJong’75 & Back'89]. Dave Faulkner reported in the ga-list issue of May’94,
that he used Tournament selection, i.e., randomly pick k individuals and select the best out of k,
for his genetic algorithm where he noticed significant improvement compared with the
proportional selection method. This procedure was first suggested by Brindle [Brindle’81] and
he called it the stochastic tournament selection.
Back [Back'91] proposed extinctive and preservative selection strategy. In the
preservative selection strategy, each individual is guaranteed to have an offspring in the next
generation, this is achieved by assigning non-zero probability to each individual. In the
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extinctive selection strategy some harmful individuals are stopped from reproduction by
assigning zero probability.
These selection strategies require global information which might not be available in
some parallel models, where genetic operators are local phenomena.
2.4 Crossover and Mutation Strategies
Holland [Holland'75] used one crossover point, as explained earlier. DeJong [DeJong'75]
generalised the idea of crossover from a single point to n points. His empirical studies suggested
that two point crossover is the optimal strategy.
Uniform crossover proposed by Syswerda [Syswerda’89] is now widely used by the
genetic algorithms’ community. In a uniform crossover, a crossover mask is generated
randomly. It is a string of zeros and ones, where zeros and ones are generated with equal
probability. The allele value of each bit of the crossover mask will determine the parent, the
offspring will receive the bit from. A "1" at a particular locus on the crossover mask will result
in a bit from the first parent on the same locus of the offspring and a "0" will result in a bit from
second parent. There is no concept of crossover point in this method of crossover, so the schema
will change accordingly. Syswerda [Syswerda’89] presented the variation of the schema
theorem for this method. His empirical results suggested the improvement of the algorithm over
one point and two points crossover for certain problems. It might be the case that this method
could do better in the beginning of the run but as soon as the population becomes homogeneous
this method is as handicapped as any other method.
Sirag [Sirag’87] proposed a thermodynamic crossover operator, his approach was based
on the simulated annealing method. His method is for ordering problems like the travelling
salesman problem rather than value problems. In this method, crossover is controlled by a
parameter which he called temperature due to the correspondence to the physical
thermodynamic process. The temperature is reduced as the algorithm runs and the change in the
temperature follows the same metropolis criterion as in simulated annealing method. The
application of the operator follows a Boltzmann distribution as follows:
0

(2.1)

where θ is the crossover threshold energy, T is the temperature and k is an arbitrary constant in
this case, whereas in thermodynamics it is Boltzmann’s constant.
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Sirag [Sirag’87] used a similar approach for the other genetic operators, i.e., inversion and
mutation, the aim it seems, is to change genetic algorithms to the annealing genetic algorithms.
Simulated annealing has been proved to converge to optimal solutions by using homogeneous
Markov chain models. The introduction of annealing-like strategy in genetic algorithms is
motivated by the expectation that genetic algorithms might achieve the same convergence
property.
Syswerda [Syswerda'93] also proposed a simulated crossover operator, he called it BitBased Simulated Crossover (BSC). This method works on the bit columns of the population
rather than the individuals themselves. In each column of zeros and ones in a population there
will be a certain probability distribution involved. In the first random population, theoretically
the number of zeros and ones should be same. The owners of these bits, members of the
population, have some probability of being selected, and these probabilities can be used to create
a weighted average for the ones and zeros in each bit column. This provides a probability for
each bit as to whether it should be a zero or a one. These probabilities can be used to generate
members that, on average, will have the same ratio of ones and zeros for each bit position that
crossover would have generated. Syswerda's empirical comparison with the explicit crossover
methods in the context of steady-state genetic algorithms proved comparable in performance
with the other methods. He also reported slower rate in the reproduction and recombination. So,
his strategy is not any better than the explicit strategy.
The crossover and mutation operators are sources of exploitation and exploration in
genetic search methods. The most straightforward method for making crossover more vigorous
is to increase the rate of crossover use. Another method for increasing the crossover rate is to
crossover at differing bits of the individuals [Booker'91], so that the offspring will be different
from their parents. The strategy to crossover two individuals varies a great deal from one
representation to another. Most of the methods are proposed for binary low cardinality
representation, but there are also few methods for integer and floating-point representation.
Eshelman [Eshelman'93] developed the Interval-Schemata, a real-coded analogue for
schema theorem. He developed his own version of crossover and mutation operators for realcoded strings. Most of the crossover operators based on real-coded strings use the real-coded
parents as the end points of a line defined in the search space and generate the offsprings as the
points on this line between the end points. Eshelman [Eshelman'93] generalised this idea and
proposed blend crossover (BLX-α). In this method, offsprings are picked as points from the line
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defined by the parents, but may be extended equally on either side, determined by a user
specified parameter, α. His empirical results suggested that the optimal value of α is 0.5. The
interesting point about this strategy is that mutation is the intrinsic feature of this method and
therefore, there is no need of any explicit mutation operator.
Janikow [Janikow'91] presented the comparison of crossover performance for binary and
floating point representations. He developed his own version of crossover and mutation
operators for floating-point representation. The crossover operator is similar to the binary
crossover implementation, and the crossover points are applied between the floating-point
numbers. Janikow proposed the dynamical model of the mutation operator. This mutation
operator is applied on the floating-point numbers rather than the bits. It changes the floatingpoint number in the string with certain defined Δ value. Initially, the value of the change Δ is
large and it decreases with the number of generations. The aim of the varying rate of the
mutation is to provide global search in the beginning and decreasing the radius of the search to
the local optima as the search completes.
Crossover creates two complementary offsprings. So the question is whether one or two
offsprings should be kept. Holland [Holland'75] adopted the approach of keeping both children.
In geometrical terms the two offsprings are in opposite corners of a hypercube in a binary coded
population. Keeping both products will reduce the variance, because for every offspring that
inherits a good allele, there is one that inherits a bad allele. Another point worth noting is that
when both offsprings are saved, crossover is not the source of allele loss.
2.5 Scaling Methods
While running a genetic algorithm variance is usually high in the beginning, so there is
more competition between individuals due to large differences in fitness values. This variance
decreases with number of generations as the population largely converges to a particular region.
At this stage the differences in fitness values are so small that it is very difficult for the good
individuals to compete. In this case, the fitness values should be scaled up to increase the
differences in individuals, in order to give more trials to the best one. There are different scaling
strategies adopted by different people. The methods mostly used by researchers are as follows:
1. Logarithmic scaling
2. Linear scaling
3. Sigma truncation
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4. Power law scaling
Grefenstette [Grefenstette’89] proposed a logarithmic scaling method, i.e.,
0

(2.2)

where f is the original value of fitness and f ' is the corresponding scaled value, and b is a very
large number greater than log f . There are two features of this method: first, it decreases the
large variance of the fitness in the beginning of the run and helps avoiding premature
convergence; second, it increases the differences in the fitness values in the later stages of the
run when the differences in the fitness values are small and this way it provides more
competition between schemata.
The linear scaling is done according to the following formula:
0

(2.3)

where the coefficients a and b are chosen in such a way that the average individuals obtain
single offspring and the above average individuals obtain multiple offsprings. There is a
problem with this method. It starts calculating negative fitness values after few generations, this
happens because of a few bad individuals in the population of largely good individuals. In order
to avoid such situation, sigma truncation is introduced. This is a pre-processing method in which
an appropriate multiple of the standard deviation of the population is subtracted from the initial
fitness values according to the following formula:
0
where c is the multiplication factor, σ is the standard deviation and

(2.4)
0 is the average fitness of

the population. This method is quite expensive in computational terms. An easier way to avoid
negative fitness values is to add the magnitude of the smallest negative fitness value to all the
fitness values in the population. This method will need just a simple mathematical operation of
addition rather than calculating the standard deviation of the population.
Grefenstette [Grefenstette’86] suggested a dynamic method of linear scaling, i.e.,
0
(2.5)
where b(t) is the minimum fitness, fmin , of the population for the generation t.
In the power law scaling method, fitness values are scaled according to the following formula,
0

(2.6)
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value of k is selected according to the individual problem. This method is prone to the
disadvantage of calculating negative fitness values.
Gillies [Gillies’85] proposed a hybrid of linear scaling and power law scaling, i.e.,
0

(2.7)

where a and b are chosen the same way as in a linear scaling methods. Many variants of these
strategies are possible but it appears that the best option is the hybrid of power law scaling and
dynamic linear scaling. However, it must be borne in mind that these strategies all add up to the
complexity of genetic algorithms and there is no substantial mathematical analysis available
about the performance of these methods. Also, all these methods require global information
which might not be available in some parallel models.

2.6 Implicit Parallelism
It has been claimed by the inventor of genetic algorithms and then later on by many
other researchers that genetic algorithms are parallel in nature. Holland [Holland’75] coined the
term implicit parallelism for the intrinsic parallel nature of the genetic algorithms. According to
him this feature enables genetic algorithms to search through different interesting regions of the
search space and it makes it a global optimisation method. He used the famous two-armed
bandit problem of statistical decision theory and then extended it to the k-armed bandit problem
in order to make an analogy with the schema selection. He used statistical techniques to find out
the optimal allocation of trials to schemata in order to obtain maximum gain. His calculations
suggested that one should allocate trials to schema according to the exponential law, which is in
complete accordance with the results obtained from the schema theorem.
Goldberg [Goldberg’89] moved a step ahead and calculated that during one generation a
genetic algorithm of population n processes O(n3) schemata. This result has been taken very
seriously by most researchers and there is no argument against it in the research community. As
will be discussed later in this text that schema theorem is not completely in accordance with the
actual algorithm. It provides exponential allocation only in the beginning of the run when the
population is truly random and the variance is quite high. It has been observed experimentally
that genetic populations become almost homogeneous after few generations. Hence, there is no
doubt that after few generations genetic algorithms are prematurely converged to a particular
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region of the search space and no longer searching in various different regions. The implicit
parallelism is no longer applicable after the first few generations.
There could be a contra-argument against it that there are other operators available and
they are used to maintain the variance of the population. The scaling operators are used in order
to exaggerate the small differences in the fitness values, since the variance is maintained so is
implicit parallelism. Grefenstette [Grefenstette’89] presented a mathematical analysis of the
working nature of the implicit parallelism when scaling methods are used for selection. His
mathematical work is limited to monotonic selection methods and he does not explain what will
be the situation in the absence of monotonicity. In the case of sequential or serial genetic
algorithms, the maximum allocation can be obtained if variance is maintained by using scaling
methods. These scaling methods use the global information about the population which is not
available in some parallel models of genetic algorithms. So it could be concluded that in parallel
models where all genetic operations and information exchange is a local phenomenon and no
scaling method is available, the only parallelism available is the extrinsic or explicit parallelism.
2.7 Premature Convergence
Convergence is the most important issue of genetic algorithms. It has been observed that
after certain number of generations, which DeJong [DeJong’75] defines as a threshold, the
performance curve of the run does not show any improvement. The other way to observe
premature convergence is to directly examine the genetic population at each locus of the string,
where most of the individuals will have the same allele value. This phenomenon results in
narrowing down the search and it could also be defined as a lack of variance in the genetic
population. At this point reproduction and crossover are not effective because they produce from
whatever is available rather than creating something new. One might propose the application of
a mutation operator with higher mutation rate. Although mutation creates new schemata by
bringing change at the bit level, a high mutation rate will turn this algorithm into a random
search method. There are many other approaches adopted by different researchers. If one group
of researchers is trying to improve the selection strategy to reduce the bias, another group is
trying to improve the mating strategy.
Eshelman [Eshelman'91] proposed a mating strategy which resulted in improving the
diversity and performance of the algorithm. It is well known in medical science that marriage
between two close relatives results in handicap and other mental diseases in the offspring.
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Eshelman suggested to improve the performance by reducing the incest. It is also known that
mating of similar schemata will result in nothing new. Eshelman [Eshelman'91] proposed the
mating method that the randomly selected individuals should be compared on the basis of their
Hamming distance. If the distance between them is more than certain threshold, then they should
be allowed to mate, otherwise, different individuals should be selected. He also proposed to drop
the threshold value with the number of generations to converge it to global optimal point. He
accepted that this mechanism does not explicitly prevent siblings or near ancestors from mating,
so it is not exactly preventing incest but it is preventing mating of similar individuals on the
basis of their genetic makeup. According to him, this strategy is more disruptive and provides
more diversity in the population. His results have shown some improvement but it has not been
very significant.
In a finite population a question can arise as to how long diversity could be maintained
by selecting individuals with long Hamming distance between them. After a certain number of
iterations the diversity will decrease and there will be no dissimilar individuals available any
more. One could argue that this is the ultimate aim of the search to end up in a particular region
or point. But, the question is still there, does this extra mechanism and the cost of this method
worth the slight improvement in the performance.
2.8 Parameters Adaptation
A genetic algorithm has several parameters, these parameters are: population size, string
length, crossover rate, mutation rate, generation gap, crowding factor, etc. It has been observed
from the day DeJong [DeJong'75] proposed optimal values of these parameters after rigorous
experimentation which concluded that the performance of the genetic algorithms is based on the
application rate of the genetic operators.
DeJong's experimentation to find out the optimal values of parameters was timeconsuming and computationally-intensive. However, as the computational power became
inexpensive with time, Grefenstette [Grefenstette'86] used a complicated strategy to find out the
optimal values of parameters. In this approach, he used two levels of genetic algorithms to
optimise the parameters. The lower level is the actual algorithm and the higher level genetic
algorithm is only for optimising the parameters. This method is easier when compared with the
DeJong's method if one wants to improve the performance of genetic algorithms for some
particular type of problems. Davis [Davis'89] developed an on-line method to adapt the
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parameters of genetic algorithms. In this approach, he encoded the probabilities of the
parameters within the individual strings. In his adapting mechanism, operators are rewarded
with higher probability rate as the genetic algorithms run with the improvement and they are
penalised with lower probability rates for any deterioration.
DeJong's results suggest that one set of parameters which is optimal for (say) quadratic
functions will not be optimal for multimodal functions. This observation is not just for the
adjustment of parameters, but it has been observed in all other strategies as well. Goldberg
[Goldberg'89] says:
"When we change a genetic algorithm to work better on a particular problem, we may
have some success in jazzing things up on that problem, but when we turn around and try to use
those operators elsewhere, we are likely to be disappointed".
According to the Goldberg's statement it is impossible to solve the black-box problem
with optimal performance using a genetic algorithm. One aim of this research is to find out the
best method to solve the black-box problem. Currently, it seems that it is impossible to come up
with the best strategy for all the problems, however, it is possible to tune genetic algorithms for
particular problems. The tuning of genetic algorithms is an expensive process in terms of
computational time, so in this study an approach will be taken in which a compromise is found
between time complexity and the performance.
2.9 Species and Niche Formation
The concept of species and niche has been borrowed from biological systems. In the
environment there are a lot of niches available and species form communities around these
niches in order to use their resources rather than all accumulating around the biggest resource or
niche. In an artificial search problem this issue arises in multimodal search space where each
optimal peak is a niche. Experimental results show that in case of multimodal search space with
peaks of equal height, genetic algorithms converge to one peak whereas there are other peaks
available with equal resources [Goldberg'89].
In case of unequal peaks, genetic algorithms converge to the highest peak, this is what
required from artificial search. But, Deb [Deb'89] says something else
"... a simple GA converges to the best peak; whereas, in addition to wanting to know the
best solution, one may be interested in knowing the location of other optima".

22

The question arises as to why one would need to know the sub-optimal optimum when
there is a global optimal solution available. The researchers [Goldberg'89 and Deb'89] interested
in niche and species formation believe in allocation of individuals to niche or peaks according to
their resources or height, so that each niche could have a community around it of the size
proportional to the resource. On the basis of his assumption that one is interested in optima other
than the global one, Deb [Deb'89] developed and discussed different strategies for species
formation, i.e.,
Crowding scheme
Sharing scheme
Phenotypic sharing
Genotypic sharing
The crowding method is already studied in detail by DeJong [DeJong'75]. Although his strategy
reduces the genetic drift and improves the performance at the cost of more computational time.
The phenotypic and genotypic sharing schemes use global information about the search space
like number of peaks and the size of the search space. He also introduced the extra computation
of the sharing factor using the distance metric of the search space. The distance metric defined
by him is only for binary representation, although there could be extension to other
representations but he does not talk about them. Goldberg and Deb [Goldberg'89 and Deb'89]
study the performance of their methods on multimodal problems of equal peaks and unequal
peaks. It seems quite obvious that the use of equal peaks for comparing the performance of the
simple genetic algorithms using sharing scheme is unreasonable. There are not many search
problems like this available in the real-world and if there are problems with equal height peaks,
then all optimal points are equally good and any one of them is enough for the solution as long
as it is within the feasible region.
2.10 Extended Schema Theorem
The result obtained from schema theorem was “the effect of evolution is that it gives
exponential rise to average and above average schemas and exponential decline to below
average schemas”. This result was obtained by assuming that the ratio between the fitness of
schema and average fitness of the population remains constant. The exponentially increasing
number of trials to schemas of above average fitness could not be obtained for long due to finite
genetic population and astronomical size of exponential values.
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The effect of increasing the number of offsprings of an above average individual will
result in corresponding decrease in the ratio between the individual’s fitness and the average
fitness of the population. Ron Hightower described an interesting theorem in the June’94 issue
of ga-list (http://aic.nrl.navy.mil)
Theorem (Ron Hightower):
0
Where Ni is the number of copies of the highly fit individual, N is the population size, c is the
ratio between the high fitness value and lower fitness value and t is the number of generation.
Proof:
Let f(H) = c f(h) ,i.e., all individuals in the schema, H, have a fitness that is a constant
ratio above individuals without schema H. The average fitness of the population

0, changes

with time as:
0
Substituting into fitness proportional reproduction equation,

0
results in,
0
or,
0
Assuming that the solution is sigmoidal,
0
and solving for the constants by assuming m(H,∞)=N and m(H,0)=1, which gives A = N,
a=ln(N-1) and b = ln c. The resulting curve is similar to the approximation found by Goldberg
and Deb [Goldberg & Deb’90].
The resultant trace of allocation of trials to above average schema looks like a curve
which exponentially rises in the beginning and then becomes almost horizontal. Although the
result is very close to the simulations obtained there is a point against this theorem that it is
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assumed that the ratio of fitness between individuals included in the schema and those who are
not included in the schemas remain constant. This constant ratio is true in static sense but since
genetic algorithms allocated trials according to the observed fitnesses rather than static, this
theorem is not complete.
2.11 Mathematical model
Researchers look at genetic algorithms with two ways: one group of researchers
[Stewart'87] look at genetic algorithms as natural algorithms and try to introduce as many
biological mechanisms in genetic algorithms as possible, another group looks at it as another
mathematical search method [Rudolph'94]. Simulated annealing is another very popular search
method based on the physical annealing process. Simulated annealing is a stochastic process and
it has been modelled as a Markov chain [Lundy'84]. There is a very rigorous mathematical work
available for the convergence properties of simulated annealing using the Markov chain model.
Since genetic algorithms are also a stochastic process, so there are few attempts made in order to
model it as a Markov process and study the convergence properties of genetic algorithms
[Bennette’94, Rudolph’94 and Davis’91]. Rudolph [Rudolph’94] proved using the Markov
chains model that the canonical or simple genetic algorithm is non-convergent to global optimal
solutions. His paper started a hot debate among the researchers as it could be seen in ga-list at
the web site http://aic.nrl.navy.mil. Experimental results suggest something else. Genetic
algorithms get to the global optimal point but due to the disruptive forces of crossover and
mutation they move away from the optimal point and then later on come back and revisit. This
process goes on forever. The introduction of elitist strategy could help in saving the global
optimal point once it is reached.
Suzuki [Suzuki’93] studied the elitist strategy and proved the convergence of the
algorithm. The Markov chain model provides a sound mathematical model of genetic algorithms
which could be used in determining their performance and convergence. In particular, this
research is aimed at developing a stochastic model of parallel genetic algorithms using the
Markov chains method which, to the author’s knowledge, is an original contribution.

2.12 Parallel Models
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The main motivation behind parallel models is to improve the convergence and
computational performance of serial implementations which are very slow even for moderately
sized problems. Many attempts have been made by various researchers to obtain an appropriate
explicit parallel model in order to fully exploit genetic algorithms. A number of different models
have been reported in the literature [Pettey'85 and Manderick'89]. Those which have been
suggested could be classified into three broad models:
1. The Standard pipe line model,
2. The Migration model (distributed model or coarse grained model ),and
3. The Diffusion or fine grained model.
In the standard model the algorithm remains the same but the genetic operators selection,
crossover, and mutation are performed in parallel on a population in a pipe-lined manner. This
model is considered to be the most inefficient model due to a large communication overhead,
which makes it unsuitable for real-time implementation.
The Migration model is similar to a natural system, where a large population is divided
into many small communities and sometimes they have some interaction with each other. So, in
this model a large population is divided into many small sub-populations on different nodes or
processors [Tenesse'89]. Each node applies the standard or canonical Genetic Algorithm on the
sub-population. These nodes occasionally communicate with their neighbours and exchange the
best individuals. That is why this model is called migration model. It is also called coarsegrained model due to the type of the underlying parallel system. Some researchers call it the
distributed model because of the distributed population involved in the collection of small
communities. In this case the algorithm for each node could be outlined as follows:
begin
initialisation
evaluation
while not stop_criteria_satisfied do
communication
selection
crossover
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mutation
end
end
Tenesse [Tenesse'89] presented a very detailed study of distributed genetic algorithms in her
doctoral dissertation. She used Walsh polynomials as the deceptive functions in order to test the
performance of the algorithms. Although there is a sound empirical study presented in her
dissertation but there is no mathematical modelling of the distributed algorithm itself. This
method of paralleling genetic algorithms is most widely used because it does not need any extra
hardware or parallel machines, a network of computers can do the job using distributed
operating system. She reported improvement in performance of genetic algorithm because of
dividing it into smaller sub-populations.
An alternative name for diffusion model is the fine-grained model [Manderick'89]. This
is due to the necessary parallel structure of the computer system on which it could be
implemented. In this model, the population is mapped onto a low dimensional connected graph
like grid of nodes. Each node in the grid possesses one individual which could communicate
with immediate neighbours. Selection and crossover is possible only with the neighbours. It is
close to the natural system in the sense that selection is a local phenomenon rather than a global
one. This model is the target model for this research, so a very detailed study with empirical and
mathematical results will be presented in the later chapters.
2.13 Fuzzy Logic
Fuzzy logic is based on fuzzy set theory [Lee’90]. It is an alternative to the traditional set
theory and it deals with words rather than numbers. In natural language a physical quantity does
not have a numerical value but a linguistic value, for example, temperature is a physical quantity
and in traditional set theory this variable will have numerical values like -10oC or 300oF but in
fuzzy set theory it could be hot, okay, cold or very cold. These vague linguistic values could be
characterised as fuzzy sets. A fuzzy set A in X may be represented as a set of ordered pairs of a
generic element x and a grade of membership function,
A = { (x, µA(x)) | x ε X }
Where X is the universe of discourse and µ is a membership function. The membership function
is a mapping which measure the association of a crisp value to a fuzzy set, i.e.,
µA(x) : x → [0, 1]
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Given a fuzzy set hot, a 60oC temperature will have lesser membership value than the 100oC
temperature. So membership function actually measures how much a quantity belongs to a fuzzy
set. Figure 2.1 shows the membership functions of three fuzzy sets cold, okay and hot. The
support of a fuzzy set is defined as a set of crisp values where the membership function is
greater than 0. The centre of a fuzzy set is a point in the fuzzy set where the membership
function has the highest value. The intersection of two fuzzy sets A and B in X, A∩B, is defined
in X such that the membership function of the intersection is
µA B (x) = min (µA(x), µB(x))
∩

Similarly, the union of the two fuzzy sets in X, A∪B, is defined in X such that the membership
function is
µA B (x) = max (µA(x), µB(x))
∪

The complement A’ of a fuzzy set A in X is defined in X such that the membership function of
the fuzzy set is
µA’ (x) = 1 - µA (x)
This is not the only way to define the fuzzy union and intersection, there are several other
alternatives proposed in the applicable literature. These operators are generalised as t-norm and
s-norm where t-norm is for fuzzy intersection and s-norm (or t-conorm) is for union.
Fuzzy relation is the measure of association between the elements of two or more fuzzy
sets. Let X and Y be two universes of discourse. A fuzzy relation R in the product space X×Y is
characterised by the membership function µR(x, y) where x ε X and y ε Y,
R = { ((x, y), µR(x, y)) | (x, y) ε X × Y }
Propositional logic uses Modus Ponens and Modus Tollens to defined logical implication. In
fuzzy logic they have been generalised and they are named Generalised Modus Ponens and
Generalised Modus Tollens. A fuzzy implication could be considered a fuzzy IF-THEN rule, IF
x is A THEN y is B where x ε X and y ε Y, it has a membership function µA

B

→

(x, y) within [0,

1]. There are several methods of this membership function defined in the literature. The
Generalised Modus Ponens and Tollens are not applicable to engineering problems. Researchers
and engineers have adopted the following definitions because of the computational simplicity
and engineering common sense.
µA B (x, y) = min (µA(x), µB(x)), and
→

µA B (x, y) = µA(x) µB(x))
→
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However the above methods are widely used but they defy the propositional logical definition.
They are referred to as engineering definitions of implication because they make sense in
engineering terms.
2.14 Summary
This chapter briefly discussed different population models, selection strategies,
premature convergence avoidance techniques, mathematical models, parallel models and fuzzy
logic. There is an enormous amount of research work done in this area which certainly can not
be covered in this chapter but care has been taken to include all relevant work. It is surprising
that all the complex systems that exist in this world could be explained by a very simple notion
of “variation and selection”. Holland developed a simple model of genetic algorithm with the
view that it will be able to solve a large number of problems in search / optimisation. But it is
evident from a large amount of research work done to improve this algorithm that the theory
might be complete and the idea might be excellent but for the sake of application this model is
still not appropriate. There are different approaches adopted to improve the performance of the
algorithm, some have tried to adapt the probabilities of the genetic operators others have tried to
optimise the population size to avoid the effects of stochastic selection on a finite population.
There are several concepts borrowed from the nature and introduced into genetic algorithms in a
novel way with the hope that since nature is robust the algorithms will prove the same. Parallel
models of the algorithm are developed with the advent of the high performance computing and
with the view that the intrinsic parallel nature of the algorithm could be enhanced and exploited
for the application purpose. There are attempts to model the search mechanism of the algorithm
in order to understand the theoretical foundations which could certainly provide a way to
improve the performance and efficiency of the method.
Human expert knowledge is vital to solve most engineering problems but it has been
noticed that human knowledge being vague and imprecise in natural language was until now not
able to take place within the complex mathematical equations. Fuzzy logic provides a novel
method to integrate the numerical and linguistic knowledge into a single logical framework
which was not known before. This begins a new era of artificial systems equipped with the
human expert knowledge up to the linguistic level.
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Figure 2.1 Fuzzy membership functions
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CHAPTER 3
PARALLEL GENETIC ALGORITHMS: A FINE-GRAINED MODEL
This chapter presents a fine-grained parallel model of genetic algorithms and discusses
the effect on the performance and efficiency of the parallel model of coding the genetic
population into different number systems. It also tests and compares both the simple sequential
and fine-grained parallel model on standard test problems found in the literature, i.e., five
DeJong’s functions and five deceptive functions of order 4, 8, 12, 16, 20. No explicit example
of these deceptive functions appear in the literature. The main aim of the study presented in this
chapter is to compare the efficiency and performance of the two models: the simple sequential
and fine-grained parallel models for different coding strategies, population size, crossover rate
and mutation rate. The aim is to find the optimal configuration of the algorithms for a given set
of problems.
The configuration of a genetic algorithm is dependent on a lot of things like the nature
and size of the genetic population, the selection strategy, the genetic operators, the rate of
application of genetic operators and many other factors depending on a particular algorithm
model and application problem. It is also known to genetic algorithm users that the performance
of the algorithm is dependent on the configuration of the method. DeJong [DeJong’75] was the
first researcher to provide extensive results for optimal configuration of

simple genetic

algorithms. Grefenstette [Grefenstette'86] and Davis [Davis'89] worked in the same direction to
find better methods of adapting parameters of the genetic algorithm. But none of them took
other coding strategies and parallel models into consideration which is the contribution of this
research. This research is experimental in nature, the theoretical analysis of the algorithm is
avoided here because the mathematical difficulties involved merit separate discussion in the
next chapter.
3.1 Fine-grained Parallel Model
The parallel search is intrinsic in genetic algorithms and it has been proved theoretically
using the schema theorem that genetic algorithms exhibit implicit parallelism in schema
processing. The population based search also suggests that there are several trajectories in the
search space formed in such a way that each trajectory moves not only with its own experience
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but that the information exchanged with other trajectories is also used to find the path towards
the optimal region. This intuitive model alone is enough to understand parallelism in genetic
searches. It has been observed from the advent of genetic algorithms that they are slow to run on
a sequential machine. The system architecture of a serial machine does not reflect the
architecture of the algorithm. This causes a serious problem and it has been observed that even
for moderately sized problems genetic algorithms are highly time inefficient. This makes them
in-feasible for on-line applications in engineering. In order to overcome this problem it is natural
for researchers to start looking at the parallel models of the algorithm.
The popular parallel model of the algorithm so far is the coarse-grained or distributed
parallel model. This model is borrowed from the biological world like its sequential counterpart.
In nature, species live in small colonies distributed in space and individuals migrate from one
sub-population to another from time to time. Similarly, distributed genetic algorithms have
smaller sub-populations distributed over a network of processors or computers with time to time
exchange of information. Tenese [Tenese’89] has produced a detailed study of these algorithms
in her doctoral dissertation. She tried to prove that the major source of efficiency and
performance gain in this algorithm is the division of the large population into smaller subpopulations. In addition she contends that exchange of information is helpful and even isolated
sub-populations are reported to be efficient.
This research takes a contrary view of this parallel model. The partitioned parallel model
presented by Tenese is nothing more than several runs of simple genetic algorithms. It does not
really matter if the execution of several genetic algorithms is done simultaneously or repeatedly.
The main reason for improvement is the allocation of more computing resources. Even the
migration of good individuals from one sub-population to another is the same as passing the best
solution of one run to another while running the simple genetic algorithm repeatedly. This
research considers distributed genetic algorithms to be just an extension of the simple genetic
algorithm. This is because basic genetic operators are not changed enormously and only the
communication operator has been introduced into the evolutionary loop. Even this feature can be
avoided without much degradation in performance and efficiency.
The Fine-grained parallel genetic algorithm is another parallel model of genetic
algorithms. They are also known as diffusion or massively parallel genetic algorithms, since
they may be implemented on massively parallel machines of hundreds and even thousands of
processing elements. In this algorithm the population is distributed over a 2-dimensional toroidal
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mesh of processors (fig: 3.1). Each node in this mesh is connected to its four immediate
neighbours. A toroidal mesh is a two dimensional mesh which has opposite edges connected
such that it forms a four dimensional hypercube. The advantage of the toroidal topology is the
reduction in communication radius. In this model each processing element is occupied by only
one individual. The individuals can only mate with the other individuals located on the
neighbouring nodes or processors. The selection is a local phenomenon rather than global one
which contrasts

with

simple and distributed genetic algorithms. Several variations of a

massively parallel genetic algorithm could be generated, depending on the topology of the
network of processors.
The pseudo code for the fine-grained parallel genetic algorithm could be written as:
for each node do in parallel
generate an individual randomly
end parallel do
while not stop_criterion_satisfied do
for each node do in parallel
evaluate the fitness of the individual
get the fitness values of four neighbouring individuals
find out the optimum fitness value
get the neighbouring individual corresponding to optimum fitness
crossover with the local individual according to the crossover rate
mutate the individual according to the mutation rate
end parallel do
test the stopping criteria
end while
Similar models are presented in the applicable literature as discussed in the previous
chapter but the model studied here is different from the others in that there is no additional
operator for local search used. This is a very straightforward mapping of the Holland’s simple
genetic algorithm to a massively parallel model. The main advantages of this algorithm are the
local rules without any central control. The size of messages is small and the local scope means
no communication bottleneck. The motivations behind local selection and crossover in the fine33

grained model are twofold. In technological terms, if one can eliminate global selection and
random mating, it is possible to construct a parallel genetic algorithm that can easily be
implemented on a massively parallel computer. Thus it is possible to work with a very large
population size without loss of performance. In biological terms there is no global selection in
nature. Instead, natural selection is a local phenomenon, taking place in an individual’s local
environment. In nature, no random mating occurs, each individual has to find a potential mate in
its nearby environment. So, since natural evolution works locally there seems no reason why a
genetic algorithm shouldn’t mimic nature. Despite this the overall aim is not to simulate a
biological process but to improve the performance of the algorithm even if there is no match in
nature.
The design of a fitness function in a sequential algorithm is always a difficult job
because the fitness function has to be positive for all arguments. The nature of the search space
plays an important role in the search. There is always a danger of losing the features of the
search space while translating an objective function into a fitness function. The fine-grained
model does not require a fitness function since the objective function could be directly used as a
fitness function. In this research both the sequential and parallel genetic algorithms are tested
and compared for different coding methods. There are four number systems chosen as a coding
method: binary, Grey, integer and floating-point. The genetic operators change accordingly. The
low cardinality coding, binary and Grey, use the same characters ‘0’and ‘1’ and they follow the
Holland tradition in the implementation of the genetic operators. In a integer coded population
individuals are strings of integers. Crossover is applied according to the crossover rate such that
the crossover point could lie within the string and exchange of the integer substrings produce
the offspring. Mutation is applied according to the mutation rate and it randomly adds or
subtracts ‘1’ from an integer of the individual string. In a floating point coded population
individuals are vectors of real numbers. The crossover and mutation operators are applied
according to their respective rates but they are different from string processing. In a crossover
operator the corresponding components of the two mating individuals are linearly combined to
form the corresponding component in the child. The mutation operator is applied to each
component of the individual vector and it randomly adds or subtracts a small random value. The
floating point population is different from all other strategies and it has received a lot of attention
recently. There is a theoretical evidence in support of the low cardinality coding method but high
cardinality is found practically better. In most engineering applications precision is highly
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desirable, the low cardinality implementation tends to lose this vital information. In case of the
high cardinality coding precision is dependent on the machines which are normally precise
enough for most applications. A Floating point coded population forms the search space which
is actually the problem space and any change in the individuals due to genetic operators means
corresponding change in the objective function rather than to some function (fitness function)
with no relavence to the actual problem.
3.2 Experimental Design
There are many difficulties involved in doing an empirical comparison of the algorithms.
The configuration space could be very large and as a result the experimentation could be very
expensive in computational terms. This study is limited to the static function optimisation
problems described in the following subsections. There is no problem specific knowledge used
in the algorithms so that they are, in fact, blind to optimisation problems.
Genetic algorithms in their original form are not appropriate for the required
experiments. It has been observed that simple genetic algorithms are not convergent for
DeJong’s minimisation problems. The reason is that genetic algorithms are mainly designed for
maximisation problems and when they are required to solve minimisation problems the fitness
function is designed in such a way that it increases with decreasing objective function. The
simulation results suggest that in the optimal region simple genetic algorithms are unable to
distinguish solutions for the best because of small differences in fitness values. In order to
enhance the differences between the fitness values a scaling operator based on the linear scaling
method [Goldberg’89] has been introduced in the algorithm. The scaling method requires global
knowledge about the population which is not available in the case of the fine-grained parallel
model. Thus the model has been modified to be a greedy algorithm. Individuals will only be
updated in next generation if they are better.
The search space for a problem is determined by the decoding law and the string coding
method. The decoding law is the way to map strings to search parameters. To reiterate, there are
four representations used in this study : binary; Grey, integer; and floating-point. In the binary
population, search parameters are coded as binary numbers of length 16, such that for each
parameter x:
-255.992 ≤ x ≤ 255.992 with resolution

0
35

so the size of the binary search space is 65533. In the Grey coded population, the parameter
length is the same as in the binary population and so is the range and resolution, except that the
parameters are Grey coded numbers. In the integer coded population the parameters are six
characters long. The first three characters represent the integral part of the search parameter and
the rest of three represent the decimal places. So for each parameter x:
-99.999 ≤ x ≤ 99.999 with resolution

0.

So the size of the integer coded search space is 2 X 105. The floating-point coded population is
different from the previous models, it is continuous in nature. There is no need for decoding the
individual strings, a floating-point number could be the search parameter itself. So for each
parameter x:
0 with resolution

0

Where ∞ and 0 are not the mathematical quantities but the biggest and smallest numbers a
computer could handle. In these terms, the size of the search space for floating-point
representation tends to be infinity. In the above four representations different range and
resolutions have been used for convenience of implementation, however this does not effect the
testing of the algorithm.
The simple genetic algorithm is implemented using a C language compiler on a PC. The
fine-grained parallel model is simulated on a single transputer PC Plug-In board using a parallel
C compiler by Inmos. The architecture of a transputer is very much similar to the processing
nodes in a fine-grained model. It has four serial links which can be directly connected to the
other transputers and an array of processors of any size could be developed with this system.
The Communicating Sequential Processes (CSP) model of parallelism offered by the transputer
is completely in accordance with the fine-grained model of genetic algorithm.
3.2.1 DeJong’s Functions
DeJong [DeJong’75] developed a test environment of five problems for function
optimisation, taking care to include functions with all possible features such as: continuous,
discontinuous, convex, unconvex, unimodal, multimodal, quadratic, nonquadratic, lowdimensionality, high-dimensionality, deterministic and stochastic. It is essential to know the
features of these functions at this stage in order to understand the performance and efficiency
variations with control parameters.
36

Test Function f1:

0

where f1 is a simple 3-dimensional parabola with spherical constant cost contours. It is a
continuous, convex, unimodal, low-dimensional, and a quadratic function with a minimum zero
at the origin.
0
Test Function f2 :

0

It is a continuous, non-convex, unimodal, low-dimensional, and a quadratic function with a
minimum of zero at (1,1).
0
This is a difficult minimisation problem because of a deep parabolic valley along the curve
x2=x120.
Test Function f3 :

0

where int(xi) represents the greatest integer less than or equal to xi . It is a 2-dimensional step
function. It is discontinuous, non-convex, and unimodal function of moderate dimension which
is a piece-wise constant. f3 is chosen as a test for discontinuous functions. The minimum value
of this function depends on the particular coding strategy employed.
Test Function f4 :

0

f4 is a continuous, convex, unimodal, high-dimensional, and a quadratic function with gaussian
white noise (i.e., random noise with zero mean and standard deviation equal to one).
0
Test Function f5 :

0

where

0

and f5 is a multimodal function that it is a continuous, non-convex, non-quadratic, and a 2dimensional function with 16 local minima at the points
function value at the point

0(approximately). The

0 is approximately cj0.

For testing purpose, the aij0 are defined as:
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{(25, 25), (25, 50), (25, 75), (25, 100), (50, 25), (50, 50), (50, 75), (50, 100), (75, 25), (75, 50),
(75, 75), (75, 100), (100, 25), (100, 50), (100, 75), (100,100)}.
with cj = j0 and K = 500.
0
It is a flat surface f5 = 500 with 16 deep holes centred about the points (a1j, a2j)0. Near the point
(a1j, a2j)0 it depends on the the function gj(x) and f5 (a1j, a2j)≅ cj = j0. It has 16 local minima at
which f5 takes on the values 1,…,16.
3.2.2 Deceptive Functions
Deceptive functions are considered difficult to optimise for genetic algorithms. The
concept of these functions was first given by Bethke [Bethke’80]. He used Walsh functions
(these functions take binary strings as arguments rather than numbers) to explain why some
functions are more difficult to optimise for genetic algorithms. He also developed a class of
deceptive functions which led the GAs towards less fit solutions. The basic idea behind this
theory is that any real-valued function of binary strings could be replaced with a linear
combination of Walsh functions. The coefficients involved in this linear combination are called
Walsh coefficients. Geometrical interpretation of this theory divides a search space of binary
strings into partitions. Each partition has an order number, which is the number of fixed
positions in schemas which belong to that partition. Each partition has a corresponding Walsh
coefficient which actually means the weighting of each partition contributing to the fitness of the
schema. This idea revolutionised the way researchers thought about the schema processing
happens in a genetic search. It is obvious that optima hidden in a lower order partition is easier
to find than one in higher order partitions.
Using this concept Bethke [Bethke’80] and then others [Goldberg’89 & Tenese’89]
developed deceptive functions. They also called them Walsh polynomials. There is no exact
methodology available for creating deceptive functions but the basic idea is to assign non-zero
values to the Walsh coefficients associated with the higher order partitions. As a result the
fitness value associated with schema will not correspond to the Walsh coefficient and the one
with highest fitness might have the lowest Walsh coefficient values. Tenese [Tenese’89] in her
study of distributed genetic algorithms used Walsh polynomials of increasing order for the
purpose of her analysis. In her technique, in order to create an order “n” Walsh polynomial she
assigned non-zero values only to the Walsh coefficients associated to the partitions of order “n”.
38

She used random values between -5 and 5. There is no reason to stick to this rule, but for the
purpose of this research using the same technique values are assigned from 1,2,3 ... so on and
Walsh polynomials of order 4, 8, 12, 16 and 20 are created. This is not enough since the result
may be that more than one string is indicated as having optimal fitness. In order to resolve this
conflict, the string comprising all ones is chosen as the optimal solution and assigned a Walsh
coefficient value -1, whereas a string with all zeros gets the sum of all Walsh coefficients. It not
only resolves the uniqueness of the optimal solution but also makes a fully deceptive function
since string 00...0 acquires the maximum Walsh coefficient and string 11...1 acquires the
minimum Walsh coefficient. Most of the research on Walsh polynomials uses references to
binary coding. Since there is no Walsh function equivalent available for other coding methods
there is no existing theory on the development of Walsh polynomials for other coding methods .
This research is aimed at comparing performance of different coding strategies, so it requires a
suite of deceptive functions usable in all coding methods.
There is also another way to create deceptive functions of any order without going into
the details of Walsh functions. The graph of any of these functions shows that Walsh
polynomials are in fact trap functions (Fig: 3.2). A trap function is a piecewise-linear function
that divides the search space into two halves in the Hamming space, such that one leads to a
global optimum and the other to a local optimum. The global optimum is located at 111…1
while a suboptimal point is 000...0. The global optimum is isolated and hidden in a small region
whereas the suboptimal point has the largest basin of attraction. The difference in the fitness
between the global and local optimum is 2 which also gives the local optimum more chance to
win. Unitation is defined as the Hamming distance from the origin, which also happens to be a
local optimum. A general single basin trap function of unitation is given as
0

(3.1)

where a and b are constants and x is the slope-change location. The sub-optimal point is
associated with ‘a’ while a global optimum is associated with ‘b’. The trap function shown in
figure 3.3 has the same sub-optimal and optimal solutions as Walsh polynomial of order 4. It is
similar in all ways except that it touches the zero crossing line more than once otherwise it
causes same difficulty as a Walsh polynomial. In order to use other coding strategies it is
necessary to use trap functions as deceptive functions because there is no other method known to
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the author for developing Walsh polynomials for non binary strings. For the purpose of this
research Walsh polynomials of order 4, 8, 12, 16 and 20 are developed and then using the
features of these polynomials, trap functions of corresponding order are developed for other
coding methods.
3.2.3 Performance and Efficiency Measures
DeJong designed four measures for performance analysis, i.e., local off-line, local online, global off-line, global on-line. These measures attribute the robustness of the algorithm for
an environment (environment is defined as a set of functions in DeJong’s formalism for adaptive
search methods). Local robustness is the ability to generate and maintain acceptable solutions in
a particular environment. In this research weighted coefficient based performance measures are
avoided without losing generality in order to keep the measure simple and are defined by the
following equations:
0

(3.2)

where mean(t) is the mean fitness of the population at generation t, and
0

(3.3)

where best(t) is the fitness of the best individual in the population at generation t.
In the literature on genetic algorithms there is some confusion between the performance
and efficiency results. It is difficult to be clear if the improvement is obtained in convergence or
the speed of convergence. Performance is the measure of convergence and efficiency is the
measure of rate of convergence. An algorithm could be good in performance i.e. it reaches the
optimal solution, but it might reach the solution after millions of evaluations of the objective
function which is not very feasible for real world applications. Efficiency analysis of the
algorithms is crucial since this research is about the real world application of parallel genetic
algorithms. The efficiency measure used in this research is the total number of function
evaluations. The less the number of evaluations used the more efficient the algorithm is. This is
certainly not enough, since this research also requires that there is no premature convergence to
the sub-optimal solution as often happens while trying to speedup the convergence. Most
empirical studies of genetic algorithms simulate a particular algorithm several times and then
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average the results in order to evaluate the performance. This research takes a different view and
runs the algorithm only once. The basic argument is that in any real world application one would
never get the opportunity to run the algorithm several times. The genetic algorithm is generally
believed to be convergent to global solution and if this is so, then there is no need to re-run the
algorithm. It should converge to the optimal solution regardless of the initial population. This
research contends that average performance results might be misleading for real world
application of the algorithm.
3.3 Population Size
The choice of a population size for a genetic algorithm is an important decision for a
user. In the case of a small population the genetic algorithms will converge quickly to a local
optimum with little exploration of the search space. On the other hand, with a large population,
genetic algorithms take a long time to converge to a solution and the efficiency reduces further if
the algorithm is implemented on a sequential machine. Increasing the population size has been
shown to reduce the bad effects of stochastic selection on a finite population and improve the
performance at the cost of slower response. In the following, a simple genetic algorithm and a
fine-grained parallel genetic algorithm have been tested for different population sizes. The
analysis aims at comparing simple and parallel genetic algorithms for different population sizes.
Therefore, the population sizes of 4, 8, 16, 24, 36, 48, 64, 80, and 100 have been used for
experimental purposes. These particular population size values are chosen because of the
grid/mesh topology. The crossover and mutation rates are fixed such that two selected
individuals are always crossed over and one parameter per generation is subject to mutation.
The performance and efficiency simulation results of binary coding for the first 100
generations appear in the tables 3.1-4, 3.17-3.20, 3.33-36 & 3.49-3.52. In the case of DeJong’s
functions a lower performance index represents higher performance whereas for deceptive
functions higher values of performance index mean better performance. Results suggest that
there is no improvement in efficiency measure with

increasing population size for both

algorithms. The simple algorithm showed no improvement of on-line performance for DeJong’s
functions but it did show some improvement for deceptive functions. The parallel algorithm
performed similarly. Off-line performance improved for both algorithms with increasing
population size. The simple algorithm did not converge for DeJong’s functions f2 and f5 , it did
converge for d1 and d2 for the most part. It also converged for functions d3 and d4 with larger
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populations but it never converged for d5. It could be inferred from the results that a bigger
population might increase the chances of hitting the optimal solution but it does not mean that it
will improve the convergence in any way. The parallel algorithm had similar convergence
responses. The convergence results are poor as both of the algorithms either never reach the
optimal solution or hit the best region very early in the run but never improved to reach the
optimal point.
The implementation of the algorithm for a Grey coded population is similar to the binary
coded population except the parameters are Grey coded numbers rather than binary coded. The
performance and efficiency results of the simulation for the first 100 generations appear in tables
3.5-8, 3.21-4, 3.37-40 & 3.53-56. Simulation results show that there is no relation between the
efficiency measure and increasing population size. On-line performance of simple and parallel
genetic algorithms showed no improvement for DeJong’s functions. There was an improvement
for deceptive functions with increasing population for simple algorithms. Off-line performance
showed improvement and regular increase for deceptive functions. Parallel algorithms had a
more regular improvement of off-line performance. Best-so-far results for the simple algorithm
showed improvement for functions f1 , f3 and f4. The simple algorithm converged for all
deceptive functions except for d4 and d5 with smaller populations. The parallel algorithm
converged for DeJong’s functions except f2 and f5 , which showed mixed behaviour. They
converged for all deceptive functions except d5

which became ‘stuck’ because of the

initialisation.
The implementation of these algorithms for an integer coded population is a little
different from the last two cases. The crossover mechanism is the same as in the low cardinality
representation, whereas mutation is different from the binary and Grey coded implementation.
Mutation is applied according to the fixed mutation rate described in the last section and if the
character is even it adds 1 otherwise it subtracts 1 from the value of the character. Results
(Tables 3.9-12, 3.25-28, 3.41-44 & 3.57-60) suggest that there is no improvement in efficiency
measure with increasing population size. On-line performance of simple and parallel genetic
algorithms showed no improvement or mixed results for DeJong’s functions. There was an
improvement for deceptive functions with increasing population. Off-line performance of both
algorithms showed improvement and regular increase for deceptive functions. Convergence
results are premature and badly effected by the intialisation.
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The implementation of the algorithm for floating-point coded population is different
again. The length of individual strings is such that one floating-point number is allocated to each
search parameter. There is no decoding method required since each floating-point number can
directly represent the search parameter. The crossover is implemented using the blend crossover
strategy [Eshelman’93] as described in Chapter 2. The mutation operator adds a small random
value to the parameter if the parameter is less than a random value otherwise it subtracts that
random value. The performance and efficiency results of the simulation for the first 100
generations appear in Tables 3.13-16, 3.29-32, 3.45-48 and 3.61-64. The efficiency measure
shows no relationship with the population size in general except for parallel algorithm
optimising DeJong’s functions where there is a regular increase in number of generations needed
to reach the optimal solution. This shows that the fine-grained parallel genetic algorithm
searches longer for DeJong’s functions. Results of the simple algorithm are not useful because
they are all based on the initial population. The parallel algorithm on deceptive functions
showed a similar behaviour but showed some improvement on DeJong’s functions. The parallel
algorithm showed convergence to the optimal solution with a relatively longer search period.
The simulation results suggest that no generalised relationship could be established
between performance / efficiency and population size. The results of integer coded population
are useless as they are based on the initial population. The low cardinality, binary and Grey
coded population showed no improvement in on-line performance with increasing population
size but there is a regular improvement obtained in off-line performance. It is also worth noting
that the search time increases in a floating point coded population with increasing population
size which is not obtained in low cardinality population. The convergence to optimal solution,
best-so-far results, of binary and Grey coded population are comparable.
3.4 Crossover
This section presents the simulation results of the simple and fine-grained parallel
genetic algorithm for binary, Grey, integer and floating-point coded population with different
crossover rates. A crossover rate of 1.0 means that each selected individual gets the chance to
crossover. The algorithm has been tested for crossover rates of 0.1, 0.3, 0.5, 0.7 and 0.9.
The simulation results for binary population appear in Tables 3.65-68, 3.81-84, 3.97-100
and 3.113-116. There is no regular change in general for the performance and efficiency of
algorithms with varying crossover rate. The simple algorithm shows regular improvement in on43

line performance with decreasing crossover rate for deceptive functions d1 and d5. The parallel
algorithm shows improvement in on-line performance for all DeJong’s functions with
decreasing crossover rate except f3 which improves with increasing crossover rate. The on-line
performance results of parallel algorithm on deceptive functions have no correspondence with
the crossover rate. The parallel algorithm shows a regular increase in off-line performance with
increasing crossover rate whereas all other off-line results have no regularity. The simple
algorithm for f1 and parallel algorithm for d1 and d3 show that decreasing crossover rate increase
the search time. Other efficiency results have no regularity.
Simulated results for the Grey coded population are given in tables 3.69-72, 3.85-88,
3.101-104 & 3.117-120. The simple algorithm had no improvement in on-line performance
whereas parallel algorithm showed improvement in on-line performance for both Dejong and
deceptive functions with increasing crossover rate. Off-line performance of the simple algorithm
produced a similar behaviour whereas the parallel algorithm had a better performance for the
highest rate than the lowest but there is no regularity in the improvement. Good convergence in
the case of both algorithms to optimal or suboptimal solutions or to a closed point is obtained.
There is no relationship obtained between the crossover rate and convergence.
The integer coded population (Tables: 3.73-76, 3.89-92, 3.105-108 & 3.121-124)
showed similar behaviour for on-line performance as is obtained for the Grey coded population.
The parallel genetic algorithm showed better improvement in off-line performance with
increasing crossover rate but in an irregular manner. The simple genetic algorithm did not
converge for most functions. The parallel algorithm showed better convergence for higest rate
but efficiency could not be related with the crossover rate.
Simulation results for a floating-point coded population are shown in Tables 3.77-80,
3.93-96, 3.109-112 & 3.125-128. On-line performance of the simple algorithm showed no
improvement and the parallel algorithm showed improvement with increasing crossover rate.
Both algorithms failed to converge for deceptive functions and they got stuck at a suboptimal
solution because of the initial population. The parallel algorithm showed a superior convergence
compared with the simple algorithm. No relationship could be established between the speed of
convergence and the crossover rate but parallel algorithm searched longer than the simple
algorithm.
There is no generalised relationship that could be established between the on-line
performance and crossover rate. The off-line performance showed improvement with increasing
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crossover rate in some cases. The algorithms spent more time in search with a decreasing
crossover rate. The Grey coded population showed best convergence results.
3.5 Mutation
This section presents the simulation results of simple and fine-grained parallel genetic
algorithms for different coding strategies and mutation rates. A mutation rate of 1.0 is defined
as one mutation per parameter per generation. The algorithm has been tested for mutation rates
of 1/10, 1/8, 1/6, 1/4 and 1/2. The mutation rate higher than 1.0 will lead to a random search
therefore it has been avoided.
The simulation results for a binary population appear in Tables 3.124-127, 3.140-143,
3.155-158 and 3.171-174. These results suggest that there is no significant change in on-line and
off-line performance of either simple or parallel genetic algorithms. The parallel algorithm
showed better performance on DeJong’s functions. The two methods converged for deceptive
functions d1, d2 and d3 and failed d4 and d5. No relationship could be established between the
mutation rate and number of generations required to converge.
The Grey coded population (Tables: 3.128-131, 3.144-147, 3.159-162 & 3.175-178)
showed improvement in on-line and off-line performance with increasing mutation rate. The
parallel algorithm showed better convergence for DeJong’s functions. The two algorithms also
converged on deceptive functions except that the parallel algorithm converged to suboptimal
solution for d5 because of the trap of initial population.
An integer population (Tables: 3.132-135, 3.148-150, 3.163-166 & 3.179-182) also did
not show any change in on-line and off-line performance for either algorithm. The parallel
genetic algorithm had a relatively better convergence on DeJong functions. Both methods failed
to converge for deceptive functions for any mutation rate.
Simulation results obtained for floating-point coded population (Tables: 3.136-139,
3.151-154, 3.167-170 & 3.183-186) again show that performance is not related to the mutation
rate. Both algorithms converge to sub-optimal solutions for deceptive functions because of the
initial population. Parallel genetic algorithm searches longer than the simple algorithm in order
to reach the optimal solution. Mutation is not related with the efficiency measure.
Once again no correlation could be established beween the performance / efficiency and
the mutation rate. Performance increased with the mutation rate in the case of a Grey coded
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population. The parallel algorithm searched longer than the simple algorithm for a floating point
coded population.

3.6 Summary
It could be deduced from the above discussion that Grey coding is better than binary
coding for a low cardinality implementation whereas floating point coding is better than integer
coding for a high cardinality implementation. On-line performance is largely insensitive to the
control parameters. Off-line performance improves with an increasing population size
particularly in case of deceptive functions. The obvious reason is that the search space size
increases enormously with the increasing order of the deceptive function. The bigger the
population the greater the chance of hitting the optimal solution. Similarly, for lower order
deceptive functions of order 4 and 8 the search space is smaller than the population size and this
results in a premature convergence because of the initialisation. The deceptive function of order
20 have such a large search space that only a small fraction of it could be explored in 100
generations. This is the reason why this function is the most difficult. DeJong’s function f5 is
difficult to optimise because of the nature of search space which has 16 local minima with
smaller basins of attraction to lead the search. A smaller crossover rate increases the search time
in some cases which is in accordance with the understanding of the crossover mechanism as a
constructive genetic operator. Mutation rate hardly had any effect on the performance /
efficiency in general except for a Grey coded population. The parallel genetic algorithm spent
more time in search for a floating point coded population and DeJong’s functions. There is no
particular set of parameters achieved which could optimise the performance and efficiency on
the whole set of functions. This result confirms Goldberg’s observation about the adaptation of
parameters as mentioned in the previous chapter. His conclusions could now be extended to the
parallel model of the genetic algorithms. This empirical study provided some understanding of
the algorithms in general and a detailed theoretical study will be presented in the next chapter.
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CHAPTER 4
CONVERGENCE PROPERTIES OF THE FINE-GRAINED
PARALLEL GENETIC ALGORITHM
It is easy to define a genetic algorithm but it is more difficult to understand the working
mechanism of the genetic search. This chapter contributes towards the theory of the genetic
search by looking at it from different mathematical view points. This chapter is aimed at
understanding the search mechanism of the fine-grained parallel genetic algorithm. It is highly
desirable for an optimisation method to be convergent to a global optimal solution in a
reasonably small amount of time. This chapter is also aimed at developing a mathematical
model to understand the convergence properties of the method. This will provide the theoretical
foundations for the improvement of the existing model of the genetic algorithm.
There are two ways to look at genetic algorithms: a simulation of biological
phenomenon and a stochastic optimisation method. People taking the former approach are trying
to model natural evolution and to integrate it into the artificial evolution of genetic algorithms.
Such people are inclined to mathematical biology, they believe that since natural systems are
robust and the efficient introduction of natural like artificial genetic operators in genetic
algorithms will improve the performance and efficiency of these methods. The difficulties
involved in this approach are: firstly, natural mechanisms are hard to explain in mathematical
terms. Even if mathematical rules have been established they are likely to be an approximation
of the actual phenomenon. Secondly, our computational power today even with megaflops
capability is insufficient to simulate biological systems. In engineering problems

a huge

computer resource cannot be allocated for a small job when sub-optimal methods work with
much less computational effort. The other group of people look at genetic algorithms as another
stochastic optimisation method.
Evolutionary algorithms are not algorithms in a strict sense. Consequently traditional
methods of algorithmics cannot be applied to measure the convergence of these methods.
Traditionally analysis of algorithms are studied for a particular problem, whereas evolutionary
algorithms are rather independent of application problems. It would be more exact to say that an
evolutionary algorithm is a process rather than an algorithm. This research takes this approach
and it will look at the mathematics of fine-grained parallel genetic algorithms from five different
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aspects: stochastic model; real-analysis; topological analysis; time series analysis; and the
search role of genetic operators.
4.1 Stochastic Model
It is known from the definition of a genetic algorithm that the distribution of a population
at a given generation probabilistically depends on the previous generation. The genetic
algorithm is certainly an stochastic process which could be modelled using a Markov chain. A
Markov chain is defined by a transition matrix such that the elements of the matrix are the
probabilities of moving from one state to another, i.e.,
P = [pij] = [Pr(Xk+1 = Aj | Xk = Ai )], i, j = 1,2, ..., N.
Xk is a random variable representing a population selected at the k-th generation of the
algorithm. Markov analysis is an old mathematical technique used to study stochastic processes.
Some attempts have been made to develop a Markov chain based model for genetic algorithms
[Davis’91, Suzuki’93 and Gunter’94]. The main inspiration behind the Markov analysis was
from another stochastic optimisation method called Simulated Annealing [Lundy’84]. It was
proved that a homogeneous Markov chain model of simulated annealing converges to the
optimal solution whereas the non-homogeneous model will give a close enough result under
certain conditions [Lundy'86]. In that sense the reason to study genetic algorithms using the
Markov chain is generally to obtain the convergence properties of the method, and tune the
algorithm in such a way that the simulated annealing like properties could be obtained
[Davis’91a & b]. As a result of this researchers not only developed Markov chain based
stochastic models but also proved the convergence of an elitist selection strategy. They changed
the genetic algorithm into an annealing process by controlling the application of mutation rate.
However, these attempts are limited to the sequential version of genetic algorithms. In this
section the fine-grained parallel genetic algorithm has been modelled using a Markov chain.
The fine-grained parallel genetic algorithm is a stochastic process [Muhammad’97],
similar to its sequential counterpart. Likewise, the state space of the algorithm is dependent on
the representation of the search parameters. Let the population be binary strings of length L then
the set, S, of all the possible individuals has 2L members, and the individuals can be indexed
with i such that 0 ≤ i < 2L0. The distribution of the population at each generation of the
algorithm could be defined as a vector,
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0

(4.1)

Where k is the number of the generation and qk (i) is the multiplicity of the individual i ∈ S at
generation k . The set, S’, of all such distributions form the search space or state space of the
genetic algorithm. The N nodes of the parallel model could host any individual out of 2L total
possible individuals therefore the size of the set S’ is given as,
N’= (2L)N0

(4.2)

During a genetic search the distribution of the population at generation i+1,
only on the distribution of the previous generation,

0, depends

0. The transition rule of a genetic

algorithm is divided into three basic transition rules, due to the stochastic genetic operators
selection, crossover and mutation, and are developed in the following sections and further
aggregated into a transition rule for the fine-grained parallel genetic algorithm. It has been
observed from empirical studies of genetic algorithms, that regardless of the initial (random in
general) population the genetic search converges to the optimal region of the search space.
4.1.1 The Stochastic Transition Rule for Selection
There are a number of strategies available for selection in sequential algorithms and all
of them are based on population distribution. The selection mechanism in the parallel model is
local and it is independent of the population distribution unlike the sequential counterpart. In the
fine-grained model the spatial distribution of the population over the toroidal mesh of processors
further contributes to the selection of the individuals in the next generation. There is a need for a
functional representation of the topology of the population in order to explain the selection
method as,
0

(4.3)

The function nbhd takes the location of the node as an argument and returns the individuals
located at the four immediate neighbouring nodes.
0

(4.4)

The function optimum, as the name suggests, returns the fittest of the four.
0

(4.5)
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The function σ takes two arguments i and (j,k), where i is the index of the individual and (j,k) is
the location of the node, and it returns 1 if fitness value of individual i is the optimum in the
neighbourhood of (j,k) or it returns 0 otherwise. The probability, p1, of selecting an individual
i∈S from a population given the distribution of the current generation is

0

(4.6)

Where N is the population size, subscripts m and n represent the physical locations of the nodes
and the summation goes over all nodes. It is obvious from the above expression that the
probability of selection ranges from 0 to 1, inclusive. It is worth noting that selection rule is not
just an explicit function of the individual’s fitness but it also depends on the spatial distribution
of the population. An algorithm with genetic operator selection alone is an absorbing Markov
chain as the population will converge to the best individual (solution) found in the initial
population.
4.1.2 The Stochastic Transition Rule for Crossover
In the fine-grained parallel genetic algorithm the rate of crossover has been fixed to 1.0;
so it is ensured that two selected individuals always crossover. A uniform crossover has been
used in this model because all other strategies (e.g. 1-point, 2-point or multi-point crossover) are
the particular cases of the uniform crossover. The uniform crossover of two individuals is
controlled by a random binary string called a mask. The mechanism of uniform crossover could
be envisaged as the multiplexing of two binary numbers (as in digital electronics) such that the
mask controls the multiplexing, e.g.
s1 = 01010101
s2 = 11110000
m = 10101011
c = 01010001
A 1 at position i of mask m will decide a bit from parent s1 at position i of the child c and a 0
will result in a bit from the parent s2. Since the length of the mask is the same as the length of the
individuals in the population, L, the number of all possible masks is 2L. Uniform crossover is
ineffective on the similar bits of the mating individuals. The number of differing bits of two
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binary strings is calculated using a Hamming distance function, H(i,j). If i and j are two binary
strings then the Hamming distance between these two strings is defined as:
0
Where XOR is the bitwise exclusive-OR function and the modulus | _ | is the number of 1’s in
the string. The probability of obtaining individual k as a result of uniform crossover between
individual i and j may be defined as,
0
The probability, p2, of obtaining an individual i ∈ S, from the selection of two parents and their
uniform crossover, given the distribution of current generation, is:

0

(4.7)

4.1.3 The Stochastic Transition Rule for Mutation
The mutation operator used in this method is the same as that used in sequential
algorithms for binary populations. The mutation rate is defined as pm and it could be variable,
unlike the crossover rate. The search space of the binary strings could be conceived as a
hypercube, which is a metric space. A metric function could be defined on this search space as
the number of differing bits in the two strings, generally known as the Hamming distance.
The probability of obtaining individual i from individual j or vice versa just by using the
mutation operator is given by:
0
The first factor is the probability of differing bits to flip and the second factor is the probability
of the survival from mutation of the same bits of the two individuals. The probability, p3, of
obtaining an individual i ∈ S, from selection and then mutation from the current generation,
given the distribution, is

0

(4.8)
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The mutation rate could be either fixed or variable with generations.
4.1.4 The Transition Rule for the Fine-Grained Parallel Genetic algorithm
In this section the combined effect of the three genetic operators: selection, crossover,
and mutation are added to the Markov transition rule in order to complete the model. It should
be straightforward now to sum up all three stochastic rules of individual operators already
obtained in the previous sections. The probability, p, of obtaining an individual i ∈ S, as a result
of a fine-grained parallel genetic algorithm based search from the current generation, given the
probability distribution, is:
0
(4.9)
The above probability could be easily gathered in a transition matrix P = [pi j] to obtain the
distribution of next generation using the multinomial probability distribution. The resultant
Markov transition matrix for fine-grained parallel genetic algorithm is given as follows,

(4.10)

Once the transition matrix for the Markov chain representing the genetic algorithm has been
obtained, the convergence properties of this stochastic optimisation method may be studied.
4.1.5 Convergence
It is evident from the probability transition, given by Eq. 4.10, that the mutation rate pm
is the control parameter for the corresponding Markov chain. If the mutation rate pm is fixed for
all generations then the algorithm and the corresponding Markov chain is called timehomogeneous (App., Def. 3). The homogeneous algorithm could be defined as a sequence of
homogeneous Markov chains, such that each Markov chain is generated at a fixed value of pm
and that it is decreased between two subsequent Markov chains. The non-homogeneous
algorithm could be defined as a single non-homogeneous Markov chain and the value of pm is
changed at each step of transition. The value of pm (the temperature analogue of the simulated
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annealing) could be used to drive the genetic algorithm towards the global optimal solution. In
this study the convergence of the homogeneous algorithm will be presented and as such it is
essential to prove the existence of stationary distribution (under certain conditions). The Markov
chain is required to be irreducible (App., Def. 5) and aperiodic (App., Def. 6) in order to be
convergent to the stationary distribution. The first condition requires that it should be able to
move from one state to another in finite time and the second condition requires that it should
always be able to move from one state to another. A Markov chain is irreducible if it is not
absorbing, i.e., the elements of the transition matrix are less than 1. In order to be aperiodic the
elements of the Markov chain's transition matrix should be greater than zero; this implies
aperiodicity.
Let
(Davis’91)

(4.11)

then
0

(4.12)

The transition rule for mutation, Eq. 4.8, can be rewritten as

0

(4.13)

and similarly Eq. 4.9 can be rewritten as
0
since 0and 0 < pm < 1 and 0 ≤0 H(i,j) ≤ L therefore
0 < λ < ∞0, and
0

(4.14)

0

(4.15)

Therefore,

and consequently,
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(4.16)

The irreducibility and aperiodicity follows as a result of the above inequality (eq. 4.16). From
the theorem (App., Theorem) it could be concluded that since the Markov chain representing the
parallel genetic algorithm is time-homogeneous and aperiodic, a unique stationary distribution
exists. The fine-grained parallel genetic algorithm as defined in the last chapter without a greedy
approach is an ergodic Markov chain. That is, there exists a unique limit distribution for the
states of the chain which has a nonzero probability of being in any state at any time regardless of
the initial distribution. The stationary distribution,
0
and

0

(4.17)

It proves that the stationary distribution is an eigenvector of transition matrix P with eigenvalue
λ = 1. The convergence to a stationary distribution is in fact a negation of the convergence to the
global optimal solution because even at limiting conditions k→∞0 pi j > 0, the algorithm has a
positive probability that it may move away from the optimal solution. The reason behind this is
the positive value of the mutation rate pm which implies that, even having reached the global
optimal state, the Markov chain will move to some other state. In order to avoid this situation an
elitist strategy is normally employed, in which the best solution from each generation is
preserved. But in the context of a massively parallel model presented in the previous chapter it is
not possible to use elitist method so, instead, a greedy approach is proposed in which individuals
are only replaced when they are better than their parents.
The transition probability pij of obtaining an individual i ∈ S, from individual j ∈ S as a
result of executing the fine-grained parallel genetic algorithm with greedy genetic search is
0

(4.18)

p is the transition probability as given in eq. (4.9). This modified approach ensures that the
transition matrix P (eq. (4.10)) is in a reducible form. The transition matrix now represents an
absorbing Markov chain which results in convergence to an optimal solution. But, this condition
does not guarantee the convergence to a global optimal solution.
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4.1.6 Simulation
The theoretical result has been verified through the computer simulations described in
this section. It has also been shown that it is not easy to get the stationary distribution just by
repeatedly multiplying the initial distribution with a transition matrix. The fine-grained parallel
genetic algorithm runs on a toroidal mesh of 16 processors connected as shown in Fig: 3.1
(chapter 3), and the results reported at each generation are used to get the next distribution at
each step.
Example : The function chosen for this particular example is the deceptive function of order 4
(Fig. 3.2). Deceptive functions are basically Walsh polynomials and they tend to mislead the
genetic search. The length of binary strings L is 5, population size 16 and mutation rate is fixed
at 0.0125. The value of mutation rate corresponds to one mutation per generation. The initial
distribution of the population is given in Fig. 4.1. The distribution after 19 and 100 generations
are presented in Fig. 4.2, and it can be seen that the algorithm has reached a steady state as there
is no change in population distribution after a threshold point.
The above is the result of just one homogeneous Markov chain. It could be observed
from the results that at the beginning of the simulations there is no obvious pattern of behaviour
of the distribution, but in subsequent generations individuals with higher fitness get more
allocation in the next generation and after 19 generations all of the individuals display highest
fitness value. It is evident that the greedy approach provides a directional force in the genetic
search.
It will be rather easier to see the convergence with a numerical example but in the case
of genetic algorithms it is certainly difficult. For example, a population of 10 individuals of
string length 10 could have as many as 2100 possible states which is extremely large to handle for
any computer. For the sake of brevity, a small vector is defined to represent the distribution of
above average and below average fit individuals.

where x1 is the number of above average and x2 is the number of below average individuals. The
corresponding stochastic transition matrix will be of dimension 2X2 such that the column
elements sum to 1, as condition of being stochastic matrix.
0
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‘a’ stands for the percentage ratio of the individuals selected from above average individuals for
next generation and b is the percentage ratio for individuals from below average population. In a
greedy approach value of ‘a’ will always be 1 which will result in absorbing states and the
repeated application of transition matrix T on the distribution vector x will result in a convergent
algorithm. In case of non-greedy approach it could be said, considering the observation, that
there will be exponential number of allocations to above average individuals for the next
generation when diversity is maximum as at the beginning If ‘a’ is directly proportional to the
number of above average individuals and inversely proportional to the number of generations
then after certain number of repeated application of the transition matrix the algorithm will come
to an absorbing state and ultimately converge. This is still in accordance with the expected
behaviour.
4.2 Real Analysis
Genetic algorithms generate possible solutions at each generation. These solutions are
generally real numbers in case of function optimisation. Real analysis is a traditional method for
the study of ordered fields of real numbers. A sequence of real numbers is defined as a map s:
N→R. In a intuitive way, it is an infinite ordered string of numbers, s1 ,s2 , ... sn . A sequence is
infinite but the set of elements of a sequence does not have to be infinite. It can arise while
solving equations, for example, solving a non-linear equation for roots. The ordered set of best
solutions at each generation of a genetic search could be considered as a sequence according to
the above description. Convergence of a sequence proves the existence of a unique solution of
the equation generating it.
Definition: A sequence (sn) converges to l, if given any real number ε > 0, there exists a natural
number N such that |sn - l| < ε for all n ≥ N.
The study of convergent real sequences requires to have the process generating it in a
closed mathematical form. In the case of genetic algorithms the difficulty is to define the process
in a set of equations. There have been attempts as discussed earlier but the mathematical model
obtained is stochastic which cannot be solved in the way ordinary / partial differential equations
are solved analytically. In fact stochastic equation defined earlier are not aimed at solving the
problem in the traditional manner. They are to give the insight of the search mechanism. There is
only one way of studying convergence in this case by observing the simulation results of
particular cases. However, the results obtained could not generalised for all possible problems
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but experimentation with different type of functions suggests that a long run of the algorithm is
certainly convergent for all known functions. The function chosen for real analysis is
0
(4.19)
for maximisation. It is multimodal with four peaks within the domain of x, y ∈ [0, 1] (Fig: 4.34). Two approaches were adopted in optimising this function; greedy and non greedy. In the
greedy approach as the name suggests individuals were replaced only if they were better than the
previous one. It can be seen from the simulation results of both strategies (see Fig: 4.5-6) that it
took five generations or even less to hit the optimal solution for a population of hundred
individuals. The greedy approach did even better in performance as the worst, average and best
solutions all converged to optimal solution within 30 generations. From the efficiency point of
view 500 function evaluations for reaching global optimal solution in a multimodal environment
is a good result. The non-greedy approach is not appropriate for on-line performance. Using the
definition of convergence for real sequences as given above, the greedy approach for the
sequence of best solutions and even for worst and average solutions is a convergent method as
once the algorithm reaches the global optimal solution it spreads through the grid of individuals
and after few generations all locations on the grid are occupied by the best individual. One can
argue that this is a disadvantage if it gets stuck in local optimum but as mentioned in previous
chapter, mutation is still exploring the space and if it comes up with better solution then that will
take over. The selection method used is deterministic so there is no chance of losing better
solutions compared with methods used in a sequential algorithm. A convergent sequence could
be proved to have unique limit and in this case of optimisation, that limit is the global optimal
solution. There are several other definitions and theorems from real analysis that support the
global convergence property of the fine-grained parallel genetic algorithm.
Theorem: Every bounded monotonic sequence converges.
Intuition suggests that the finite set of all possible solutions generated by a genetic
algorithm does not include infinity or negative infinity in the case of practical problems so this
set is bounded above or below for maximisation or minimisation respectively. The greedy
approach makes sure that the best, average, and worst solutions generated are monotonically
increasing or decreasing. This again leads to the convergence of the method by above theorem.
Though these comments were made for a particular case, this is true for all optimisation
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problems. There might be higher computational cost for complex problems but a long run of the
algorithm still guarantees the convergence.
4.3 Topological Analysis
Topological methods are basically geometrical methods to solve problems. This section
is devoted to the convergence study of genetic algorithms from topological point of view. The
branch of topology which deals with spaces which are measurable in terms of distance / metric
is called metric topology. It has been said in the introduction that genetic algorithms work in all
kind of search spaces continuous or discontinuous, unimodal or multimodal. The meaning was
that since genetic algorithms do not search through the actual space of the problem but rather
search space defined by the coded parameters there is independence from the former search
space. It has been observed that the coded search space does not have to be as discontinuous as
the actual problem space. The results generated by the genetic algorithms belong to the coded
space which is continuous. Without going into the mathematical details of the continuity it has
been assumed here that the sequence of best solutions generated by the genetic algorithm is
within a continuous space.
Definition: A metric space M = {A, d} consists of a non-empty set A together with a map d:
A×A→R satisfying the following conditions;
• d(x, y) ≥ 0; d(x, y) = 0 ⇔ x = y.
• d(x, y) = d(y,x) ∀x, y ∈ A.
• d(x, y) + d(y, z) ≥ d(x, z) ∀ x, y, z ∈ A.
The collection of sequences of best solutions generated by the genetic algorithms can itself be
considered a metric space by defining the metric as follows:
0
Definition: Given M = {A, d}, a ∈ A and ε > 0, the open ε - ball neighbourhood of a in M is the
set
.
Definition: A sequence {xn} of points in a metric space M with metric d converges to a point x of
M if given any real number ε > 0, there exists an integer N such that xn∈B (x) for all n≥N.
ε
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According to above definitions it is possible to define open sets or neighbourhoods for the
solutions generated by a genetic algorithm. It is even possible to define open neighbourhoods for
the sequences of best solutions in a sequence space defined earlier.
Theorem: In a Hausdorff space, any given convergent sequence has a unique solution.
A coded search space is a Hausdorff space since any two disjoint points can be housed in two
disjoint open sets and as a result of the above theorem the convergent sequences generated
within that space have unique solutions.
4.4 Time Series Analysis
The best solutions generated at each generation of the fine-grained parallel genetic
algorithms could also be considered as a time series. Time series analysis provides an another
method for studying the convergence properties of genetic algorithms.
Definition: A time series is an indexed collection {x(t), t ∈ T} of random variables.
Time series analysis applies to random processes which are defined in the form of close
mathematical or statistical equations. In all these studies the time series involved is considered
infinite. The difficulty here is that the random process involved in genetic algorithms is not
defined in closed form equations which can be usable for the purpose of time series analysis.
The convergence of a time series could be defined using following definition.
Definition: Let Xn be a sequence of random variables. Then,
a) Xn converges to the constant l in probability if ∀ε > 0,
0.
b) X n converges to X in mean square if
0, where X is an another random variable.
Convergence in probability is, in a way, similar to the definition of convergence given earlier in
the real analysis. A time series is also said to be ergodic in the mean if the average of a single
realisation approaches the average at a single time t of the ensemble of all possible realisations.
It can be seen in the simulation results obtain in figure 4.5 and figure 4.6 that the best and
average solutions all converge to a single value after certain number of iterations. This supports
the belief that the time series generated by genetic algorithms are ergodic in mean and as a result
convergent.
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4.5 Search Role of Genetic Operators
Genetic search is a result of an evolutionary cycle which applies three basic genetic
operators; selection, crossover and mutation, in succession on a genetic population. This loop is
stopped after a certain number of iterations or when a stopping criteria is satisfied. How
selection favours better individuals for reproduction has already been discussed. In the case of
fine-grained parallel genetic algorithms selection method is deterministic and it always selects
the best individual for mating from the local neighbourhood of four. It can be easily said here
that selection is only mechanism which spreads better solutions throughout the grid of
individuals. For this reason the algorithm is also called the diffusion method of parallel genetic
algorithms. In order to observe the actual mechanism an experiment has been carried out. In this
experiment length of individuals has been kept small ( four bits) in order to keep the set of all
possible solutions to a smaller size of 16. The size of the genetic population has been chosen to
be 100 in order to allow multiple occurrences of individuals. This large size and multiplicity of
individuals will allow the calculation of the distribution at each generation. The function chosen
to optimise is, f(x) = x2 , for the sake of simplicity. This experiment was carried out with and
without the application of crossover and mutation in order to observe the behaviour of selection
only.
It is obvious from the population distributions obtained from the experiment with
crossover and mutation that the initial population is random and then starts biasing towards the
optimal solution with increasing generations. It can be observed that 90% of the individuals in
the population are optimal after 10th generation but it does not reach the 100% even after 100th
generation (Fig: 4.7-13). It can be said here that crossover and mutation are playing their role in
exploitation and exploration of the search space. In the other case the population distribution
converges to an optimal solution within 10 generations (Fig: 4.14-20) and remain like this until
100 generations and after. Such a rapid convergence was the result of small length of the string
and large population. It would take several generations to converge for a complex problem. The
population distributions obtained confirm the previous statement that selection is the only
mechanism which favours the better solutions for survival in next generations. It has been
observed during the simulation of genetic algorithms that the initial population will be either
uniformly distributed or a combined effect of several distributions and with successive
generations. When the algorithm starts favouring the better solutions, a distribution around the
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best solution starts to build up and it narrows down to the optimal solution. It also confirms that
crossover and mutation as a combined effect are responsible for the supply of fresh blood in the
population. These points might be known and obvious but the point to ponder is that if crossover
and mutation are only providing diversity to the population, is there any particular reason to use
these operators? There could be infinite number of other ways to introduce diversity. This is the
stage where evolutionary algorithms take the place of genetic algorithms. This topic will be
discussed later in the next chapter.
4.6 Summary
This chapter presented a Markov chain based stochastic model of the fine-grained
parallel genetic algorithm which can be controlled using mutation rate. It has analogy with the
temperature parameter in simulated annealing. In the case of a fixed mutation rate it has been
proved that this will result in a homogeneous Markov chain. The transition matrix for the
Markov chain suggests that the chain is irreducible and aperiodic. These two conditions establish
the fact that this chain is ergodic and that a unique stationary distribution of the population
exists. These properties provide enough information about the convergence of this algorithm,
although it does not prove that it will converge to the global optimal solution. This chapter also
looks into the genetic algorithm from different points of view. Real analysis supports the belief
that this method is convergent and also adds that the point of convergence is unique. The
topological view suggests that the nature of the space for genetic search is conducive to a unique
solution. The time series based insight suggests that the algorithm is convergent in the mean.
The most important point of view, the effects of genetic operator concludes that the search for
optimal solution is the result of selection and the crossover and mutation are source of new
individuals. This conclusion will help in deciding new line of action to improve existing model
of parallel genetic algorithm.

119

CHAPTER 5
THE DIRECTIONAL EVOLUTIONARY ALGORITHM: AN EFFICIENT
OPTIMISATION METHOD
This chapter is aimed at developing a new method of efficient global optimisation using
the results obtained from the previous chapters. It is a fact that every complex system, physical
or biological, is a result of an evolutionary process. Artificial evolution does prove superior to
the traditional methods in many difficult problems but it has been established that it does not
reach a high standard of efficiency, robustness and global convergence in all real world
problems. Artificial evolution is certainly not a method of optimisation or search which can
solve every problem. This has been realised by many researchers and that is the reason why
many variations of this algorithm have been proposed with the claims of improvement on a
particular set / class of problems. In this field there is also a lack of sound theoretical work
because of the mathematical difficulties involved because of the intrinsic nature of these
methods, as has been discussed in the previous chapter. It is also known that traditional methods
of optimisation are more efficient in their respective domains of application. These traditional
methods are based on sound theoretical foundations with a large number of successful practical
applications in many areas of science and engineering. On the other hand genetic algorithms are
used only in engineering design problems where often a long time is available to simulate. There
are not many practical applications of genetic algorithm in on-line optimisation problems. The
main reason is the intrinsic slow nature of these methods. This chapter looks at the
disadvantages evolutionary algorithms tend to have when compared to the traditional methods
and how both methods may be combined to produce a new class of algorithms which include the
best of both worlds. This chapter contributes new efficient methods of genetic search and
population initialisation.
5.1 Intrinsic Disadvantages of Genetic Algorithms
Genetic algorithms are basically stochastic optimisation methods as has been discussed
in the previous chapter. Stochastic algorithms are mathematically proved to be convergent to a
global optimal solution but they also require an infinite run time with no initialisation strategy or
stopping criterion. This property of the algorithms does provide a sound robustness but a poor
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efficiency. Genetic algorithms depend on a few control parameters (i.e., population size,
crossover rate, mutation rate etc.) which generally affect the time to convergence and the overall
performance on a particular optimisation problem. The selection of an appropriate set of these
parameters is again an optimisation problem but it is not desirable for practical purposes. There
is also an implementation problem with genetic algorithms as there is a lack of parallel hardware
which could truly reflect the architecture of these algorithms. A simple evolutionary loop with
three genetic operators selection, crossover and mutation whether it is a sequential or parallel
implementation is intrinsically an inefficient method as there are wasteful evaluations of fitness
of the individuals involved which are rejected with the generations. Genetic algorithms are also
found to converge prematurely to sub-optimal solutions. This behaviour could be attributed to
selection pressure in the beginning of the generations and lack of variation at the end, as
concluded from the previous chapters. Crossover and mutation operators are believed to be the
suppliers of fresh blood in a population, but it has been observed that these operators are
disruptive. It is also true that crossover will be ineffective after a few generations. Mutation is
generally believed to explore the search space while crossover to exploit. But now it has been
realised that mutation is equally capable of generating new individuals and also destroying the
already converged individuals. Some researchers [Koza’90] consider mutation as a side show in
an evolutionary process. In order to overcome these difficulties an elitist approach is adopted by
the users to save the best individual of a generation. On the other hand, researchers are
developing variations of the genetic operators, crossover and mutation, in order to maintain
diversity in a population for a longer period of time. These two approaches are complementary
to each other and a lot of research has been conducted in order to balance between exploitation
and exploration, which is again an optimisation problem. Since the development of genetic
algorithms was initially inspired by natural evolution it is believed that better simulation of
natural evolution will improve the performance of genetic algorithms. This belief does not
recognise the fact that natural evolution spans over a long period of time and also there is no
known problem in engineering which possesses anywhere near the complexity of natural
evolution. Research into the improvement of the simulation models of evolution might be useful
for a biologist but it might equally be wasteful for an algorithm designer. Genetic algorithms
also have the disadvantage that they do not use any local information. There have been attempts
to introduce local search (hill climbing) into the evolutionary loop as an another genetic operator
with no counterpart in nature. But looking at it analytically it is obvious that any improvement
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achieved over a step of a local search could be lost because of the disruptive crossover and
unnecessary selection pressure. The application of mutation with a greedy approach is also a
local search and it has been used in previous chapters. The next section is devoted to the
development of an efficient global optimisation method to overcome the disadvantages
discussed so far.
5.2 Directional Evolutionary Algorithms
Evolutionary algorithms do not have any strict definition. They are classified into three
main areas genetic algorithms, evolutionary strategies, and genetic programming. The common
notion shared among above three areas of evolutionary algorithms is the Darwinian concept of
“survival of the fittest”. It follows that only the individuals, solutions or programs with above
average performance will survive in the next generation and all others will die out with time.
Any new method based on this notion of survival is another evolutionary algorithm and there is
no reason not to explore more areas within the domain of evolutionary algorithms. Natural
evolution does not seem to have any aim or direction. Selection is the only directional force
involved in an evolutionary algorithm.
5.2.1 Local Deterministic Selection
The development of a new evolutionary algorithm starts from an efficient selection
procedure. There have been several methods of selection proposed by researchers (as discussed
in chapter 2) for sequential genetic algorithms. The most popular method is proportional
selection as proposed by John Holland [Holland’75]. All other methods are developed with an
intention of reducing the genetic drift in a finite population. Natural selection is a stochastic
process and so are the artificial selection methods of sequential genetic algorithms. One thing
which is common to all these methods is that all of them are bound to become stagnant after
some time as the selection pressure reaches a threshold value. More procedures are normally
introduced into the evolutionary loop such as scaling in order to enhance the differences in
fitness values to maintain the selection pressure. The selection methods based around a
sequential method require global information of the population and a central control. In a
massively parallel genetic algorithm as one proposed in the previous chapters selection is locally
deterministic. So moving from a sequential to a massively parallel algorithm is in fact a
migration from stochastic to a deterministic approach. Looking at deterministic methods in
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general, it is known from mathematical optimisation that deterministic methods are more certain
to reach an optimal solution starting from a defined initial value and stopping at a certain
termination point. This selection mechanism gathers fitness information from four neighbouring
individuals and selects the best individual for mating. Improvement in any individual of the
toroidal mesh population (see chapter 3) spreads across the population very quickly because of
the low communication radius of the toroidal topology. Regardless of the procedural differences
between any stochastic selection method and this local deterministic selection procedure the net
effect is still the same. If selection is applied repeatedly on any population without application of
crossover and mutation then after few generations the population will be occupied by only one
individual as has been previously observed.
5.2.2 Algorithm Architecture and Coding
The architecture of the new algorithm developed in the next few sections is the same as
that defined for the fine-grained parallel genetic algorithm in chapter 3. Sequential genetic
algorithms are impossible to parallelize in true form. The idea of distributed parallel model is
essentially the same as the simple model with communication from time to time between the
sub-populations. The distributed model suffers from synchronisation problems, communication
overhead and central control. The toroidal mesh of processors enjoys the benefit of local
communication and as a result has a lower communication overhead, the edge wrap-round
provides lower radius of communication, no global information or control is required. Thus it is
implementable on any cellular array hardware. This architecture could easily be implemented on
a network of transputers and even it could be simulated on a single transputer board using
parallel C as has been done for this research. Transputers provide a parallel model called
Communicating Sequential Processes which exactly maps the fine-grained toroidal architecture.
The individuals used in this algorithm are real-coded which is not exactly a coding
strategy but the adoptation of parameter vectors of the system to be optimised as the individuals.
Low cardinality coding is prone to lose vital precision information which is important for
retention in most engineering applications. Real coding is very practical for large-scale
engineering problems. Low cardinality coding certainly has some advantages but for the purpose
of this particular algorithm where the fitness landscape or search terrain plays an important role,
real coding is appropriate as it preserves the properties of the search space. The geographical
features of a search space for example plateaux, hills, peaks, ridges and valleys play an
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important role in the search process. In the case of a binary or Grey coding the search space
transforms to a hypercube and there is no known method to visualise the geographical entities
within the transformed space.
5.2.3 Grid Initialisation
A large number of users of genetic algorithms use a random population to initialise the
genetic algorithms as was proposed by John Holland [Holland’75]. A very few methods of
initialisation have been reported in the literature (chapter 2). The existence of such little work in
this area is because genetic algorithms are stochastic methods with asymptotic convergence and
will eventually converge regardless of the initial population. On the other hand, it is a common
practice among researchers to run a simulation several times with a different initial population in
order to measure the performance of an algorithm. This practice contradicts the earlier notion.
The earlier notion is true in case of a continuous infinite population but for a discrete finite
population, initial population plays an important role in the global convergence. This research
proposes a deterministic method of population initialisation and suggests the method be called
‘grid initialisation’. In this method the search space is divided into rectangular regions and the
central points of the rectangles are used to initialise the population, in a formal way
min f(x), s.t. x ∈ X = [a1, b1] × [a2, b2] × ... ×[an, bn] 0

(5.1)

There are several advantages of this method, first of all the search algorithm has a uniformly
distributed initial population which allows an equal search effort in all regions of the search
space. Secondly, selection is not only local within the spatial distribution of the population but
also local within the search space itself. The combination of grid initialisation with a local search
method gives a new meaning to the genetic search. Before, with a random population, search
was coarse-grained without any understanding of the search space but now with a deterministic
initial population an individual looks for the local optima within the population and then goes
towards the neighbouring optimal points. Grid initialisation in combination with a local selection
method turns the evolutionary algorithm into a pseudo clustering method, this will be shown
using the following example.
Example 1:

Objective function

0

such that 0 ≤ x, y ≤ 10. This function has 4 local maxima (Figure: 5.1 & 5.2) including one
global maxima approximately at the point (7.954, 7.954) with maximum function value 4.4085.
The initial population is created by dividing the search space into 100 equal squares (since both
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variables have the same length) and the centre points of the squares are used as the initial
population. This population of 100 individuals occupies a grid of size 10×10 processors of a
toroidal mesh. The initial population is uniformly distributed over the search space as shown in
Figure 5.3. The change in population distribution as a result of repeated application of selection
is shown in Figures 5.4 - 5.8. It is visibly obvious that individuals move towards the local
optima within the population and then to the neighbouring optimal points. This could be defined
as a pseudo clustering effect.
The clustering method is a very important technique, it has been applied to a very wide
variety of problems. It has also been used in global function optimisation problems. A cluster C
is a collection of points which are associated to a point / region of attraction. Local optimal
points are like the points of attraction in a optimisation method. Torn [Torn’78] described his
method of clustering in the following four steps:
1. Initialise a uniformly random population of points.
2. Use a local search method for a few steps.
3. Identify the clusters.
4. Sample a point from each cluster, go to step 2.
This procedure has some similarity with the evolutionary algorithm proposed here. The method
of population initialisation is the same, an individual takes a step towards the best individual in
its local domain by identifying the best mate and the offspring go through the same procedure
again. The clustering is pseudo in the sense that the individuals are not attracted to the local
optima but to the best individual in a local domain.
Selection alone is certainly not able to find the global optima even with the clustering
effect because after few generations as the good individuals spread across the population all the
clusters will be reduced to a single point. Both of these features, clustering around local good
individual and then finally a convergence to a single optimal solution are desirable. This will be
further discussed in the following sections.
5.2.4 Directional Recombination
The basic aim of crossover is to pass on useful information to the successive generations
but as discussed earlier that crossover is a disruptive mechanism and it is not an efficient method
of sharing information between individuals. The term crossover is specific to the procedures
where sub-strings of the individuals are swapped. The method developed later in this section is
137

based on the notion of a directional derivative which is different from the swapping sub-strings,
so from this point term “recombination” will be used instead of “crossover”.
Gradient is an important mathematical quantity attached to a search space in order to
determine the stationary points. If a search space is defined by a function f(x) then at any
stationary point,
0

(5.2)

The stationary points could be classified further into maxima, minima and points of inflection
using the second derivatives.
Let xmin be a local minima then, f(xmin) < f(x) 0, for all x in the vicinity of xmin and if the
minima is global then the inequality is true for all values of x. In the traditional line search
algorithm a user starts with a guess value xo for optimal solution and then it is updated using the
following recursive procedure.
0

(5.3)

where Δn is the new direction of search at nth iteration and rn is the scaling factor at nth step. The
search is controlled using the scaling factor g(x) = ∂f/∂x by gradually decreasing it in the
direction of change. Geometrically, the gradient of a function 0 indicates the direction of
steepest ascent of f(x) at the point x. A recursive method of minimisation using steepest descent
could be defined as follows;
0
(5.4)
The directional search method obtained moves in parallel with the gradient, it will move along
the gradient for maximisation and in opposite direction in case of minimisation.
Gradient based search / optimisation methods are more successful in practical
applications because they provide exact search directions in a well defined problem. But they are
not easy to evaluate in most real world problems where uncertainty is involved. Evolutionary
algorithms are more appropriate for ill-defined problems but they lack the efficiency of the
gradient based methods. In order to overcome this difficulty a new paradigm has been
introduced in evolutionary algorithms. In this method, each individual obtains the directional
information from the four neighbouring individuals which are also neighbours in the search
space.
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In the first method of directional recombination each individual finds out the worst
individual among its neighbourhood including itself. It calculates the centre of four better
individuals out of five (Fig: 5.9) using the following formula;

0

(5.5)

Then the new value for an individual is worked out using the following equation,
0

(5.6)

The second method of directional operator is even simpler, in this method for each individual a
best individual is selected from the neighbourhood (Fig: 5.10) and the new individual is
calculated using the following formula;
0

(5.7)

r is the radius of the search hypersphere around the current point and it provides control over the
search region covered by an individual. Though these two methods do not actually calculate the
direction of maximum change in an absolute sense but they do pass on useful directional
information to the next generations. Now, the initial version of directional evolutionary
algorithm could be summed up as is explained in the following section.
5.2.5 The Algorithm
A directional evolutionary algorithm is similar to a fine-grained parallel genetic
algorithm in its architecture and coding strategy. Population initialisation is done using the grid
initialisation technique. The selection mechanism essentially remains the same as defined for the
fine-grained algorithm. Crossover is replaced by directional recombination. There is no mutation
operator used in this algorithm so far. It is a greedy search method because only improvements
are accepted in the population. There will be some waste of function evaluations but generally
the algorithm is designed for efficient optimisation.
The pseudo code for the fine-grained parallel genetic algorithm could be written as:
for each node do in parallel
generate an individual using the grid method
end parallel do
while not population_is_homogeneous do
for each node do in parallel
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evaluate the fitness of the individual
get the fitness values of four neighbouring individuals
apply directional recombination to the individuals
if new individual is better than the current individual then
replace current individual with new individual
end parallel do
test population_is_homogeneous
end while
It is worth noting that this algorithm has only one control parameter, r, the radius of the
directional search. This control parameter could either be changed with increasing generations or
it could be fixed for a simulation.
5.3 Experiments
In this section simulation experiments are carried out in the same manner as is used in
chapter 3 for fine-grained parallel genetic algorithms. The environment is changed to a new set
of functions. It is known that DeJong’s functions are easier for traditional methods of
optimisation whereas deceptive functions are too difficult to handle for all known methods. It is
well known that deceptive functions do not exist in practical applications. From a practical point
of view, there is a need for a new set of functions which is neither too easy nor too difficult for
an optimisation method. The new set of functions [Bilbro’94] consists of 7 non-linear functions
with different dimensions and problem sizes. These functions are defined as follows,
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Test Function f1:

s.t. -2 ≤ x1, x2 ≤ 2.
It is a 2-dimensional function called Goldpr function (figure: 5.11). This function has 4 local and
a global minima,

min(f1) = f1(0, -1) = 3

Test Function f2 :

s.t. arg(a1, a2, a3, p1, p2, p3) = a1 (x1 - p1)2 + a2 (x2 - p2)2 + a3 (x3 - p3)2
0 ≤ x1, x2, x3 ≤ 1
It is a 3-dimensional Hartman function (figure: 5.12) with a global minimum,
min(f2) = f2(0.115, 0.555, 0.852) = -3.86
0Test Function f3 :

s.t. arg(a1, a2, a3,a4, a5, a6, p1, p2, p3 , p4, p5, p6) = a1 (x1 - p1)2 + a2 (x2 - p2)2 + a3 (x3 - p3)2
+ a4 (x4 - p4)2 + a5 (x5 - p5)2 + a6 (x6 - p6)2
0 ≤ x1, x2, x3, x4, x5, x6 ≤ 1
0It is 6-dimensional Hartman function (figure: 5.13) with a global minima,
min(f3) = f3(0.201, 0.15, 0.477, 0.275, 0.312, 0.657) = -3.320
Test Function f4 :
0
s.t. -5 < x1 < 15, 0 < x2 < 15
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It is 3-dimensional function (figure: 5.14) with three global minima,
min(f4) = f4(-3.143,12.28) = f4(3.143, 2.275) = f4(9.42, 2.47) = 0.3979
0Test Function f5 :

0

s.t

denom(a1, a2, a3, a4, c) = (x1-a1)2 + (x2-a2)2 + (x3-a3)2 + (x4-a4)2 + c

0 ≤ x1, x2, x3, x4 ≤ 10
It is a 4-dimensional Shekel function (figure: 5.15) with a global minima,
min(f5) = f5(3.995, 4.005, 4.00, 3.996) = -10.53
0Test Function f6 :

s.t

0

denom(a1, a2, a3, a4, c) = (x1-a1)2 + (x2-a2)2 + (x3-a3)2 + (x4-a4)2 + c

0 ≤ x1, x2, x3, x4 ≤ 10
It is a 4-dimensional Shekel function (figure: 5.16) with a global minima,
min(f6) = f6(4.0, 3.998, 3.991, 3.996) = -10.14 0
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Test Function f7 :

s.t

denom(a1, a2, a3, a4, c) = (x1-a1)2 + (x2-a2)2 + (x3-a3)2 + (x4-a4)2 + c

0 ≤ x1, x2, x3, x4 ≤ 100
It is a 4-dimensional Shekel function (figure: 5.17) with a global minima,
min(f7) = f7(4.0, 3.998, 3.991, 3.996) = -10.14 0
5.3.1 Mathematical Optimisation
Matlab’s optimisation toolbox version 1.0c has been used to optimise the above test
functions. Two procedures are chosen for this study, first fminu is based on a Quasi-Newtonian
method and the second fmins is based on a simplex search method. Both of these procedures
require an initial guess vector in order to start the search. The first procedure fminu failed to
optimise test function f1, f5, f6, f7 and successfully optimised f2, f3, f4. The second procedure
fmins failed to optimise any function except f4. The initial guess was a zero vector for all
functions. Most failures to optimise could be attributed to the multiple local optima. These
results show that the test problems are sufficiently difficult for

traditional mathematical

methods.
5.3.2 The Fine-grained Parallel Genetic Algorithm
Simulation results of the fine-grained parallel genetic algorithm on the test functions are
shown in Table 5.1. A population of 100 individuals is distributed over the toroidal mesh of 100
processors simulated on a transputer using parallel C. This algorithm optimised test functions f1,
f2 and f4 within 100 generations. It seems from the efficiency results that there is a possibility of
improvement for functions f3 and f7 if simulation is allowed to continue beyond 100 generations
but there is no chance for functions f5 and f6 as they have already converged prematurely. The
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simulation results of the same algorithm with a grid initialisation of population is shown in Table
5.2. The comparison with the previous simulation results of a random population suggests that
grid initialisation improved the on-line, off-line and best-so-far performance. The efficiency
results show that the functions which are easily optimised by the first simulation took
approximately the same time in the second simulation. The second algorithm did better in
convergence on the test functions not optimised by the first algorithm. Though the second
algorithm did not converge for functions f5, f6 and f7 they go very far in simulation which shows
that if more generations are allowed there is a potential for further improvement.
5.3.3 Directional Search
The directional evolutionary algorithm is simulated for the first and second method of
directional recombination. Each directional recombination is further simulated in two ways, in
the first method the value of r is fixed to 1.0 whereas in the second method r varies from 2.0 to
1.0 with the decrement of 0.01 at each generation. Decreasing value of r means collapsing the
search hypersphere for each individual. These simulations are carried out for 100 generations
and the population is initialised using a random method in order to see how the grid initialisation
effects the performance and efficiency. The results are shown in Table 5.3 - 5.6 and it is clear
that the performance or efficiency is not comparable to the fine-grained model. The results from
the simulation of second directional recombination with varying search parameters are better
than others. In the later stage the same set of experiments are performed for the populations
initialised using grid method and the results are given in Table 5.7 - 5.10. There is no significant
improvement in the results obtained by using grid initialisation in a directional search method
except for the second method with varying parameter. It seems from the efficiency measures that
the algorithm tends to get stuck in the very beginning of the simulation.
At this point it could be concluded that grid initialisation contributed positively towards
the improvement in performance and efficiency of a fine-grained parallel genetic algorithms.
The first method of directional recombination performed very badly and this could be attributed
to the way it has been designed. The line joining the worst point to the centroid of other four
points does not exactly represent the direction of maximum change whereas in the second
method the line joining the current point to the best point is the direction of maximum
improvement. There is still a need for further research into directional search methods and the
following section is devoted to this topic.
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5.4 The Fitness Landscape and the Local Search
The terms “fitness landscape”, “search space”, “search terrain” and “state space” are
often refered alternatively without making any mathematical distinction among them. This
research will not go into defining the formalism or mathematics of these terms but rather take
the intuitive meaning and look at how the visualisation of the search space could help in
understanding the difficulties and possible improvements in the search mechanism.
Search space is normally defined as a surface defined by a function, i.e. a fitness
function. In case of a real-coded evolutionary algorithm, the fitness function is the same as the
objective function. First, there is a need to look at what are the features of a search space and
how they could affect the search. Mathematically, a space is defined as a set with some
properties associated with the elements of the set, for example, a metric space is a set of numbers
and a metric function satisfies some conditions on the elements of the set (see chapter 3 for the
definition of metric space). A set of all real vectors with the distance function,
d = √ Σ (xi - yi)2
is a metric space, which is also the search space for the directional evolutionary algorithm. A 3dimensional view of a function is similar to a geographical landscape. As has been stated it
might have geographical entities for example hills, deep holes, ridges, plateaux, treacherous
paths and much more. There is no confusion about the fact that some features / properties of the
search space make a problem easier or difficult. If a person is looking for the highest / lowest
point in a region then the geography of this terrain certainly contributes towards the search
result. If it is a bowl shaped valley then from each point in the valley one could move to only
one direction of improvement, such a terrain is easy to understand and any downhill move will
go towards the global minimum point. Similarly unimodal functions are easy to optimise by
using any hill climbing method. Say if one is looking for a lowest point in a region such that the
region is flat and there is just one deep hole with a small basin radius then this deep hole will not
be visible on the horizon and the flat surface will not provide any information about the possible
direction of improvement. This corresponds to the one-optima problem which is like searching
for a needle in a hay stack. If there are 100s of such deep holes with varying depth then once
again it is difficult to decide the location of the deepest hole. This corresponds to the fox holes
problem (DeJong’s function 5) which is very difficult to optimise using mathematical methods.
It is possible to develop the mathematics of geographical entities in a search space in order to
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understand and improve optimisation methods. This research looks at the contour diagram of the
objective function given in figure 5.2 in order to understand the search mechanism. The example
function is limited to two independent variables, in case of a higher dimensional function a cross
section of the hyper contours can easily be plotted. The concentric ellipses in the contour
diagram represent the hill / hole in the search space. Looking at the contour diagram and
working out the directional algorithm mentally over the initial population (figure 5.3) it could be
said that the algorithm will converge to the best point in the initial population or to the one in the
vicinity of the best point. The clustering effect also suggests the same thing - that the population
will converge towards the best point in the initial population and directional recombination will
make a contribution towards the better search region. Global convergence could be guaranteed
only if the population size is very large and uniformly covering all of the space but for a largescale problem this is not practically possible. It has been noticed in chapter 3 that the size of
search space of order 20 deceptive function is 2.14×109 whereas a population of size 100 is able
the explore only 104 points in 100 generations. So, in fact, the algorithm is exploring only a
fraction of the search space. It is difficult to reach the global optimal solution in this situation
when the function is also deceptive. A method has been developed in the next section to
overcome the difficulty of a large search space.
Once again referring to the example (Figure 5.1), from the contour diagram (Figure 5.2)
it could be said that the function is well behaved. The number of optimal points are few and
there is a potential to find out the direction of improvement from any point of the search space.
Local optima are normally considered a problem for global optimisation as the algorithms may
prematurely converge to the local optimal solutions. This might be a problem for a single point
search but for a population based search algorithm the more local optimal solutions reached by
the individuals the more is the chance to attain the global solution as the global solution lies
among the local solutions. It may clearly be concluded that if one knows all the optimal
solutions then it is easier to find the global optimal solution. Local optimal points could be
identified by local search methods and this is very efficient. It is also worth noting the
difference between the fine-grained parallel genetic algorithm and the directional evolutionary
algorithm. There is no mutation operator defined in the directional evolutionary algorithm
whereas mutation used in fine-grained algorithm is in fact a one step local search because of the
greedy approach. Thus it could be deduced that the directional evolutionary algorithm needs an
operator for local search. To observe the effect of local search in the evolutionary loop of a
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directional algorithm the same experiment is done as before on the same set of functions with
the introduction of one step local search. This is a little different from mutation as the one step
local search is a separate search move from the selection and recombination loop. The
simulation results for first and second method of directional recombination with and without
varying the search radius parameter are shown in Tables 5.11 - 5.14. There is an overall
improvement over the results of Table 5.2. These methods optimised function f3 which is not
optimised by any other method so far. The second method of directional recombination proved
better than the first method as expected. The results of first method are comparable to the
performance of the fine-grained method (Table 5.2), and there is a degradation in performance
because of the varying parameter. The efficiency results are not satisfactory as there is an early
convergence without reaching the global optima for the first method. The second method (Table
5.13) did very well, as it optimised all functions to the global optima. The convergence rate is
fast which could be suspicious for some problems but for these functions of varying nature and
dimensions it shows the true behaviour of the algorithm. The varying search radius degraded the
efficiency and performance of the algorithm. It seems from the results that varying the search
radius delays the convergence and also loses the optimal solution. It is also important to consider
that the search sphere of an individual is reduced with the convergence so the control paramter r
is unnecessary.
In the next experiment, a hybrid of local search and the directional evolutionary
algorithm is designed such that a local search occurs before and after the evolutionary search.
Each individual in the network first carries out the local search for 25 iterations then it goes
through evolutionary search for 50 generations and finally does the local search for another 25
iterations. The simulation results (Tables 5.15 - 5.18) show that the right place for a local search
is within the evolutionary loop rather than outside it.

5.5 Large-scale problems
Grid initialisation is difficult to apply on a large-scale problem because of the number of
dimensions involved and the range along each dimension. Say there is a 10 dimensional problem
and one is interested in looking at the range [0, 10] on each dimension. If a grid of granularity of
1 unit is used then it will require 1010 individuals to explore the search space. It might offer a
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guaranteed convergence to the optimal solution but it is certainly not a practical method for such
a large problem. The change in granularity of the grid will not help in most engineering
problems because of the many dimensions of the problem.
There is a need for innovative changes in genetic operators to handle such a large search
space. This research proposes a change in the recombination mechanism such that the
recombination is applied at the component level rather than that of the individual. In this method
only one component of the real vector individuals is changed which corresponds to the
maximum change. The initialisation is done in such a way that if the search space is visualised
as a hyper-rectangle than the initial population is composed of only the diagonal points as
presented in Figure 5.18. The advantage is that all possible components of the complete grid are
present in a grid-diagonal population and if there is a recombination operator working at the
component level then there is a good chance of searching the best combination of the
components. The same set of functions and measures is used to evaluate the performance and
efficiency of this method (Table: 5.19). This method proved better than the fine-grained
algorithm with grid initialisation. There is an early convergence to the optimal region as
expected from grid-diagonal initialisation when applied to relatively smaller problems. It is
important to note that this method proved comparable to the results of the second method of
directional recombination with grid initialisation and local search (Table: 5.13). This method for
large problems did better in on-line and off-line performance of difficult functions f5, f6, f7. The
other method did a little better in best-so-far results for the same functions. There is not an
enormous difference in efficiency results as both methods tend to converge early. What has been
proven is that this method is equally good for the same set of problems of varying number of
dimensions and difficulty.
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5.6 Summary
This chapter looked at the evolutionary algorithm with a view to improving the
efficiency and efficacy of the algorithm. It shows that the genetic algorithm is not a very
efficient evolutionary algorithm. It develops a new class of recombination operators which take
into account the geometry of the search space and as a result provide the direction of better
search region based on a realistic approach. It introduces a local search operator in the
evolutionary loop in place of the mutation operator which is known to destroy the best solutions.
There is a new set of functions used as a test bench which is more practical than deceptive
functions. This chapter introduced a deterministic method grid-initialisation to cover most of the
search space and grid-diagonal initialisation to handle large problems. This chapter also
introduces component level recombination to enhance the component level search in an
evolutionary method. This chapter proposes a new class of evolutionary algorithm which has
the potential to globally optimise a large set of practical problems.
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CHAPTER 6
SYSTEM IDENTIFICATION AND NON-LINEAR ADAPTIVE CONTROL
USING FUZZY - EVOLUTIONARY ALGORITHMS
Optimisation has always played an important role in control theory from the design of
the control system to the actual running of the plant. Optimal control and self-optimising control
are important topics of control theory and they are widely applied in industry. The parallel,
global and fast convergent optimisation features of the evolutionary algorithms offer a new
approach to the old problems. This chapter is divided into two stages in the first stage it presents
a method to use evolutionary algorithms for system identification and in the second stage it
discusses the application of the algorithm for the adaptive control of non-linear systems. In the
first stage a fuzzy - evolutionary algorithm has been applied for the modelling and prediction
(forecasting) of complex time series arising in physical and financial world. The purpose of
identification is to design a control strategy so in the next stage adaptive control of the non-linear
dynamical systems has been developed.
6.1 Control Systems and Fuzzy - Evolutionary Approach
The development of a control strategy for a system always require a model of the
system. Linear control theory [Unbehauen’90] is rich in theoretical and practical knowledge
because of a long history of research and development. The concepts of linear control theory
are not extendible to non-linear systems [Slotine’91] as such modelling and control of nonlinear systems remains a rather difficult problem. A model of a system is a mathematical
relationship (differential eqs., difference eqs., state-space eqs. or transfer functions) between the
inputs and outputs of the system. Mathematical models could either be developed using the
mechanics of the system if enough information is available or by fitting a model to the observed
input-output data. This research requires system identification to be divided into these three
main steps: 1) determination of the structure of the model, 2) estimation of the parameters of
the model from the training data, and 3) validation of the model by testing on a checking data
set according to a criterion.
The structure of a system is a set of equations (e.g. differential, difference, logical). The
identification of a structure (system characterization) is an important step. The structure should
be able to capture all the features of a system for example order of the system and time delays
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involved. Parameter estimation determines the unknown coefficients of the hypothesized model
structure using a set of input and output data of the system under consideration. There are
several on-line and off-line techniques available for parameter estimation, i.e., least square,
instrumental variable, recursive least square, Kalman filter, steepest descent. These methods
can be largely defined as the problem of finding the parameters for a model in a way that a
criterion (e.g., J = E(e2) ) is minimized. System identification is simply an optimisation problem
using this approach and this is where evolutionary algorithms could play their role as a
optimisation method. The model obtained is validated on a test data set using a performance
criterion / index, e.g., root mean squared error (RMSE). It is known that most real world
systems are non-linear and highly complex to model in closed mathematical form. There are
also situations where mathematical models are undesirable, for example, a driving instructor
can easily define the automobile system in linguistic terms to his trainees and certainly the
trainees will prefer a linguistic model to drive rather than a differential equation to solve. It
shows that in the absence of any mathematical formalism, the human (intelligent) controller
could perform equally well or even better than any machine. The human linguistic model of
system involves vague information in the form of “fuzzy” linguistic terms. Fuzzy logic system
(FLS) [Mendel’95] are novel method to represent a system in logical framework. It is a unique
method to handle the numerical and linguistic knowledge simultaneously so it can not only
develop models from a observed set of input-output data but also the linguistic information
from an expert could be integrated into a system. Fuzzy logic system, as the name “fuzzy”
suggests, provides a method to measure the uncertainties involved in a model. There was a lack
of sound theoretical foundations in the beginning but now there is enough research work
available for the analysis of fuzzy systems [Nguyen’95, Wang’94]. This research chooses a
fuzzy logic system as a general logic to characterize a system which corresponds to the first
step of the system identification process.
It has been mentioned earlier that system identification is an optimization problem.
Evolutionary algorithms [Manderick’89, Muhlenbein’89, Muhlenbein’91] are proved to be
parallel, global and convergent [Muhammad’97] and they are a better choice to optimise a
fuzzy logic system. This research uses the evolutionary method to estimate the unknown
parameters of the fuzzy logic system which corresponds to the second step of system
identification process. It has been proved earlier in chapter 4 that a parallel genetic algorithm is
a convergent stochastic process. If qk is the distribution of the population at step k and P is the
transition matrix of the process then the stationary distribution,
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Error! Switch argument not specified.

(6.1)
and

Error! Switch argument not specified.

This shows the convergence of the algorithm to a stationary distribution (Refer to chapter 4).
The following section presents an adaptive fuzzy logic system for the characterization of a nonlinear system.
6.2 Adaptive Fuzzy Systems
The fuzzy logic system could be defined as a system which is related with fuzzy logic
[Lee’90a, Lee’90b]. The basic structure of a fuzzy logic system includes fuzzifier, defuzzifier,
fuzzy inference engine and fuzzy rule base (Fig: 6.1). A fuzzifier converts the real numerical
inputs into fuzzy values and a defuzzifier works in a reverse order. A fuzzy rule base contains
the fuzzy rules in the form of IF-THEN rules and an inference engine is a mechanism to decide
the output of a fuzzy rule based on the fuzzy premises. The design of a fuzzy system [Li’95] is
not simple there are several methods available for the fuzzification, defuzzification and fuzzy
implication. This alone makes the choice of the right architecture a difficult problem. There are
also more issues related with the number of inputs, the number of membership functions for
each input and the type of the fuzzy rule (Mamdani or Sugeno). An adaptive fuzzy system
[Linkens’91] is a fuzzy logic system with an adaptive mechanism. The fuzzy logic system is
constructed from a set of fuzzy IF-THEN rules, and the adaptive mechanism estimates the
parameters of the fuzzy system using the numerical information. It can be classified according
to the type of the adjustable parameters. If it is linear in the adjustable parameters then it is
called a first-type adaptive fuzzy system and if it is non-linear in the adjustable parameters then
it is called a second-type adaptive fuzzy system.
An adaptive fuzzy network [Wang’94, Jang’95] is equivalent to an adaptive fuzzy
system. It is a network structure which consists of nodes and links through which the nodes are
connected. These nodes carry out fuzzy logic operations and the adaptation of the parameters
associated with these nodes provide the adaptation of the fuzzy network. The fuzzy network
proposed here is in fact a fuzzy logic system with fuzzifier and defuzzifier (Fig: 6.2). It has four
layers of nodes starting from left. There are two input nodes of the system, i.e. x(1) and x(2),
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and an output, y. The number of inputs and nodes are given as an example of the proposed
structure, they can be scaled according to the problem size. The input and output quantities are
crisp values rather than fuzzy sets. Nodes in the first layer fuzzify the crisp inputs using the
following relationship,
Error! Switch argument not specified.Error! Switch
argument not specified.

(6.2)

This is a non-singleton gaussian fuzzifier with maximum value of 1 at

Error! Switch

argument not specified.. Each node in this layer corresponds to a fuzzy set in the input space. It
is up to the user to define the number of nodes for each input. The parameters

Error! Switch

argument not specified. and σ could be used for adaptation in second-type adaptive fuzzy
network.
The second layer carries out the product of inputs from the first layer. Each product is
meant to be the weight of the corresponding fuzzy rule. The third layer normalizes the
incoming weights using following law,
Error! Switch argument not specified.
(6.3)
The fourth, output layer contains only one node and this will be the case for a fuzzy network of
any size. The function of this node is to defuzzify the fuzzy input from the previous layer and to
produce the crisp output, y. It is called center average defuzzifier and it uses following
relationship,
Error! Switch argument not specified.
(6.4)
yi is a fuzzy set in the output fuzzy space and

Error! Switch argument not specified. is the

point where it has maximum value of 1. In this method

Error! Switch argument not

specified. is the linear combination of the real inputs to the system which correspond to the
Sugeno type rules.
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In the above structure there are three types of parameters (i.e.
argument not specified., σ and

Error! Switch

Error! Switch argument not specified.) available for

adaptation two at the input stage and one at the output stage. The first two are non-linear and
the last one is a linear. It is possible to adjust all three types of parameters for adaptation but the
last one will make the problem easier to solve because of the linear nature of the problem and it
does not affect the modelling as the network can still map a non-linear function. The fuzzy
logic system given in equations (6.2-4) could be re-written as a mapping,
Error! Switch argument not specified.
(6.5)
where x is the input vector and θ is the vector containing the adaptive parameters of the
system. The adaptation of the fuzzy logic system could be achieved through minimisation using
an evolutionary algorithm. The genetic population is coded with real numbers such that each
individual or string corresponds to a solution of the parameter vector. The objective (fitness)
function of minimization could be derived as follows,
Error! Switch argument not specified.
(6.6)
where θm is the estimated parameter vector and ym is the corresponding output. In case of a
dynamical system x and corresponding y are also functions of time t. Then, the error is
Error! Switch argument not specified.
(6.7)
The objective is to minimise the error between the trajectories of the actual system and the
fuzzy logic system.

(6.8)Error! Switch argument not specified.
Either of the above cost functions J could be used as a fitness function for the genetic
algorithm. The genetic algorithm will generate the optimal parameter vector and as a result an
optimal fuzzy system. The result is guaranteed to be optimum within the constraints of the
structure of the fuzzy system. The selection of the right structure could also be treated as an
identification problem and it can be solved using evolutionary algorithms but the enormous
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computational cost is prohibitive. The following section discusses the application of the fuzzy
and evolutionary method in system identification.
6.3 System Identification
A mechanism to model a system using fuzzy and evolutionary method is shown in
figure 6.3. In this method a fuzzy logic system is used to characterize the actual system. The
input signals are applied to both the actual and a fuzzy system. The output signals from both
systems are compared and an error signal is used by the evolutionary algorithm to adapt the
parameters of the fuzzy logic system such that the model error is minimised. The development
of a fuzzy logic system is a complex problem. It needs a number of choices to be made among
several options available about the number of rules, the shape of the fuzzy membership
functions, the consequent part of the fuzzy rules, the fuzzy implication and defuzzification
method. Evolutionary algorithms being a powerful search and optimisation method could be
used to determine a complete fuzzy logic system (FLS) for any problem but this will not be a
very efficient way of solving the problem. There has to be some decisions made about the basic
architecture of the system by the designer, it will enormously reduce the search space for the
evolutionary method. This research uses the fuzzy network defined in the last section. The two
initial steps used to determine the architecture of the fuzzy system are discussed in the
following.
First of all the non-linear parameters at the input stage need not be adapted, they could
either be obtained from the linguistic knowledge of an expert or from the clustering of input
data. This saves a lot of computational time and introduces the expert knowledge into the
system. The number of membership functions for each input of the fuzzy system could also be
determined using the clustering of training data.
Secondly, the number of fuzzy rules are related with the number of fuzzy membership
functions at the input stage of the network and they grow exponentially with increasing number
of functions. There could be several rules in a system which will probably never fire. In order
to reduce the number of rules a lookup table technique could be used. In this method the fuzzy
input space is divided into a multidimensional grid (table) using the input membership
functions. Each cell of this grid or table corresponds to a fuzzy rule. The training data sets are
in fact points in the fuzzy input space and they all belong to some cells in the grid. After all
training data sets are allocated to the corresponding cells in the grid, the fuzzy rules associated
with the empty cells of the grid / table are removed from the fuzzy rule base. This method can
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enormously reduce the size of the network and consequently save the computational time for
adaptation. Let the unknown system be a dynamical system as given in the following,
Error! Switch argument not specified.
(6.9)
a fuzzy logic system used to model the unknown system is,
Error! Switch argument not specified.
(6.10)
It takes the state vector x as the input and generates the corresponding output ym according to
the parameters θ defined for the fuzzy system. The error between the desired state and the
actual state is,
Error! Switch argument not specified.
(6.11)
The optimization task could be defined as the minimisation of the sum
Error! Switch argument not specified.
(6.12)
and the minimisation is achieved through adaptation of the parameters θ using a parallel genetic
algorithm. It has been proved by the author [Muhammad’97] that a fine-grained parallel genetic
algorithm is a stochastic process and it converges to a unique stationary distribution containing
the optimal solution. Let P be the transition matrix of the genetic algorithm and Θ is the
population distribution of the algorithm such that each individual is a potential parameter vector
of the fuzzy system. Say, opt(Θ) function extracts the optimal solution from population
distribution Θ then,
Error! Switch argument not specified.
(6.13)
and from equation (6.1),
Error! Switch argument not specified.
(6.14)
Where θ* is the optimal parameter vector. The following condition could be easily established
using the evolutionary algorithm,
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Error! Switch argument not specified.
(6.15)
Where J* is the minimal value of J. This condition states that the optimal parameters of the
fuzzy logic system will minimise the difference between actual and desired system outputs and
as a result provide an approximation of the unknown system using evolutionary algorithms.
The following section shows the application the method developed over here in time-series
forecasting.
6.4 Time Series Prediction
Prediction is an important class of problems in any modelling exercise regardless of the
nature of the model either it is deterministic or stochastic. It provides the basis for characterising
a dynamical system and predicting its future behaviour. Applications of time series prediction
can be found in the areas of science and commerce including marketing strategy, inventory and
production control, stock exchange trading, weather forecasting, signal processing etc.
This section discusses the forecasting of three increasingly complex chaotic time series:
Mackey-Glass chaotic time series, Duffing chaotic time series, and high frequency tick-by-tick
exchange rate data between US$ and Swiss Franc. The two chaotic time series are generated
from deterministic non-linear systems and they are sufficiently complicated that they appear to
be random, but there are deterministic models that generate the series, so chaotic series are not
random. In the third example, financial data provides significant challenge for the fuzzy and
evolutionary method.
Example 1: The Mackey-Glass chaotic time-series is generated from the following delay
difference equation:
Error! Switch argument not specified.
(6.16)
A large τ generates a higher dimensional chaos. In order to obtain the time series above
difference equation is solved using Runge-Kutta method (Fig: 6.4) while the time step is 0.1,
x(0) = 1.2 and τ = 17. The objective of this type of problems is to use known values of the time
series up to the point x(t) and to predict the value at some point in the future x(t + l). The
standard method of this type of prediction is to create a mapping from n points of the time
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series, that is, (x(t-n+1), x(t-n+2), ..., x(t)), to a predicted future value x(t+l). From the MackeyGlass time series x(t), 1000 input-output data pairs are obtained as in the following.
Error! Switch argument not specified.
(6.17)
where t = 1 to 1000. The first 500 pairs are used for training fuzzy network while the remaining
500 pairs are used for validating the identified model. The fuzzy network has four inputs of
previous values of time series such that each input is divided into two gaussian membership
functions. The total possible number of fuzzy rules are sixteen but using the lookup table
technique it is found that only eight of them are active. The fuzzy rules obtained as a result of
fuzzy - evolutionary training of fuzzy network are given below:
if x ∈ mu(x(i),0.21, 0.4714) * mu(x(i+1),0.21, 0.4714) * mu(x(i+2),0.21, 0.4714) *
mu(x(i+3),0.21, 0.4714) then
x(i+4) = 0.25*x(i) + 0.28*x(i+1) - 2.12 x(i+2) + 2.58*x(i+3);
if x ∈ mu(x(i),1.32, 0.4714) * mu(x(i+1),0.21, 0.4714) * mu(x(i+2),0.21, 0.4714) *
mu(x(i+3),0.21, 0.4714) then
x(i+4) = -0.35*x(i) + 1.62*x(i+1) - 5.16*x(i+2) + 5.10*x(i+3);
if x ∈ mu(x(i),1.32, 0.4714) * mu(x(i+1),1.32, 0.4714) * mu(x(i+2),0.21, 0.4714) *
mu(x(i+3),0.21, 0.4714) then
x(i+4) = -3.30*x(i) + 9.09*x(i+1) - 7.25*x(i+2) + 2.30*x(i+3);
if x ∈ mu(x(i),1.32, 0.4714) * mu(x(i+1),1.32, 0.4714) * mu(x(i+2),1.32, 0.4714) *
mu(x(i+3),0.21, 0.4714) then
x(i+4) = -0.28*x(i) + 2.95*x(i+1) - 6.73*x(i+2) + 5.14*x(i+3);
if x ∈ mu(x(i),0.21, 0.4714) * mu(x(i+1),0.21, 0.4714) * mu(x(i+2),0.21, 0.4714) *
mu(x(i+3),1.32, 0.4714) then
x(i+4) = -5.93*x(i) + 16.17*x(i+1) - 17.75*x(i+2) + 8.30*x(i+3);
if x ∈ mu(x(i),0.21, 0.4714) * mu(x(i+1),0.21, 0.4714) * mu(x(i+2),1.32, 0.4714) *
mu(x(i+3),1.32, 0.4714) then
x(i+4) = 5.79*x(i) - 14.10*x(i+1) + 11.79*x(i+2) - 2.32*x(i+3);
if x ∈ mu(x(i),0.21, 0.4714) * mu(x(i+1),1.32, 0.4714) * mu(x(i+2),1.32, 0.4714) *
mu(x(i+3),1.32, 0.4714) then
x(i+4) = -1.35*x(i) + 4.05*x(i+1) - 5.54x(i+2) + 3.78*x(i+3);
if x ∈ mu(x(i),1.32, 0.4714) * mu(x(i+1),1.32, 0.4714) * mu(x(i+2),1.32, 0.4714) *
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mu(x(i+3),1.32, 0.4714) then
x(i+4) = -1.01*x(i) + 3.72*x(i+1) - 5.44*x(i+2) + 3.72*x(i+3);

(6.18)

The structure of the network is similar to the fuzzy network defined in the previous section.
Only linear parameters of the output layer have been adapted using an evolutionary algorithm.
It is often useful not to adapt the input membership functions since they represent the linguistic
knowledge. The time series generated from the trained network using the evolutionary
algorithm is shown in the figure 6.5. Visual examination of the original and predicted time
series (Fig: 6.4-5) suggests that the predicted series is closely following the actual series. The
root mean squared error in the model for the series of 1000 elements is 0.0017. This error value
is small enough for a good model.
In order to compare the performance of the above prediction with the traditional
methods, same experiment is performed using the auto-regressive (AR) method. In an AR
method the number of variables regressed and the number of unknown coefficients are always
the same, it is four in this case. The coefficients of the AR model are determined using least
squares method as follows,
Error!
argument not specified.

Switch

(6.19)

and the predicted time series is given in figure 6.6. The root mean squared error obtained is
0.0024. The number of unknown parameters in AR method are related with the number of input
variables so at one stage more number of parameters will result in overfitting and consequently
lower the performance. Whereas in the fuzzy network method number of unknown parameters
rather depend on the number of membership functions used at the input stage. It has been
observed that a greater number of inputs deteriorates the performance after a point but more
membership functions finely divide the input space and provide a better approximation. Large
number of input membership functions increase the size of fuzzy rule base where many of the
rules are redundant and need to be eliminated using the lookup table technique otherwise they
will not only slowdown the convergence speed of the adaptive algorithm but also lower the
performance index.
Example 2: The Duffing forced oscillatory system is a chaotic system which is described by
the following non-linear differential equation:
Error! Switch argument not specified.
(6.20)
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It is obvious from the figure (Fig: 6.7) of the time series generated from the above differential
equation that this system is chaotic and more complex than the last problem. The aim is, as
before, to predict the future values using the previous known values. The fuzzy network used in
this example has three input variables such that each input is divided using two fuzzy
membership functions. The total number of fuzzy rules are 8 and no reduction in number of
rules obtained using lookup table as they are all active. The adaptation of the fuzzy network
using evolutionary algorithm produces the following fuzzy rule base:
if x ∈ mu(x(i),-2.28, 1.898) * mu(x(i+1),-2.28, 1.898) * mu(x(i+2),-2.28, 1.898) then
x(i+3) = -0.76*x(i) + 0.65*x(i+1) + 1.10*x(i+2);
if x ∈ mu(x(i),-2.28, 1.898) * mu(x(i+1),-2.28, 1.898) * mu(x(i+2),2.27, 1.898) then
x(i+3) = -3.51*x(i) + 5.26*x(i+1) - 6.01*x(i+2);
if x ∈ mu(x(i),-2.28, 1.898) * mu(x(i+1),2.27, 1.898) * mu(x(i+2),-2.28, 1.898) then
x(i+3) = 13.30*x(i) - 19.05*x(i+1) + 15.57*x(i+2);
if x ∈ mu(x(i),-2.28, 1.898) * mu(x(i+1),2.27, 1.898) * mu(x(i+2),2.27, 1.898) then
x(i+3) = -8.59*x(i) + 9.30*x(i+1) - 2.77*x(i+2);
if x ∈ mu(x(i),2.27, 1.898) * mu(x(i+1),-2.28, 1.898) * mu(x(i+2),-2.28, 1.898) then
x(i+3) = -6.22*x(i) + 6.69*x(i+1) - 2.85*x(i+2);
if x ∈ mu(x(i),2.27, 1.898) * mu(x(i+1),-2.28, 1.898) * mu(x(i+2),2.27, 1.898) then
x(i+3) = 21.82*x(i) - 38.46*x(i+1) + 22.96*x(i+2);
if x ∈ mu(x(i),2.27, 1.898) * mu(x(i+1),2.27, 1.898) * mu(x(i+2),-2.28, 1.898) then
x(i+3) = -8.05*x(i) + 13.89*x(i+1) - 7.16*x(i+2);
if x ∈ mu(x(i),2.27, 1.898) * mu(x(i+1),2.27, 1.898) * mu(x(i+2),2.27, 1.898) then
x(i+3) = -0.47*x(i) - 0.07*x(i+1) + 1.54*x(i+2);

(6.21)

The predicted time series given in figure 6.8 is closely following the original series and the root
mean squared error obtained is 0.0325. Similar experiment is conducted for traditional AR
model and the result obtain is shown below:
Error!
specified.

Switch

argument

not

(6.22)

The predicted time series using AR model is shown in figure 6.9 and the root mean squared
error obtained from this model is 0.0412. Once again fuzzy network model outperformed the
traditional AR method though the difference in performance is not enormous.
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Example 3: The financial data (Fig: 6.10) used in this research is stochastic if one looks at the
first differences it will become obvious that it is in fact a random walk. The financial data
chosen was used in Santa Fe time series forecasting competition 1991-92 [Weigend’94], so
there are plenty of results available for comparison. There are 10 sets of data available each
containing 3,000 points giving date, time and rate of conversion between US $ and Swiss
Franc. Only first set of data is used here in order to develop and confirm the model. The first
1500 pairs are used for training fuzzy network while the remaining pairs are used for validating
the identified model. The basic structure of the fuzzy network is same as used in the previous
example so is the method of training. There are four input variables and each input has two
membership functions. The total possible number of fuzzy rules are 16 but lookup table method
reduces the number to five active rules. The fuzzy rules obtained as a result of fuzzyevolutionary adaptation of the fuzzy network are as follows:
if x ∈ mu(x(i),1.27, 0.03397) * mu(x(i+1),1.27, 0.03397) * mu(x(i+2),1.27, 0.03397) *
mu(x(i+3),1.27, 0.03397) then
x(i+4) = -0.13*x(i) - 0.81*x(i+1) + 0.70*x(i+2) + 1.23*x(i+3);
if x ∈ mu(x(i),1.35, 0.03397) * mu(x(i+1),1.27, 0.03397) * mu(x(i+2),1.27, 0.03397) *
mu(x(i+3),1.27, 0.03397) then
x(i+4) = 0.87*x(i) + 2.25*x(i+1) - 1.83*x(i+2) - 0.29*x(i+3);
if x ∈ mu(x(i),1.35, 0.03397) * mu(x(i+1),1.35, 0.03397) * mu(x(i+2),1.27, 0.03397) *
mu(x(i+3),1.27, 0.03397) then
x(i+4) = -1.71*x(i) + 0.65*x(i+1) + 1.87*x(i+2) + 0.18*x(i+3);
if x ∈ mu(x(i),1.35, 0.03397) * mu(x(i+1),1.35, 0.03397) * mu(x(i+2),1.35, 0.03397) *
mu(x(i+3),1.27, 0.03397) then
x(i+4) = 0.83*x(i) - 0.79*x(i+1) - 0.50*x(i+2) + 1.46*x(i+3);
if x ∈ mu(x(i),1.35, 0.03397) * mu(x(i+1),1.35, 0.03397) * mu(x(i+2),1.35, 0.03397) *
mu(x(i+3),1.35, 0.03397) then
x(i+4) = -0.045*x(i) + 0.006*x(i+1) + 0.09*x(i+2) + 0.94*x(i+3);

(6.23)

The time series generated from the trained network is shown in the Figure 6.11. It is obvious
from the true and the predicted financial series that the predicted series is following the actual
series. The root mean squared error obtained from this model is 8.2617e-04.
Auto-regressive AR method with four input variables produces a slightly better result
(Fig. 6.12). The root mean squared error is 7.4165e-4 for the following AR model.
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The order of the RMSE obtained from the two methods is the same and increasing the number
of membership functions for the fuzzy network could certainly improve the performance but at
a higher computational cost. It is worth noting that the foreign exchange price formation is a
non-stationary process. It is certainly very difficult to model a non-stationary stochastic
process. The best one can predict is that the price tomorrow will be same as today which is
probably of no use. The aim of this example was to show that the fuzzy evolutionary approach
is comparable to a traditional method in this area. Application of fuzzy and evolutionary
method in financial forecasting needs an entirely different approach, it requires a complete
domain knowledge of the trading strategies. The domain knowledge is not readily available to
be translated into fuzzy rules particularly in finance where domain knowledge means wealth.
6.5 Non-linear Adaptive Control
A non-linear dynamical system could be defined mathematically by the following
equations,

Error! Switch argument not specified.
(6.25)
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n

where x(t) ∈ X ⊂ R , y(t) ∈ Y ⊂ R and u(t) ∈ U ⊂ Rr. x(t), y(t) and u(t) represent respectively
the state-variables, input and output of the system at time t. The control objective is to
determine the input such that the system produces the desired output. In case of a non-linear
system even if the functions f and g are known it is difficult to determine the control signal u
using the analytical methods while keeping the system stable. It happens very frequently in real
world that non-linear dynamics of a system is either partially understood or not known at all. In
that case functions f and g will be assumed unknown and determined by using some adaptive
mechanism on the input-output data set.
The non-linear control problems are divided mainly into regulation and tracking
problems. The objective of a regulation problem is to stabilize the system around an
equilibrium point whereas in a tracking problem the aim is to make output of the system to
follow the input signal. In either case the control input u is determined by using the measured
output. In the former case stability is required in the neighborhood of the equilibrium point
whereas in the later case system stability is required at each and every point of the trajectory of
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the dynamics. Speaking mathematically, if the state variables of a tracking problem are
transformed into the variables representing the difference between the actual and desired
output, i.e. output error, then the control problem turns into a regulation problem, though some
additional conditions will be required to be satisfied by the functions f and g in order to prove
the stability. It makes a tracking problem a particular case of the regulation.
It has been mentioned above that a tracking problem could be translated into a
regulation problem by changing the state variables. So it is assumed over here that the control
objective is the regulation of the system around an equilibrium state. The control strategy is to
find out the input to the system such that

Error! Switch argument not specified.
(6.26)
It is an autonomous system, the control signal u(t) depends on the state dynamics of the system.
The objective could be defined mathematically,
Error! Switch argument not specified.
(6.27)
Error! Switch argument not specified.
where x* is the equilibrium state. Certainly the limit has to be achieved in a finite time t. When
a fuzzy logic system is used directly as a controller of the system,
Error! Switch argument not specified.
(6.28)
It takes the state vector x as the input and generates the corresponding output u according to the
parameters θ defined for the fuzzy system. Now, the system dynamics could be represented as,
Error! Switch argument not specified.
(6.29)
The error between the desired state and the actual state is,
Error! Switch argument not specified.
(6.30)
The control task could be defined as the minimisation of the sum
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Error! Switch argument not specified.
(6.31)
and the minimisation is achieved through adaptation of the parameters θ using an evolutionary
algorithm. The following condition could be easily established using the convergence property
of the evolutionary algorithm,
Error! Switch argument not specified.
(6.32)
Where J* is the minimal value of J, and θ* is the optimal value of θ. This condition states that
the optimal parameters of the fuzzy logic system will minimise the difference between actual
and desire system parameters and as a result provide control of the non-linear system using
evolutionary algorithms.
In the following two examples are presented to show the non-linear control of highly
unstable systems using the fuzzy and evolutionary methods.
Example 1 Inverse pendulum problem [Anderson’89, McGregor’92 & Wang’94] is also
called cart-pole and broom-balancer problem. It is a benchmark of a highly unstable non-linear
system. It is also a learning problem to regulate the inverse pendulum at the upright equilibrium
position. The bottom of the pendulum is hinged to a platform that moves along a track and it is
bound to a two dimensional space of vertical plane (Fig: 6.14). To represent mathematically the
dynamics of the system the state variables are defined as pendulum’s angle with the vertical,
angular velocity, position from the center of the track and velocity of the platform. The control
input is the force applied on the platform to push it to the left or right. The learning objective is
to keep the pendulum upright and the platform on the center of the track for as long as possible.
The discrete-time model of the system dynamics could be presented mathematically as follows,

Error! Switch argument not
specified.

(6.33)
Error! Switch argument not specified.
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Where g is the acceleration due to gavity (9.81ms-2), m is the total mass (1.1kg), mp mass of
pendulum (0.1kg) and l is the length of the pendulum (0.5m). The objective of this problem is
to avoid failures and keep the upright pendulum in the middle of the track. It can be formalized
by defining the cost function J(t) as
Error! Switch argument not specified.
(6.34)
So the control problem is basically an optimisation problem such that the sum

Error! Switch argument not specified.
(6.35)
is maximised. This problem can be solved using the traditional control methods. The traditional
approach to design linear controller for a continuous time dynamical system requires to
translate the above problem into an equivalent continuous time system. i.e.

Error! Switch argument not specified.
(6.36)
It is assumed that the control force u is a linear combination of the state variables, i.e.,
Error! Switch argument not specified.
(6.37)
where K = [k1 k2 k3 k4 ] is a gain vector and XError! Switch argument not specified. is the
state vector. The equivalent linear system around the point X = [0 0 0 0] is obtained by
replacing sinθ with θ, cosθ with 1 and

Error! Switch argument not specified. with 0. The

state variable model obtained for the linearized version of the above system is,

Error!

specified.

Switch

argument

not

(6.38)

The objective of the control is to find out K such that the cost function
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Error! Switch argument not specified.
minimized.

is

(6.39)

Assuming Q = identity matrix of order 4 and R = 0.2.
The gain vector obtained as a result of discrete control design methodology for continuous time
systems is
K = [-37.3453, -8.4378, -1.969, -3.7607]

(6.40)

The time response of the system obtained for the initial condition x0 = [-0.179 0 -1.0 0] and x0
= [0.179 0 1.0 0] is shown in figure: 6.15-18. It is obvious that the response is well within the
limits of the constraints. It also produces similar convergent behavior for different initial
conditions within the constraints. The controller is able to hold the system in equilibrium state
for indefinite time. But this method is unable to control the equivalent linear model of the same
system. This could be attributed to the lack of friction term in the linearized model. It is also
possible to use evolutionary algorithms to find out gain vector K by optimizing a cost function
J. Hunt [Hunt’92] used genetic algorithms in a LQG problem and the results obtained were
comparable to the traditional method.
In fact the control law obtained is Proportional plus Derivative PD control which is a
particular case of a PID controller, it is a very popular method in linear control theory. An
integral term in the control law (Eq: 6.37) might be able to produce superior performance. PID
controller design requires the a priori information about the plant dynamics, it is unable to
handle plants with time delays, it is also unable to capture the time varying parameters and the
real-time implementation requires infinite bandwidth of the components.
The same problem could also be treated using the non-linear control theory, e.g,
feedback linearization. These methods require extensive computation of very complicated
mathematical quantities like Lie derivatives. That again will require a complete knowledge of
the system dynamics. A human controller of the inverse pendulum without any knowledge of
Lie algebra maintains the pendulum upright without any difficulty. The human model of
control is based on experience, in linguistic terms this model could be “apply force in the
direction of the movement of pendulum”, “apply the force in proportion to the inclination of the
pendulum from the upright position”, and “apply the force in the direction of the center of the
track even if the pendulum is upright”. This is very vague for a control engineer to implement,
the power of fuzzy control lies in quantifying vague and imprecise information. There will be
situations where even linguistic knowledge of an expert will not be available either. The fuzzy
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system is not only able to give meaning to linguistic rules but also extract fuzzy knowledge
through an adaptive process.
The fuzzy network defined earlier has been applied to fit the control trajectory obtained
from the LQR controller. There are four state variables as given in the simulation model each
input variable is divided into two gaussian fuzzy sets, so the total number of fuzzy rules are
sixteen but since the problem is symmetrical it could be said that the complementary premises
of the fuzzy rules should have same actions so the number of the rules are reduced to eight. The
adaptation of the fuzzy network using evolutionary algorithms results in the following fuzzy
rule base:
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 36.78*x(i) + 8.22*x(i+1) + 1.99*x(i+2) + 3.82*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 37.83*x(i) + 8.61*x(i+1) + 1.92*x(i+2) + 3.73*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 38.63*x(i) + 8.78*x(i+1) + 2.12*x(i+2) + 4.03*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 37.15*x(i) + 8.38*x(i+1) + 1.93*x(i+2) + 3.75*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 37.40*x(i) + 8.38*x(i+1) + 1.99*x(i+2) + 3.68*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 37.23*x(i) + 8.44*x(i+1) + 1.98*x(i+2) + 3.78*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 35.69*x(i) + 8.0*x(i+1) + 1.78*x(i+2) + 3.42*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 37.48*x(i) + 8.55*x(i+1) + 2.0*x(i+2) + 3.83*x(i+3);
(6.41)
In fact the fuzzy logic system obtained provides local control rules to the global control action
of the linear controller. It could also be said that it is an approximation of the control trajectory
of the linear controller so certainly this system cannot beat the LQR controller. The fuzzy
controller obtained is used as a direct adaptive fuzzy controller and the time response obtained
for the initial condition x(0)=[0.15 1.0 -1.5 -1.0] is shown in figures: 6.19-20. The performance
obtained is comparable with the traditional method of optimal control. This approach might be
useful for some applications where local rules might be able to provide robust and efficient
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control actions but in this particular case it will be desirable to develop a model independent
control strategy where no information about possible control dynamics trajectory is known.
An adaptive system of fuzzy and evolutionary methods to control an unknown system
could be implemented as given in figure: 6.13. It is an open loop system where fuzzy logic
system is used as direct controller. The evolutionary method measures the inputs and outputs of
the non-linear system and evaluates the optimal fuzzy network parameters to re-design the
controller. The inverse pendulum problem has been attempted using this method such that the
evolutionary algorithm implemented in parallel as described in the previous chapter optimises
the control loop to balance the pendulum in the middle of the track. Each evolutionary loop is
initialized using four initial conditions [-0.2, 0, -2.0, 0], [0.2, 0, -2.0, 0], [-0.2, 0, 2.0 0] and
[0.2, 0, 2.0, 0] and it is allowed to iterate for 500 times. The optimisation objective is to
maximise the amount of time pendulum remains within the allowed constraints. The fuzzy
logic system obtained has the following rule base.
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 81.39*x(i) - 0.69*x(i+1) + 30.98*x(i+2) + 102.9*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 16.72*x(i) + 47.36*x(i+1) + 69.86*x(i+2) + 62.03*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 52.1*x(i) + 73.32*x(i+1) - 24.77*x(i+2) + 62.89*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 82.93*x(i) + 85.72*x(i+1) - 10.81*x(i+2) + 22.56*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 46.34*x(i) + 63.56*x(i+1) + 22.31*x(i+2) + 95.94*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 64.65*x(i) + 77.95*x(i+1) + 58.81*x(i+2) + 67.98*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 44.41*x(i) + 22.75*x(i+1) + 61.83*x(i+2) + 24.35*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 93.06*x(i) + 34.27*x(i+1) + 26.29*x(i+2) + 22.99*x(i+3);
(6.42)
The time response of the system depends very much on the initial condition. The system
dynamics are not as smooth as obtained from the previous result. It also fails for many initial
conditions within the constraints. The time response is given in figures 6.21-22 for initial
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condition x0 = [0.1 -0.02 1.0 -0.2], the system fails after 658 control loops. It is a successful
controller for small initial values only but it is important that the controller does not assume a
model of the plant it only reacts based on the input-output data and the control objective.
In the next stage the same experiment is conducted for a inverse pendulum of varying
length such that the length changes between 0.25m and 0.5m in random. The mass of the
pendulum changes with the change in length. The fuzzy rule base obtained is given below,
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 62.59*x(i) + 34.58*x(i+1) + 19.67*x(i+2) + 68.12*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 49.08*x(i) + 55.65*x(i+1) + 100.79*x(i+2) + 65.1*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 56.78*x(i) + 78.91*x(i+1) + 10.46*x(i+2) + 28.66*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 79.52*x(i) + 94.6*x(i+1) + 65.27*x(i+2) + 686.21*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 79.77*x(i) + 67.26*x(i+1) + 26.49*x(i+2) + 95.42*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 61.87*x(i) + 18.18*x(i+1) + 84.26*x(i+2) + 37.98*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),-2.4, 2.038) then u = 25.66*x(i) + 73.95*x(i+1) + 15.62*x(i+2) + 61.40*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),2.4, 2.038) *
mu(x(i+3),2.4, 2.038) then u = 58.91*x(i) + 35.70*x(i+1) + 22.18*x(i+2) - 4.46*x(i+3);
(6.43)
This version of the inverse pendulum problem is certainly very difficult. There is no possible
analytical solution of the problem. The control success is dependent on the initial conditions. If
the initial conditions are small values then the controller is successful in holding the pendulum
upright within the constraints (Fig: 6.23-24) for a long time.
Example 2 This problem is an extension of the previous example. In this example the platform
has two inverse pendulums (fig: 6.25) and the control task is to keep them both upright for as
long as possible. The simulation model [Wieland’93] is given as follows,
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(6.44)

Error! Switch argument not specified.
(6.45)

Error! Switch argument not specified.
(6.46)
Where mi. li and θi are mass, length and angle of each pendulum, µp and µc are friction of
pendulum and track, a is the acceleration of the platform and ωi is the angular velocity of the
pendulum. The constraint on the position of the platform is not applied in this example. Similar
setup of the experiment used by the adaptive fuzzy and evolutionary method. The fuzzy logic
system obtained has the following rule base,
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 5.48*x(i) + 5.21*x(i+1) + 4.08*x(i+2) + 4.5*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 3.47*x(i) + 6.5*x(i+1) + 3.35*x(i+2) + 6.24*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 1.34*x(i) + 4.91*x(i+1) + 5.07*x(i+2) + 4.01*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 8.45*x(i) + 5.72*x(i+1) + 6.39*x(i+2) + 5.02*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 3.68*x(i) + 4.69*x(i+1) + 4.45*x(i+2) + 4.94*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 3.74*x(i) + 6.21*x(i+1) + 4.84*x(i+2) + 4.37*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 0.71*x(i) + 6.21*x(i+1) + 6.9*x(i+2) + 4.61*x(i+3);
if x ∈ mu(x(i),-0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 3.71*x(i) + 5.76*x(i+1) + 4.58*x(i+2) + 4.05*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
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mu(x(i+3),-0.2, 0.1698) then u = 1.07*x(i) + 4.99*x(i+1) + 7.55*x(i+2) + 4.33*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 2.01*x(i) + 5.38*x(i+1) + 2.2*x(i+2) + 4.32*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 4.01*x(i) + 8.4*x(i+1) + 4.41*x(i+2) + 3.76*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),-0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 3.99*x(i) + 4.38*x(i+1) + 6.45*x(i+2) + 5.76*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 3.26*x(i) + 4.6*x(i+1) + 6.76*x(i+2) + 6.4*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),-0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 6.26*x(i) + 6.76*x(i+1) + 7.15*x(i+2) + 2.95*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),-0.2, 0.1698) then u = 3.23*x(i) + 5.31*x(i+1) + 6.6*x(i+2) + 5.13*x(i+3);
if x ∈ mu(x(i),0.2, 0.1698) * mu(x(i+1),0.2, 0.1698) * mu(x(i+2),0.2, 0.1698) *
mu(x(i+3),0.2, 0.1698) then u = 4.09*x(i) + 3.77*x(i+1) + 4.06*x(i+2) + 5.13*x(i+3);
(6.47)
Intuition suggests that this problem is more complex than the previous one but it is found that it
was easier for the fuzzy - evolutionary method to control. There are continued oscillations in
both pendulums (fig: 6.26) but they remain within the constraints for most of time. This system
is also able to hold the pendulums for an indefinite period of time. There is no analytical
solution known to the author for this problem but this model independent approach performed
very well.
6.6 Summary
It appears that most real world problems are non-linear and complex. Problem solving
methods could be applied only on closed mathematical problems whereas most real world
problems are difficult to define in a closed mathematical form. Real world problems involve
uncertainties because of the missing a priori knowledge and inaccuracies of the measured
quantities. In that situation an adaptive mechanism to understand the system is desirable. The
linear and non-linear methods of adaptation are not able to capture the imprecise information
which humans can understand very easily in natural language. Fuzzy logic systems provide an
ideal general logic to model any non-linear system. The evolutionary algorithms with their
parallel power to search through multidimensional space offer a better optimisation method to
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estimate the parameters of the fuzzy logic system. This chapter presented the fuzzy and
evolutionary method to model highly non-linear and complex dynamical systems and control
an unstable system. The method is applied to a few standard bench mark problems of chaotic
time series modelling and inverse pendulum control.
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CHAPTER 7
CONCLUSIONS AND FUTURE DIRECTIONS
The first stage of this research (chapter 3) is explorative in nature. This
research presents a massively parallel model of the genetic algorithm, a fine-grained
parallel genetic algorithm. The aim is to improve on the serial counterpart, a simple
genetic algorithm. Both methods are tested on a same standard set of functions,
DeJong’s functions and Walsh polynomials. The simulation results show that the
parallel model improves where the serial model is unable to optimise. The other aim
of the research is to find out the best coding strategy out of the four standard methods,
binary, grey, integer and floating point coding. Each coding method requires a
different method of population initialisation and genetic operators. The results show
that the grey coding is better than the binary coding for a low cardinality
implementation and the floating point coding is better than the integer coding for a
high cardinality implementation in both algorithms, serial and parallel. The further
objective of the research is to find out the best configuration of the algorithm, the
optimal population size, crossover and mutation rate. Researchers have tried to
optimise these parameters of a genetic algorithm since the advent of this method. The
optimal population size is required to address the problem of finite computaional
resources and the optimal rates of application of genetic operators are required to
balance the exploitation and exploration in the search space. The best set of
parameters could not only vary from class to class but it could also vary from one
problem to another within a class of problems. This research realises that the
optimisation of an optimisation method is not very attractive for the practical
implementation of the method. The most important result of this explorative study is
that the simple and parallel model of the genetic algorithms successfully optimised the
deceptive functions up to order 16, this is an improvement over the distributed parallel
model of the genetic algorithm. The second stage of the research is theoretical and it
is presented in chapter 4. This research presents a theoretical study of the genetic
search from different mathematical aspects: stochastic process, real analysis,
topological analysis, time series analysis and genetic operators. It shows that a finegrained model of genetic algorithm is essentially a stochastic process. A Markov
chain based stochastic model is developed and analysed for the convergence
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properties. It proves that the algorithm converges to a stationary distribution. It shows
through simulation that in the presence of a positive rate of mutation the genetic
population has the chance to lose the best solution but with a greedy approach it could
be assured that no good solution is lost. This is achieved at the cost of global
optimisation and the algorithm could converge to a sub-optimal solution. The real-,
topological and time series analyses confirm the belief that the algorithm is
convergent to a unique solution under certain conditions. The simulation results for
the study of the role of genetic operators is the most important part of the research. It
concludes that the only driving force in genetic search is selection whereas crossover
and mutation are a mere source of diversity. This result changes the direction of the
research and opens a new area of evolutionary algorithms.
In this new direction this research starts looking at the algorithm with a more
practical approach (chapter 5). The very first thing observed is that the test bench
problems DeJong’s and Walsh polynomials are not very practical problems. DeJong’s
problems are relatively easier whereas Walsh polynomials are unknown in real world
problems. It is observed that traditional methods of search / optimisation have certain
advantages in their application domain whereas genetic algorithms have certain
intrinsic drawbacks. This research takes a practical approach and replaces destructive
strings based genetic operators with efficient directional recombination. It introduces
local search instead of mutation and this search mechanism is different from hillclimbing. Population initialisation never received much attention because of the
general belief that the method is convergent regardless of the initial condition. This
study starts looking at the role of the search space, the dimensions and geographical
entities. It concludes that the search process is very much dependent on the nature of
the search space and in order to obtain better results it is required to search thoroughly
which is possible only with a uniformly distributed initial population. It is observed
that regardless of the efficiency of the random number generator a finite sample is
never uniform. In order to avoid this situation this research proposed a deterministic
grid initialisation method and tested on a new set of non-linear optimisation problems.
This research finds enormous improvement in the performance and efficiency results
of this approach the directonal evolutionary algorithm. Most real world problems have
a large search space too big to handle for a finite population. This research proposed
an entirely new approach to large-scale problems: a grid-diagonal initialisation and
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component level genetic operator. The simulation result shows improvement in the
efficiency results of this method.
Most models in real world suffer from uncertainties because of the incomplete
knowledge of the system and lack of the mathematical formalism. There are situations
where mathematics based models or knowledge is undesirable and even useless. This
is obvious from the example of the driving instructor given in the previous chapter
(chapter 6). It happens often that there is an excellent mathematical model available
but a human is unable to make any sense out of it and there are also situations where a
human expert completely understands the system in linguistic terms but engineers
have no clue about the system dynamics. Fuzzy logic provides an ideal method to
support both kind of situations. It can extract human intelligible linguistic model from
the raw data and it can also develop a logical model from the linguistic information.
This research develops a fuzzy and evolutionary method of system modelling and
non-linear control. It proves that it is able to model complex dynamic systems like
chaotic time series successfully and it is also able to develop a control system for
highly unstable plant without any explicit model given. The simulation results
conclude that fuzzy - evolutionary methods could not only model a system with a
limited information available but they could also develop a control strategy
comparable to a human expert.
This research work provides a foundation for future direction in the area of
fuzzy and evolutionary algorithms. This dissertation concludes several promising
research directions. Evolutionary algorithms need a more practical approach rather than
a biological modelling. There are two levels of development in evolutionary algorithms:
algorithmic and technological.
Evolutionary algorithms in their present form are applicable to only off-line
search / optimisation problems. There is a need for further work to re-design the
algorithm for on-line applications. This could be achieved in many ways. Evolutionary
algorithms are assumed very powerful tools for solving almost every problem as it
appears in nature. This might be true theoretically within the biological framework but
for an engineering application these algorithms need efficient and robust search
operators. There is a need to learn from the traditional methods and develop hybrid
models with the best of both worlds. There is a need for the development of algorithms
to handle particular problems rather than a universal problem solver. The problem
specific search methods could prove much better in most engineering problems. On-line
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application could be achieved through a recursive method, an instantaneous learning
method.
On the technological front, a lot of work is already going on after recent
development in the area of reconfigurable hardware. There have been attempts to model
a simple genetic algorithm using VHDL for a hardware implementation in VLSI. The
parallel model presented in this research is massively parallel and there are a number of
massively parallel computers available to universities and industries these days. This
model is particularly useful for parallel implementation because of a perfect mapping
between the model and the existing parallel topologies. This model is also similar to a
systolic array and there has been a number of applications of systolic arrays in parallel
computation. This research comes to a conclusion that a systolic array implementation
of the algorithm could bring enormous change in this area by making it available for
commercial industrial applications.
A lot of theoretical work and many practical implementations of the fuzzy logic
systems are already available. There are also attempts to introduce neural network like
adaptive mechanisms in the fuzzy systems. This research concludes that there is a need
for further research work to integrate the adaptation of evolutionary methods into fuzzy
logic systems. This research is limited to the optimisation of the linear parameters of the
fuzzy system whereas a complete fuzzy system could be designed from the scratch
using the evolutionary method at a higher computational cost. The fuzzy network
presented in this research is a parallel architecture like any other network structure. This
model could be implemented on hardware which should improve the performance for
real world problems. There are some fuzzy chips available commercially but they are
limited in the type of inputs, number of inputs and the number of fuzzy rules, they also
lack the adaptive mechanism. This research concludes that the parallel implemetation of
the fuzzy logic system and the evolutionary algorithm in hardware and their integration
should bring a great change in this area.
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APPENDIX
Def 1 (Markov chain): Let X = {Xi : i ∈ S} be a discrete time stochastic process with
finite state space S. If
Pr {Xk+1 = j | Xo = i0 ... Xk = i } = Pr {Xk+1 = j | Xk = i}
then X is a Markov chain.
Def 2 (Stochastic matrix): A square matrix is called stochastic matrix if all rows are
composed of probability vector or probability distribution. The following stochastic
matrix
Error! Switch argument not specified.
is the single step transition matrix of the Markov chain X at step k. If the probability
distribution at step k is given as

Error! Switch argument not specified. the

probability distribution at the next step can be determined as follows
Error! Switch argument not specified.
alternatively if the initial distribution is

Error! Switch argument not specified.

then distribution at any step could be determined as follows

Def 3

(Homogeneous Markov chains):

Let

Error! Switch argument not

specified. be the state transition matrix for Markov chain X at step k. Then, X is called
time-homogeneous if

Error! Switch argument not specified. is independent

of time step k. As a result of this if the initial probability distribution

Error! Switch

argument not specified. is known then probability distribution of the Markov chain X
at any step k could be determined as follows

Def 4 ( Stationary distribution): It is defined as the vector

Error! Switch

argument not specified. such that
Error! Switch argument not specified.
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for any arbitrary j. It means if the stationary distribution exists then it is independent of
the starting point.
Def 5 (Irreducibility): A Markov chain is irreducible if and only if for any two states i
and j there is a positive probability of reaching j from i in a finite number of transitions,
i.e.,
Error! Switch argument not specified.

Def 6 (Aperiodicity): A Markov chain is called apriodic if and only for all i ∈ S, the
greatest common divisor of all integers n ≥ 1Error! Switch argument not specified.,
such that
Error! Switch argument not specified.
is equal to 1.
Theorem: The unique stationary distribution of a finite homogeneous Markov chain
exists if the Markov chain is irreducible and aperiodic.
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