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ABSTRACT 

 
This thesis involves the development of Stochastic Time-Dependent Least-Time Path 

(STDLTP) algorithms for use by a suitable real-time in-vehicle Route Guidance System 

(RGS). The algorithms have been developed in the context of Nottingham’s urban traffic 

network for travel by car during peak-times, where saturated conditions are the most likely to 

occur. The role of real-time information is essential for the estimation and/or prediction of the 

links’ and the paths’ traversal times and consequently is necessary for the reliability of the 

RGS output. The presented work is restricted to SCOOT loop detector data and flow detector 

data as the only data sources of traffic information. It was found that the current and future 

links’ traversal times are best represented by discrete time-varying probability distributions.  

Therefore, STDLTP algorithms, based upon different optimization criteria, which 

accommodate different levels of uncertainty associated with a path’s traversal times, were 

developed. In parallel, several efficient heuristic STDLTP algorithms, based upon the chosen 

optimization criteria, were also developed.  

The performance of each of the algorithms was tested, in the context of the 

Nottingham urban network. Experimental results show that: 

1) The computational performance of the implemented STDLTP algorithms 

was found to be dependent upon the employed optimization criterion.  

2) The STDLTP(Weight) algorithm, which sought a trade off between the 

expected travel time and the uncertainty of a path, was found to provide 

more informed solutions and routes to the driver. 

3) The computationally efficient heuristic STDLTP algorithms led to some 

plausible but sub-optimal solutions, when alternative optimization criteria to 

the expected value criterion were employed.  
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CHAPTER 1 

 
INTRODUCTION 

 

1.1 Foreword 
Increasing road congestion, combined with the contentious issues associated with 

urban road building schemes, has created an environment where it is important to manage 

traffic effectively. In order to carry out journeys efficiently, road users require information, 

such as traffic speeds, link journey times and the location and nature of traffic problems. 

Knowing these parameters forms the basis for efficient and effective on-line traffic 

management (Cherrett et al, 2000). Advanced Traveler Information Systems (ATIS) are 

concerned with the development and dissemination of traveler information, which can be used 

for a variety of purposes including route guidance. Route Guidance Systems (RGS) are being 

developed to divert drivers away from congested areas either by change of travel mode or 

travel route. In general, any road user would benefit from having a reliable system for the 

evaluation of ‘optimal’ dynamic route guidance. The integral part of a RGS will aid the road 

users by providing access to information that is not readily observable from the current 

location of the traveler, yet is relevant because of the planned journey.  

 

1.2 Route Guidance Systems (RGS), General Overview 
There is sufficient evidence that inefficient routing causes congestion and delays and 

results in serious losses in terms of travel times (Berdica, 2002; Stead et al,1999; Noland et al, 

1997; Emmerink et al, 1994; Hall, 1983). Estimates made by government agencies show that 

approximately 6% to 8% of all driving time is due to an incorrect choice of routes (Jeffery et 

al, 1987). The above has led, for the last two decades, to research in the field of route guidance 

and traffic information systems with the DRIVE project within Europe (Hadj-Alouane et al, 

1996; Bell et al, 1995, 1992; EURO-SCOUT, 1993;  Hounsell et al, 1992; Hoffman et al, 

1990; Jeffery et al, 1987)  and various projects mainly in America, Japan and more recently in 

China (ADVANCE, 1999; Mateoka et al, 1999; Yang et al, 1999, 1999; Blue et al, 1997; Bing 

Liu, 1996, 1995; TravTek, 1996; Lee Chi-Kang, 1994; Rilett et al, 1994; Sen et al, 1993; 

Tarko et al, 1993; UTMS Japan).  Subsequently, various projects  have been implemented 

(TravTek in Orlando and Florida, ADVANCE in Chicago and Illinois, SWIFT in Seattle, 

EURO-SCOUT and IntraGSM in Europe, VICS and UTMS in Japan and more recently 
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UTFGS in China) that demonstrate the feasibility and the potential of ATIS to become an 

integral part of the solution to the congestion problem.   

There are three major parameters that characterize an ATIS (Koutsopoulos et al, 1992): 

these are the intelligence of the system (i.e. quality of information provided to the motorist); 

the frequency of information updates; and the location of intersections that provide 

information to the motorists (i.e. information nodes). The type of information provided to the 

motorist could vary from advice on the current traffic conditions in the vicinity of the 

vehicle’s location, recommendations on the next link to be followed, to suggestions on the 

optimal route(s) to be followed from the vehicle’s current location to the destination node. 

These recommendations can be based on current values of the links’ traversal times and/or on 

predicted travel time values. The type of information provided to the motorist determines the 

effectiveness of the system. The frequency, at which the suggested route(s) are updated, 

determines the responsiveness of the system to changes in traffic conditions. The number and 

location of information nodes determines the adaptiveness of the system. All the above 

parameters collectively determine the amount of information that needs to be processed as 

well as the amount of hardware necessary.  

 RGS can be classified into different types: dynamic or static, system optimal or user 

optimal, centralized or decentralized, reactive or predictive (ITS Decision; Weymann, 1993). 

The earliest RGS, and the most widely used, are based solely upon static information. Static 

RGS have been very successful in Japan, where there does not exist a uniform system of 

naming streets, but have not been popular in the U.S.A or in Europe. Dynamic RGS prescribe 

suggested routes to individual drivers consulting the current and possibly projected states of 

the traffic network. Drivers can communicate with the RGS while en route. System optimal 

RGS direct each of the individual drivers in order to optimize the total collective performance 

of the whole network. On the other hand, user optimal RGS direct each of the drivers in order 

to optimize the individual driver’s travel time. The architecture of these RGS can be classified 

into two main categories: a centralized RGS and a decentralized RGS. In centralized RGS, 

sensed data (i.e. loop detector data, probe data) are communicated to a central computer unit, 

where the decisions on route guidance are made for the whole network. In decentralized RGS, 

sensed data are communicated to local computer units that work on local problems. 

Centralized RGS are described as predictive whilst decentralized RGS are described as 

reactive and can be poor at predictions. In general, predictive RGS use the communicated 

sensed data to generate predictions and act upon these predictions, whereas the reactive RGS 

react immediately to the communicated sensed data.  
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1.3 Motivation 
 This thesis presents the results of the project devoted towards the development of a 

real-time in-vehicle Route Guidance System (RGS) in the context of Nottingham’s urban 

traffic network. From a high level point of view the basic components of an ATIS, when used 

to provide ‘optimal’ route guidance, are the following (Koutsopoulos et al, 1992): 

1) An estimator and predictor of the current and future link’s traversal times. 

2) Algorithms for detecting, as well as predicting, the effects of incidents on the link’s 

traversal times. 

3) A ‘least-time’ path algorithm that, dependent upon the optimization objective and 

based upon the information provided by components 1) and 2), suggests an ‘optimal’ route or 

‘optimal’ set of routes to the motorist. 

Despite the progress already being made, with respect to the three major components 

of an ATIS, there are still a lot of problems that need to be addressed before dynamic RGS 

operate ‘optimally’. Dependent upon the type of the traffic network (urban or highway) and/or 

the type of the motorist (tourist or regular traveler) different emphasis is given to the three 

components of the ATIS. This project aims to provide information to regular travelers for 

journeys taken under saturated traffic conditions (peak-time) in the context of the Nottingham 

urban network. The particularities and availability of input data need to be taken into account. 

Current and future links’ traversal times are known at best with uncertainty and are highly 

time-dependent. However, most of the routing algorithms of RGS, select the optimal route as 

the one that exhibits least-expected-travel time. Due to the uncertainty associated with the 

future links’ and paths’ traversal times, the expected value criterion is not always suitable in 

this project. Dependent upon the driver’s characteristics (risk-averse, risk-neutral, risk-prone) 

paths with lower uncertainty and higher expected travel time value may be preferred. 

Therefore, different optimization criteria that take into account the different levels of 

uncertainty associated with a path’s traversal time need to be employed. This is explicitly 

taken into account during the development of the ‘least-time’ path algorithms. Hence, this 

project places particular emphasis upon developing ‘least-time’ path algorithms that provide 

informed solutions and routes to the driver.  

 

1.4 Objectives of the project 
This research project aims to develop Stochastic and Time-Dependent Least-Time Path 

(STDLTP) algorithms in the context of real-time route guidance in the Nottingham urban 
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network. One objective is to explicitly incorporate and represent the different levels of 

uncertainty associated with different links’ traversal times, due to the quality of information 

provided by the alternative data sources and due to the point in time that a link is anticipated to 

be traversed, for both the travel time estimation and prediction techniques. In the context of 

the Nottingham urban network, different links are ‘equipped’ with different types of data 

sources, which provide estimation on the links’ traversal times at different levels of 

uncertainty. Furthermore, dependent upon the point in time that a link is anticipated to be 

traversed, different levels of uncertainty are associated with different links’ traversal times. A 

review on travel time estimation and prediction techniques indicates that they are evaluated 

based upon the assumption that all links in the respective traffic network are ‘equipped’ with 

the same type of data source. However, different travel time estimation techniques and/or 

different prediction strategies may well need to be developed dependent upon the type of 

information provided by each of the available data sources.  

Taking into account that the current and especially the future links’ travel time values 

are best represented by a discrete time-varying probability distribution, particular emphasis is 

placed upon the development of STDLTP algorithms. The second objective is to integrate the 

representation of the Nottingham urban network and the estimation/prediction of the links’ 

traversal times with the development of the STDLTP algorithms. It is envisaged that the input 

data will play a pivotal role in the assessment and evaluation of the STDLTP algorithms. A 

review on the relevant literature indicates that research on STDLTP algorithms and on travel 

time estimation and/or prediction techniques often evolves independently. This can lead to 

misleading results, as the quality of the ‘optimal’ path solution is clearly dependent on the 

accuracy of the links’ traversal times.  

Due to the uncertainty associated with the future links’ and paths’ traversal times, the 

expected value criterion is not always suitable in this project. Miller-Hooks (1997) was the 

first to develop optimal STDLTP algorithms, based upon alternative optimization criteria to 

the expected value criterion, in the context of a discrete stochastic and time-dependent 

network. The third objective of the project is to extend Miller-Hooks’ STDLTP backward 

(destination based) algorithms for different optimization criteria as well as to develop forward 

(origin based) versions of the STDLTP algorithms. All of Miller-Hooks’ STDLTP algorithms 

are destination based many to one and multiple departure time label-correcting algorithms. 

Consequently, in order to identify the Pareto-optimal path(s) for a single origin destination 

pair and single departure time request, they need to identify the Pareto-optimal path(s) for 

every other node in the network to the destination node and for every departure time within the 
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time period of interest. Therefore, they appear to spend a lot of time in unnecessary 

computations. This study aims to develop origin based one to one and single departure time 

label-setting STDLTP algorithms, which are tailored to the needs of single origin-destination 

pair and single departure time requests.  

The fourth objective of the project is to develop computationally efficient, heuristic 

versions of the STDLTP algorithms. Dependent upon the complexity of the RGS, different 

computational constraints are imposed upon the required computational performance of the 

employed ‘least-time’ path algorithm. However, very computationally efficient algorithms 

come at a cost of a sub optimal solution. This study aims to investigate the trade off between 

computational efficiency and solution quality of all of the implemented heuristic versions of 

the STDLTP algorithms.  

The fifth objective of the project is to identify an ‘optimal’ routing strategy in the 

context of the Nottingham urban network; utilizing all available real-time information for the 

estimation and prediction of the ‘equipped’ links’ travel time values and explicitly dealing 

with the problem of incomplete coverage and lack of traffic measurements for the majority of 

the represented links, in the context of the Nottingham urban network. The heterogeneity of 

information associated with different links’ traversal times, dependent upon the type of 

available data sources and the point in time that a link is anticipated to be traversed, is 

explicitly represented and taken into account. It is envisaged that different optimization 

criteria will output optimal paths that differ both in terms of their solution quality (i.e. 

evaluated expected travel time value and evaluated  uncertainty) as well as in terms of their 

topology (i.e. number of ‘equipped’ and ‘unequipped’ links that each of the optimal paths 

passes through). The ‘optimal’ routing strategy is defined as the one that leads to an optimal 

path that exhibits acceptable levels of expected travel time value and uncertainty.  

The ultimate objective of the project is to reveal whether it is possible, given the 

available data sources, to develop a RGS which will supply the driver with information on 

alternative routes and anticipated travel times with bigger precision and smaller uncertainty 

than the one anticipated by the driver. Thus, both the development of different types of 

STDLTP algorithms for a RGS and the identification of the upper bound on the uncertainty 

introduced by the mechanism of travel time estimation and prediction, for the different types 

of ‘equipped’ and ‘unequipped’ links, will be investigated in order for our algorithms to 

provide, if possible, results with high information content. 
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1.5 Outline of the thesis 
The thesis is structured into seven chapters. The first chapter introduces the thesis by 

giving a brief introduction to Advanced Traveler information Systems (ATIS) and dynamic 

Route Guidance Systems (RGS). This is followed by a description of the problems that are 

addressed and an overview of the general approach that is taken for solving these problems. 

Finally, the chapter is concluded with the main objectives of the research and a brief 

description of the organization of the thesis.  

Chapter 2: Discusses the different types of available data sources in the context of the 

Nottingham urban network and classifies the links in the network into ‘equipped’ links and 

‘unequipped’ links dependent upon whether they are ‘equipped’ with any of the available data 

sources. In this endeavor, it provides an overview of an Urban Traffic Control (UTC) system 

and presents a method for estimation of a link’s traversal time based upon traffic information 

that can be obtained from this control system. Furthermore, it develops and implements a 

method, in order to determine the traversal times of links ‘equipped’ with loop detectors (but 

which are not under the control of the UTC system). Subsequently, it quantifies the accuracy 

of these travel time estimation techniques and it identifies an ‘optimal’ representation for the 

two types of estimated links’ traversal times. Finally, it introduces the concept of spatial-

dependency and suggests methods for the estimation of the traversal times of links, which are 

not ‘equipped’ with any of the available data sources.  

Chapter 3: Presents and evaluates an implemented prediction strategy for the different 

types of ‘equipped’ links and under a broad spectrum of traffic conditions (i.e. from free flow 

to congested traffic conditions) and different types of congestion (i.e. recurrent and non-

recurrent congestion), as well as for different sizes of the prediction horizon. Subsequently, it 

explores the characteristics and quantifies the accuracy of the predicted travel time values, for 

the different types of ‘equipped’ links. Based upon the obtained results and the drawbacks 

associated with the implemented prediction strategy, it proposes and implements an extended 

version of the prediction strategy. The extended version of the prediction strategy predicts 

future travel time values in the form of confidence intervals instead of crisp values. 

Subsequently, chapter 3 evaluates the performance of the extended version of the prediction 

strategy for the different types of ‘equipped’ links and identifies an ‘optimal’ representation of 

the predicted links’ traversal times, for the different types of ‘equipped’ links.  

Chapter 4: Provides a review of different types of ‘least-time’ path algorithms and 

different types of routing strategies. Following the discussion of chapter 2 on the available 
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data sources, it judges the suitability of each of the routing strategies in the context of the 

Nottingham urban network. Furthermore, following the conclusions of chapters 2 and 3, on  

the ‘optimal’ representation of the current and future ‘equipped’ links’ traversal times, it 

considers the suitability of each of the algorithms in the context of the Nottingham urban 

network. Particular emphasis is placed upon Miller-Hooks’(1997) Stochastic Time-Dependent 

Least-Time Path (STDLTP), destination based algorithms. The STDLTP(EV), the 

STDLTP(Var), the STDLTP(Weight) and the STDLTP(Range) algorithms are presented, 

developed and implemented. Subsequently, the extended Bellman’s Principle of Optimality is 

adapted for each of the employed optimization criteria and a theoretical proof of the optimality 

(or non optimality) of each of the implemented STDLTP algorithms is presented. Furthermore, 

chapter 4 explores the feasibility of implementing ‘equivalent’ origin based versions of the 

STDLTP algorithms. Subsequently, it presents, develops and implements an origin based 

STDLTP(Var) algorithm and an origin based STDLTP(Range) algorithm. Subsequently, the 

extended Bellman’s Principle of Optimality is adapted for each of the origin based employed 

optimization criteria and a theoretical proof of the optimality (or non optimality) of each of the 

implemented origin based STDLTP algorithms is presented. Next chapter 4 presents, develops 

and implements several heuristic versions of the STDLTP algorithms, based upon the different 

employed optimization criteria.  

Chapter 5: Presents experimental results and analysis of the ‘actual’ performance of the 

implemented STDLTP path algorithms and their respective heuristic versions in the context of 

the Nottingham urban network, utilizing historical information for all ‘equipped’ links’ 

traversal times. The results of these experiments, in terms of computational performance and 

quality of the obtainable solution are presented. Several hypotheses are tested including: (1) 

the computational performance of all implemented STDLTP algorithms is much better than  

predicted via the worst-case computational complexity analysis, when tested in the context of 

the Nottingham urban network with real travel time data; (2) the solution quality of both the 

STDLTP(Weight) algorithm and the STDLTP(Var) algorithm is much better than theoretically 

predicted, when tested in the context of the Nottingham urban network with real travel time 

data; (3) the computational times of the destination based STDLTP algorithms are 

significantly higher than the computational times of the respective (i.e. based upon the same 

optimization criterion) origin based STDLTP algorithms; (4) the computational performance 

as well as the solution quality of all implemented STDLTP algorithms and their respective 

heuristic versions depends upon the employed optimization criterion; (5) computationally 

efficient and less complicated heuristic versions of the STDLTP algorithms can lead to sub 
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optimal solutions. The performed experimental results, enhance the understanding of the 

operation of the STDLTP algorithms and the awareness of the additional complexity and 

computational overhead added when stochasticity and time-dependency are explicitly 

represented and taking into account, for the development of the ‘least-time’ path algorithms, 

as well as when alternative optimization criteria to the expected value criterion are employed.  

Chapter 6:  Identifies ‘least-time’ paths from the start to the end of a small distance and 

a big distance origin-destination pairs, using the different types of implemented STDLTP 

algorithms and their heuristic versions. Real-time information is utilized for the estimation and 

prediction of the ‘equipped’ links’ traversal times. Chapter 6 explores the performance of the 

algorithms in terms of the quality of the obtainable solution. Furthermore, it explores the sub 

optimality of the heuristic versions of the STDLTP algorithms. In particular, it identifies the 

difference in terms of both the solution quality as well as the topology of the optimal paths, as 

outputted by the different STDLTP algorithms (i.e. based upon different optimization criteria). 

Furthermore, it identifies the difference in terms of both the solution quality as well as the 

topology of the ‘optimal’ paths, as outputted by the different heuristic STDLTP algorithms 

(i.e. based upon different optimization criteria). Particular emphasis is placed upon the number 

of ‘equipped’ links that an optimal path passes through, dependent upon the employed 

optimization criterion. Furthermore, particular emphasis is placed upon the comparison of the 

optimal paths’ expected travel time values and ‘approximate variance’ values (i.e. measure of 

the uncertainty associated with a path’s traversal times), dependent upon the employed 

optimization criterion. Chapter 6 concludes by identifying the ‘optimal’ routing strategy in the 

context of the Nottingham urban network, given the available data sources and the current 

‘optimal’ representation of the ‘equipped’ and ‘unequipped’ links’ traversal times.   

Chapter 7: Discusses the conclusions and future extensions of this work. 

 



 9

CHAPTER 2 

 

MEASUREMENT DATA AND TRAVEL TIME ESTIMATION 

TECHNIQUES, UTILIZING THE AVAILABLE DATA 

SOURCES 
 

2.1 Introduction 
In this chapter, the different types of data sources that are available in the context of 

the Nottingham urban network are described and methods for the estimation of the traversal 

times of links, which are ‘equipped’ with different types of data sources, are presented. In 

section 2.2, the different types of links that exist in the context of the Nottingham urban 

network are briefly described. In section 2.3, the SCOOT Urban Traffic Control System is 

introduced and a method for the travel time estimation for the traversal time of links that are 

‘equipped’ with a SCOOT inductive loop detector is presented. In section 2.4, the information 

provided by the flow-detectors is described and a method for the travel time estimation of 

links that are ‘equipped’ with flow-detectors is presented. In section 2.5, a method for the 

estimation of the traversal times of links that are not ‘equipped’ with any of the available data 

sources is presented, based upon the concept of spatial-dependency. Finally, concluding 

remarks are given in section 2.6. 

 

2.2 ‘Equipped’ and ‘Unequipped’ links       
A number of data sources are available in the context of the Nottingham urban 

network. In general there are two categories of links in the network. ‘Equipped’ links are 

‘equipped’ with one of the available data sources. All ‘equipped’ links are ‘equipped’ with a 

loop detector (detectorized links) and therefore real time information on the traffic condition 

of the link is available. ’Unequipped’ links are not ‘equipped’ with any data source (non-

detectorized links). The ‘equipped’ links are further divided in two categories. In the first sub 

category belong all the detectorized links, which are ‘equipped’ with a SCOOT inductive loop 

detector (see section 2.3) and therefore are under SCOOT control (SCOOT-detectorized 

links). In the second sub category belong all the detectorized links, which are ‘equipped’ with 

a flow-detector (see section 2.4) and are not under SCOOT control (flow-detectorized links). 
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2.3 SCOOT  
The main source of traffic information in Nottingham is SCOOT (Split Cycle and 

Offset Optimization Technique) data. There are 11 SCOOT-controlled areas and 100 SCOOT 

detectors in Nottingham. SCOOT is an Urban Traffic Control (UTC) system developed in UK 

for optimizing network traffic performance. The SCOOT system utilizes a model of the 

controlled network in which traffic flows from the online inductive loop detectors are fed. The 

occupancy status of the inductive loop detectors used by SCOOT is sampled every 250ms, 

providing a loop-occupancy time record for every passing vehicle. From this, the SCOOT 

system produces estimations and predictions concerning queue formations, vehicles stops and 

delays. Based upon this information the signal strategy for the next cycle is determined, in 

order to optimize the traffic network’s performance (total delay of the vehicles) (Peytchev, 

1999; Siemens, 1997; Bowen et al, 1996; Bell et al, 1995, 1992, 1990) 

 

2.3.1 Definition of urban link 

Urban link travel is defined as “the traffic movement from a detector till its departure 

from the stopline” (Siemens, 1997), where a signalized intersection is located (e.g. SCOOT 

detectors are always placed upon signalized links). Thus central to the travel time estimation 

of a vehicle traversing across an urban link is the traffic signal delay experienced by the 

vehicle. The above definition indicates that the traversal time of right-turning vehicles are 

different to the traversal times of moving through vehicles. In the following study we will only 

explore the accuracy of techniques on the estimation/prediction of the traversal times of 

moving through vehicles.  

 
2.3.2 SCOOT Measurements 

SCOOT produces a large variety of traffic status messages at regular time intervals 

(Siemens, 1997; Hounsell et al, 1990). The M02 message provides a straightforward way for 

link’s travel time estimation; it is, though, dependent on the accuracy of the SCOOT queuing 

model (Anderson, 1997; Carden et al, 1989; Robertson, 1984). The following parameters are 

reported by M02 (see figure 2.1): day and time over which the data were collected, message 

type, link number, time in seconds over which the data were collected, approximate number of 

vehicle stops per hour, approximate delay in vehicle hours per hour, approximate flow in 

vehicles per hour, SCOOT congestion in intervals per hour, raw congestion at the detector in 
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intervals per hour and an indicator of whether the detector malfunctions. The M02 messages 

are reported every five minutes. 

 
Figure 2.1:Format of SCOOT’s M02 message 

We 14:30:22 M02  N11542C  PERIOD    300  STP     124  DLY*10      

1  FLO    1115 CONG      0 RAW      0 FLTS      0 

  

Extensive experiments have been performed in the context of the Southampton urban 

network, in order to quantify the accuracy of the SCOOT model (Carden et al, 1989). Links 

with different physical and traffic characteristics during different times of the day (peak and 

off peak times) have been included in the study. Thus the obtained results are open to 

generalization. SCOOT measures flow in Link Profile Units (LPUs) per time unit. The M02 

message outputs flow in vehicles per time unit and total delay in vehicles*time unit. The 

average Link Profile Unit Conversion Factor (LPUCF) of 17 LPUS per vehicle has been 

employed. Although the experimental value of the average LPUCF has been found to be very 

close to 17 LPUS per vehicle, the study has shown that the LPUCF varies for different types 

of links and for different times of the day.  In particular, the LPUCF can take any value within 

the range of 10 to 23 LPUs per vehicle. The use of the average LPUCF leads to very 

inaccurate flow and total delay estimates (e.g. error of up to 40%). On the other hand, if an 

experimentally identified link-specific LPUCF is employed, on average the SCOOT’s flow 

and total delay estimates were shown to be within 4% of the measured flow and total delay. 

The variation of the LPUCF, within a link, for different times of the day was found to be 

insignificant.   

 
2.3. 3 SCOOT’s estimate of average link’s traversal time (Siemens, 1997) 

Based upon the information provided by the M02 message, the average delay Avd 

suffered by a vehicle on the link, for a particular 5-minute time interval, can be derived by 

dividing the total delay DLY, given in vehicle hours per hour, by the flow FLO, given in 

vehicles per hour. 

 

Avd=DLY/FLO                                                                                                             (2.1) 

 

The above type cannot be applied in the case of zero flow (no traffic passes over the 

detector, for the particular time interval, or stationary traffic conditions).  
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The average time required for a vehicle to traverse the link AvJnyt, for a particular 5-

minute time interval, can be obtained by adding the average vehicular delay Avd to the cruise 

time ffjnyt (obtained during the validation process). 

 

AvJnyt=ffjnyt+Avd                                                                                                      (2.2) 

 

Again the above type is only valid for non-zero flows.  

 

No studies have directly quantified the accuracy of the SCOOT’s estimation of the 

average link’s traversal time. However, the accuracy of the average link’s traversal time 

depends solely on the accuracy of the average vehicular delay, as the value of the free flow 

journey time is free from inaccuracies (extensively validated in the field). Both the average 

vehicular delay and the average link’s traversal time are measured in time units and therefore 

the accuracy of SCOOT’s travel time estimation technique is independent of the value of the 

LPUCF. The same study that quantified the accuracy of the SCOOT model (Carden et al, 

1989) quantified the accuracy of the SCOOT’s estimated average vehicular delay. Overall, the 

SCOOT’s estimate of the average vehicular delay and consequently the average link’s 

traversal time was found to be accurate for different types of links and under varying traffic 

conditions. In particular, it was found that SCOOT overestimates the average vehicular delay 

on average by 4%. However, there was significant variance associated with the error (i.e. an 

average standard deviation of 80% of the measured average vehicular delay). SCOOT’s 

overestimation of the average vehicular delay intensifies when the link becomes saturated and 

in general when vehicles move slowly over the detector (cases where the queue failed to clear 

within a cycle and/or maximum queue lengths were formed). In particular, under saturated 

traffic conditions, the SCOOT’s error on the estimation of the average vehicular delay for the 

same link was increased on average by a factor of 1.53. Therefore, it was assumed that 

SCOOT overestimates the average vehicular delay on average by 6%, under saturated traffic 

conditions. SCOOT’s M08 message indicates whether the queue length reached the maximum 

queue value within a cycle. SCOOT’s M11 message indicates whether the queue failed to 

clear within a cycle. 

The basic advantage of using the SCOOT’s estimate of the average link’s traversal 

time is the simplicity of the approach. Furthermore, the SCOOT model has been extensively 

validated in the field and its accuracy has been quantified. The basic drawback of the above 

approach is that it is a black box approach. The user cannot alter any of the internal parameters 
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of the SCOOT queuing model in order to improve the accuracy of the estimated average link’s 

traversal times. The aggregation interval of the estimated average link’s traversal times cannot 

be finer than the aggregation interval of the M02 message (5-minute time-interval). 

Furthermore, useful statistical information such as information on the variability of a link’s 

traversal time, for a corresponding time interval, cannot be derived.  

Alternative approaches on travel time estimation have been proposed. These 

approaches can be classified into two categories. In the first category belong approaches that 

use information at one detector to determine the speed (or any relevant traffic parameter) at 

that detector and then extrapolate to get the link’s travel time (Cherrett et al, 2001, 2000, 1996, 

1995, 1995). For signalized links, the estimation of the link’s traversal time is based upon a 

queuing model (Anderson, 1997; Kimber et al, 1986, 1979). In the second category belong 

approaches that use information from two consecutive detectors, one at each end of the link, to 

estimate the link’s travel time directly (Agafonov, 2003; Coifman, 1998; Petty et al, 1998; 

Dailey, 1993). These approaches can provide very accurate estimations of the link’s traversal 

time for each individual vehicle (i.e. in second’s accuracy). They can provide estimations of a 

link’s traversal times for different levels of aggregation as well as providing useful statistical 

parameters, such as variability of the average link’s traversal time. Furthermore, possible 

improvements, changes and tuning of parameters in order to tailor the travel time estimation 

techniques for the needs of our network can be easily accommodated. As contrary to SCOOT, 

the above models are open to alterations. However, that is at the cost of additional complexity. 

The above approaches are very data hungry. Furthermore, none of these approaches have been 

as extensively validated in the field as SCOOT. Therefore, no confidence limits have been 

placed upon the accuracy of the above approaches.  

To sum up, the SCOOT’s estimate of the average link’s traversal time is accurate 

enough from a path perspective rather than a link-specific perspective. As we are interested on 

the estimation of a whole path’s travel time, the accuracy required is in order of minutes rather 

than seconds (e.g. link’s travel time).  Furthermore, most of the links will be traversed some 

time in the future. Thus the accuracy of the travel time estimation technique will be lost with 

the inaccuracy introduced by the prediction strategy. The accuracy achieved by more 

‘sophisticated’ travel time estimation techniques would be lost in the general noise of 

imprecision within the route guidance system.    
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2.3.4 Representation of an estimated (instantaneous) SCOOT-detectorized link’s 

traversal time 

2.3.4.1 Continuous versus discrete representation 

By their very nature, links’ traversal times are continuous functions of time. However, 

estimation of a SCOOT-detectorized link’s traversal time is only available in 5-minute 

intervals. Furthermore, the size of the time interval, after which a perceptible change in traffic 

conditions takes place, cannot be lower than the frequency with which SCOOT provides 

estimates of the SCOOT-detectorized links’ traversal times. Thus the SCOOT-detectorized 

links’ traversal times are represented as discrete functions of times with at minimum a 5-

minute discretization interval. 

 
2.3.4.2 Accuracy  

The precision with which the links’ traversal times are represented should not exceed 

the accuracy of the travel time estimation technique. SCOOT’s M02 message estimates the 

traversal time of SCOOT-detectorized links with one-second accuracy. However, an increase 

or decrease of one second in a link’s traversal time does not signify any significant change on 

the link’s traffic conditions. We have decided to represent the SCOOT-detectorized links’ 

traversal times with a 10-second accuracy. The 10-second accuracy is a good compromise 

between SCOOT-detectorized links with travel time values remaining relatively stable and 

SCOOT-detectorized links with travel time values varying highly across the day. The 

adaptation of a 10-second interval is closer to the driver’s perception of change in traffic 

conditions. Furthermore, a 10-second interval can better accommodate the inherent 

inaccuracies of the estimation and prediction algorithms. 

 

2.3.4.3 Representation of the uncertainty  

As mentioned in section 2.3.3, the average vehicular delay estimated by the SCOOT 

model was found to be within 4% of the actual (measured) average vehicular delay, on 

average. However, the error in average vehicular delay for the same link was increased on 

average by a factor of 1.53, under saturated traffic conditions. Therefore, the average vehicular 

delay estimated by the SCOOT model was found to be within 6% of the actual (measured) 

average vehicular delay, on average, under saturated traffic conditions. So, it was assumed that 

the average link’s traversal time, as derived by the SCOOT model for a particular 5-minute 

time interval, to be within 4% and 6% of the actual (measured) average link’s traversal time, 
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under normal and saturated traffic conditions respectively. Based upon the above values of 

error, confidence intervals should be placed upon a SCOOT estimated link’s traversal time, as 

shown in the following graphs (figures 2.2 and 2.3).  

 

Figure 2.2: Representation of the estimated SCOOT-detectorized link’s traversal times via time-varying 

confidence intervals, under normal traffic conditions 

 

 

Figure 2.3: Representation of the estimated SCOOT-detectorized link’s traversal times via time-varying 

confidence intervals, under saturated traffic conditions 
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 According to figures 2.2 and 2.3, the width of the confidence intervals is very small. 

Taking into account that we decided to represent the SCOOT-detectorized link’s traversal 

times with 10 seconds accuracy, the width of the confidence intervals will further decrease and 

in most of the cases the confidence intervals will coincide with the SCOOT estimated value of 

the link’s traversal times. Thus, under both normal and saturated traffic conditions the 

instantaneous SCOOT-detectorized link’s traversal time, for a particular 5-minute time 

interval, is considered to be deterministic, without any significant loss of information. 

Therefore, the instantaneous traversal time of a SCOOT-detectorized link, for a particular 5-

minute time interval, is represented by a deterministic value.  

 

2.4 Flow-detectors 
The flow-detectors were first installed in the 1970s. The number of flow-detectors in 

the traffic system is 117. The flow-detectors were introduced in order to distinguish 

abnormally queued or slow traffic (i.e. saturated traffic conditions). The two functions of the 

original flow-detectors were to alert the traffic system to saturated traffic conditions (via 

occupancy values) and provide the traffic system with a measure of traffic flow (count values) 

for traffic statistics such as seasonal fluctuation and annual growth. The flow-detectors are 

placed as far away as possible from traffic signals and road junctions so that they operate in a 

location that normally allows free flowing traffic. This allows the traffic system to recognize 

real saturation more accurately and not be affected by traffic lights or junctions that generate 

their ‘own’ congestion. 

 

2.4.1 Definition of an urban flow-detectorized link 

The flow-detectors, as mentioned above, were not designed to control links and/or 

areas as SCOOT detectors are. Therefore, contrary to SCOOT, the flow-detectors are not 

concentrated into areas and in the majority of the cases only one flow-detector is placed in a 

whole area. There seldom exist consecutive flow-detectors. Furthermore, contrary to SCOOT-

detectorized links, all the flow-detectorized links are not necessarily signalized links.  

A flow-detectorized link extends from the flow-detector (measurement point) till the 

end of the next major intersection. If no sinks and sources exist within the link, then the traffic 

measurements, as provided by the flow-detector, reflect the past, current or future traffic status 

of the link. As traffic signal information is not taken into account by a flow-detector, the same 

traffic information is available for moving through and right turning vehicles alike. In the 
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following study, we will only explore the accuracy of techniques on the estimation/prediction 

of the traversal times of moving through vehicles, based upon the traffic information that can 

be derived from the link’s flow-detector.   

 
2.4.2 Flow-detector’s measurements 

There is no sampling rate associated with a flow-detector. The flow-detectors count 

every axle. The traffic system collates these into five minutes counts, which is the rawest 

information that can be assessed retrospectively. The traffic flow (traffic counter) and 

percentage occupancy data were obtained at 15-minute intervals. This information is 

retrievable via the FLOW and SURV command (figures 2.4 and 2.5).  
 
Figure 2.4: Format of the FLOW command 

Flow Survey D02516 MANSFLD/HUNT NB (X02510)        Date 31-May-02 15 min 

periods 

 Time    FlowxTime    FlowxTime    FlowxTime    FlowxTime    FlowxTime    

Flow 

 00:00  128  x05:00   28  x10:00  268  x15:00  396  x20:00  288  x 

 00:15  100  x05:15   32  x10:15  300  x15:15  452  x20:15  268  x 

 00:30   96  x05:30   44  x10:30  300  x15:30  444  x20:30  276  x 

 

Figure 2.5: Format of the SURV command 

Occupancy Survey D01327 CAN CIR/WOLL SB (X01320)   Date 25-Jul-02 15 min 

periods 

 Start   PcntxStart   PcntxStart   PcntxStart   PcntxStart   PcntxStart   

Pcnt 

 Time     OccxTime     OccxTime     OccxTime     OccxTime     OccxTime     

Occ 

 00:00    5  x05:00    1  x10:00   27  x15:00   25  x20:00   22  x 

 00:15    5  x05:15    3  x10:15   27  x15:15   24  x20:15   18  x 

 00:30    4  x05:30    4  x10:30   30  x15:30   23  x20:30   14  x 

 

The following parameters are reported by the FLOW command (figure 2.4): In the first 

line are stored: Name of the flow-detector, location of the flow-detector, date over which the 

data were collected and aggregation interval. Every other line stores: time interval over which 

the data were collected, the value of the “Flow” parameter, and an indicator of whether the 

above value is valid. The “Flow” parameter is a simple traffic counter and measures the 

number of vehicles that have passed over the flow-detector, for the corresponding 15-minute 
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time interval (flow value). If the flow-detector malfunctions and therefore the “Flow” value is 

invalid the faulty indicator takes the ‘C’ value. If predicted information has been used for the 

derivation of the “Flow” value the faulty indicator takes the ‘P’ value. When real-time 

information is available and the flow-detector operates normally, therefore the “Flow” value is 

valid for the corresponding time interval, the faulty indicator does not take any value.  The 

SURV command (figure 2.5), which comes in the same format as the FLOW command, 

reports the value of the “Occ” parameter for the corresponding time interval. The “Occ” 

parameter measures the percentage of time over which the detector has been occupied 

(percentage occupancy value), for the corresponding 15-minute time interval  

The accuracy of the “Flow” value and the “Occ” value has been quantified and the 

average value of the measurement error for both the flow and percentage occupancy data was 

found to be 40%. The above accuracy was adequate for the purpose of identifying, if at the 

corresponding link, prevail saturated or not saturated traffic conditions. For the construction of 

all of the link-specific and generalized regression models, we do not take into account the 

measurement error associated with the percentage occupancy and/or flow values. However, 

the broadness of the confidence intervals, which are placed upon the generalized regression 

model, is anticipated to compensate for the non-explicit incorporation of the inaccuracy 

associated with the measured percentage occupancy values (see section 2.4.5) 

 

2.4.3 Estimation of the traversal time of a flow-detectorized link 

As mentioned above, one of the two main functions of the flow-detectors is to identify 

if the subject link (and neighborhood area) had become saturated based solely upon the 

percentage occupancy values.  Thus based upon the percentage occupancy value of a link, for 

a corresponding 15-minute time interval, the link can be characterized as saturated or not 

saturated. The above information is not sufficient for the purpose of our work. For the purpose 

of our work, we need to identify a functional relationship that converts the measured flow and 

percentage occupancy data to estimations of the corresponding link’s traversal time.  

There have been only a limited number of studies (Cherrett et al, 2001, 2000, 1996, 

1995; Palacharla et al, 1999; Sisiopiku, 1994) that have attempted to relate the loop detector’s 

output (e.g. flow and/or percentage occupancy data) with an estimation of the corresponding 

urban (or arterial) signalized link’s traversal time. The reason is that modeling traffic 

phenomena under interrupted travel flow conditions has proven to be very challenging. 

Furthermore, current loop detectors and traffic control systems are much more modern in 

design and functionality and the algorithms are able to extract a lot more information on the 
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corresponding link’s traffic conditions than the one outputted by the flow-detectors (Siemens, 

1997). Standalone systems (not connected to real-time traffic control systems) use loop 

detectors for more complicated purposes such as vehicle identification and therefore the 

priorities in travel time estimation techniques have been shifted (Cui et al, 1997; Oda et al, 

1996). 

Sisiopiku (1994) constructed link-specific and generalized regression models, which 

related the ADVANCE loop detector’s output with an estimation of the corresponding arterial 

link’s traversal time. Sisiopiku’s (1994) work is relevant for two reasons: first of all, the 

information provided by the ADVANCE loop detectors comes at the same format as the 

information provided by the flow-detectors (e.g. flow and percentage occupancy data 

outputted in 15-minute intervals); secondly, the study is conducted upon arterial links, which 

are signalized and therefore exhibit ‘similar’ traffic characteristics as the urban links of our 

network (e.g. interrupted travel flow conditions).   

The link-specific regression models were simple linear regression models (in the 

parameters and in the variables) with the detector’s percentage occupancy data as the 

independent variable and the corresponding link’s traversal time as the dependent variable. 

Only link’s traversal times of vehicles through movements were taken into account. The flow 

data were not used as an additional independent variable as they were strongly correlated with 

the percentage occupancy data. Also, the percentage occupancy data were found to be better 

explanatory variables, for the estimation of the link’s traversal times. For links that exhibited a 

variety of traffic conditions during the day and therefore took a broad range of percentage 

occupancy values (from 5% till at least 50% to 60%) significant correlations were observed 

(the coefficient of determination took values within the range of: 0.65-0.87) between the 

percentage occupancy and the travel time data. However, for links where free-flow conditions 

prevailed the best predictor of the link’s traversal time was found to be its free flow travel time 

value. Furthermore, under saturated traffic conditions (percentage occupancy values above 

90%) the link’s traversal time was found to be unpredictable. Therefore all of the models were 

bounded and percentage occupancy values above the 90% threshold were excluded. The basic 

drawback of the link-specific regression models was that the parameters of the regression 

model needed to be individually calibrated for each link separately.  

To overcome the limitations of the link-specific regression model, but at the cost of 

additional complexity, a generalized regression model was constructed. The generalized 

regression model was a multiple linear (in the parameters and in the variables) regression 

model. The percentage occupancy values of different links were not directly comparable (e.g. 
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reflecting similar traffic conditions) as they differed dependent upon the position of each 

detector, the road layout and the control characteristics of each link. Consequently, for the 

generalized regression model, three independent variables were used: the percentage 

occupancy data, the green ratio (e.g. effective green length for a vehicle through movement 

relative to the cycle time) and the positioning of the detector relative to the stop line (ratio of 

the detector’s position divided by the link’s length). The traffic signal delay was used as the 

dependent variable in order to avoid the problem of variations in different links’ traversal 

times due to their links’ lengths variations. Adding the free flow link’s traversal time to the 

estimated delay, as given by the generalized regression model, derived the traversal time of 

each link. The generalized regression model was found to be of a good quality (coefficient of 

determination of 0.80). However, it was found to be unsuitable for links that exhibited free-

flow traffic conditions, as it showed the tendency to overestimate the links’ traversal times. 

Piecewise linear regression models and the weighted least square approach were employed to 

enhance further the accuracy of some of the link-specific and the generalized regression 

models.  

Both of the link-specific and generalized regression models were tested with field data. 

With the exemption of near capacity-flow conditions, both of the models were found to 

overestimate the links’ traversal times at any other traffic condition. However, the poor 

performance of the models was mainly attributed to the sparsity of the field data rather than 

the inadequacy of the models themselves.    

We will be following the methodology proposed by Sisiopiku (1994) in order to 

construct link-specific and generalized regression models that connect each flow-detector’s 

output with an estimation of the corresponding link’s traversal time. As mentioned above, 

Sisiopiku (1994) was interested in arriving at crisp estimates of the link’s traversal times. Thus 

she aimed at constructing a one to one relationship between each link’s percentage occupancy 

values and the estimated link’s traversal time values. We on the other hand, are interested in 

explicitly incorporating the uncertainty of the relationship between the percentage occupancy 

and the travel time data. Thus we aim at constructing one to many relationships that will 

connect a percentage occupancy value to a range of estimated travel time values. Therefore, 

we will be extending Sisiopiku’s (1994) approach in order to place confidence intervals upon 

the link-specific and the generalized regression models.  

The accuracy of our link-specific and generalized regression models will be affected 

by the quality of data available to us. First of all, the measurement error associated with the 

flow-detectors is in the range of 40%. Secondly, no consecutive flow-detectors exist, and 
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therefore we were restricted to take into account only the percentage occupancy values of the 

upstream flow-detector (detector at the start of the link). Thirdly, the traffic characteristics of 

flow-detectorized links may differ significantly as they are distributed in different areas of the 

network and some of associated links may well not be signalized. Fourthly, the travel time 

data were based upon the SCOOT’s estimation of the links’ traversal times. For the majority 

of the flow-detectorized links, no travel time data are available. The above, restricted our 

study area to links that are concurrently ‘equipped’ with a SCOOT detector and a flow-

detector (SCOOT-flow-detectorized links). The travel time characteristics of the SCOOT-

flow-detectorized links are not necessarily representative of the travel time characteristics of 

the rest of the flow-detectorized links. Finally, the only information available for the majority 

of the flow-detectorized links is the one provided by the flow-detectors, that is only flow and 

percentage occupancy values. The above was bound to restrict the predictive ability of the 

generalized regression model (as important variables are left out of the model). To sum up, the 

quality of our available information in terms of both the percentage occupancy and flow 

values and the collected travel time data is anticipated to be reflected in the quality of the 

obtained models.  

Palacharla et al (1999), improved upon Sisiopiku’s (1994) results, by utilizing a fuzzy 

reasoning model instead of a linear regression model. She demonstrated that the relationship 

between a detector’s percentage occupancy and/or flow data and the respective link’s travel 

time data is highly non-linear, in the context of interrupted traffic conditions. No linear 

regression model (i.e. even a piecewise linear regression model) can satisfactorily capture the 

correlation between the detector’s output data (i.e. percentage occupancy and/or flow-detector 

data) and the respective link’s estimated travel time values. She demonstrated that a link-

specific fuzzy reasoning regression model that is a combination of fuzzy logic and neural 

networks can capture satisfactorily the non-linear relationship between link-specific detector 

data and travel times. Therefore, fuzzy values, instead of crisp values were employed in order 

to represent the detector’s output data as well as the respective link’s travel time data. A neural 

network was employed in order to capture the relationship between the detector’s output data 

and the respective link’s travel time data. In particular, experimental results showed that the 

prediction accuracy of the link-specific fuzzy reasoning model is higher than the respective 

prediction accuracy of the link-specific regression model and furthermore, the link-specific 

fuzzy reasoning model is more flexible and it captures better the high non-linearity of the 

relationship between the detector’s output data and the respective link’s estimated travel time 

data. However, the fuzzy reasoning model, despite of its improved accuracy, still does not 
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explicitly incorporate the uncertainty associated with the conversion of the detector’s output 

data into estimations of the respective link’s traversal times and it has not been tested for 

generalized regression models. Consequently, this study will aim at constructing linear 

regression models instead of fuzzy reasoning models.  

 
2.4.4 Linear regression models 

In order to construct the link-specific and generalized regression models we need to 

collect measurements of the flow-detectorized links’ traversal times for the time intervals for 

which percentage occupancy and flow data are available. As mentioned above, our study area 

is determined by the availability of travel time data. There are seven SCOOT-flow-

detectorized links in the network (i.e. links, which are concurrently ‘equipped’ with a SCOOT 

detector and a flow-detector). In all of the cases the distance between the SCOOT detector and 

the flow-detector is small enough to assume that at any point in time the travel time 

information as provided by the SCOOT model can be associated with the percentage 

occupancy and flow values as provided by the corresponding flow-detector. The above seven 

SCOOT-flow-detectorized links are our study area. Note that all of the seven SCOOT-flow-

detectorized links are normal and therefore their respective traversal times correspond to 

vehicles through movements.    

The construction of a link-specific regression model, for each flow-detectorized link 

separately, is excluded due to the limitations of our resources (lack of travel time data for the 

majority of flow-detectorized links). The aim of our work is to construct a generalized 

regression model, which will convert the flow-detector’s output, of any flow-detectorized link, 

into an estimation of the flow-detectorized link’s traversal time, with reasonable levels of 

accuracy. To achieve the above a step-by-step approach is followed (Sisiopiku, 1994). First of 

all, we need to test the correlation between each of the studied SCOOT-flow-detectorized 

link’s flow and percentage occupancy data, as provided by the flow-detectors, and its 

corresponding travel time data as estimated by the SCOOT model. If a correlation is identified 

then a link-specific regression model is constructed for the subject SCOOT-flow-detectorized 

link. If the link-specific regression models of the studied SCOOT-flow-detectorized links 

exhibit similar characteristics, then the construction of a generalized regression model is 

feasible.  

The aim of data collection is to simultaneously collect, for each of the studied SCOOT-

flow-detectorized links, flow and percentage occupancy data, as provided by the flow-
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detectors, and travel time data, as estimated by the SCOOT model. As it is important to cover 

all the traffic conditions experienced by a link (from free flow to highly congested) traffic data 

are collected from 7 a.m till 10 p.m. Data were collected for 13 days. The SURV and FLOW 

command were used to collect each SCOOT-flow-detectorized link’s percentage occupancy 

and flow data (see figures 2.4 and 2.5). The M02 command was used to derive each SCOOT-

flow-detectorized link’s travel time data (see equation 2.3). As the SURV and FLOW 

command are given in 15-minute time intervals and the M02 command is given in 5-minute 

intervals, the derived SCOOT-flow-detectorized link’s traversal times were aggregated in 15-

minutes intervals. Triplets of values corresponding to faulty percentage occupancy and/or flow 

data and/or or travel time data were discarded. The flow-detectors are not synchronized with 

the SCOOT detectors and therefore the flow-detector data are not generated at exactly the 

same point in time with the SCOOT detector data. However, the above is not anticipated to 

cause a problem considering that the data are aggregated in 15-minute time intervals.  

Figure 2.6 is representative of the relationship between percentage occupancy and flow 

data for each of the studied flow-detectors (see appendix A.1 for more details). Two areas are 

clearly identified. For the first area, a positive linear relationship is observed between the 

percentage occupancy and the flow data and consequently the percentage occupancy and flow 

data are highly correlated. The first area covers the free flow and stable flow regime. For free 

flow traffic conditions, the link operates under capacity, and as the percentage occupancy 

value increases the flow value increases. For stable flow traffic conditions, the capacity of the 

link has not yet been reached, and as the percentage occupancy value increases the flow value 

increases at a lesser rate till the capacity of the link has been reached. For the second area, the 

flow data are highly scattered and uncorrelated to the percentage occupancy data. The above 

covers the capacity flow and the forced flow regime. Under the capacity flow regime, as the 

percentage occupancy value increases the value of the flow stabilizes around the link’s 

capacity value. For bigger percentage occupancy values, under the forced flow regime, as the 

percentage occupancy value increases the value of flow decreases. The above indicates 

saturated traffic conditions and it can be an indication of a queue spillback (a queue is formed 

above the detector) and/or an incident. 

 



 24

Figure 2.6: Relationship between the percentage occupancy and flow data, for flow-detector D02516 

 
 

All of the studied SCOOT-flow-detectorized links exhibit a variety of traffic 

conditions (broad range of percentage occupancy values from 5% till 50% to 60%) and 

therefore it is anticipated that the percentage occupancy and travel time data will be correlated 

(Sisiopiku,1994).  Furthermore, for each operating regime, the observed patterns between the 

percentage occupancy and flow data are identical independent of the SCOOT-flow-

detectorized link. The above indicates that the link-specific regression models will be similar 

and the construction of a generalized regression model may well be feasible (Sisiopiku, 1994).  

However, the value of the percentage occupancy that corresponds to the transition from the 

stable flow to the capacity flow regime is link-specific (e.g. varies approximately from 20% to 

40%). The above observation is an indication that the readings of percentage occupancy values 

from different flow-detectors are not directly comparable. To make true comparisons between 

different links’ percentage occupancy values additional parameters (e.g. detector’s location, 

road layout, control characteristics of the link) should be taken into account. Therefore, the 

‘link-specific’ percentage occupancy data should not be used as the only independent variable 

for the construction of the generalized regression model.  

The link-specific regression models are simple linear regression models (in the 

parameters and in the variables) with the flow-detector’s percentage occupancy data as the 

independent variable and the corresponding SCOOT-flow-detectorized link’s space speed data 

(e.g. link’s length divided by the estimated travel time data, as derived from the M02) as the 

dependent variable. Space speed is used as the dependent variable in order to avoid the 
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problem of variations in different SCOOT-flow-detectorized links’ traversal times due to their 

links’ lengths variations. We preferred the space speed data to the traffic signal delay data, as 

the dependent parameter, because, as mentioned above, some of the flow-detectorized links 

are not signalized. We used only the percentage occupancy value as the independent variable, 

because as we have experimentally verified above (see figure 2.6), each link’s flow and 

percentage occupancy values are strongly correlated. The percentage occupancy data have 

been found to be better explanatory variables, for the estimation of the space speed data (i.e. 

our preliminary experiments).  

The results obtained from the link-specific models were discouraging (see appendix 

A.2 for further details). The parameters of the respective linear regression models are different 

for every of the studied SCOOT-flow-detectorized links. In other words, the patterns of 

change of the space speed values per percentage occupancy value were found to be link-

specific. Therefore, contrary to our expectations, the link-specific regression models are not 

similar, which limits our ability to generalize and will be reflected in the quality of the 

generalized regression model. Furthermore, the values of the coefficient of determination 

indicate that a big percentage of the variation of the SCOOT-flow-detectorized link’s space 

speed values is not due to the variations of the SCOOT-flow-detectorized link’s percentage 

occupancy values. The big variability of the space speed data per percentage occupancy value, 

which intensifies under the congested flow regime, indicates that important parameters have 

been left out from the link-specific model. However, flow and percentage occupancy data is 

the only information available and therefore other parameters cannot be added to the model. 

The above results may well be an indication of the poor quality of our input data. More data 

need to be collected, especially under the forced flow regime (i.e. congested and saturated 

traffic conditions). Furthermore, we need to test further the association between the flow–

detector and the SCOOT detector data.  

The big variability of the space speed data per percentage occupancy value is an 

indication that an estimation of the expected value of the space speed per percentage 

occupancy value (as provided by the regression line) is not very informative as it ignores the 

vast majority of the space speed data. Therefore, confidence intervals, which connect each 

percentage occupancy value with a range of space speed data values, should be used. It is 

anticipated that the confidence intervals will cover the majority of the observed space speed 

values. 

For the construction of the generalized regression model, the use of the percentage 

occupancy data, as the only independent variable, is anticipated to limit further the quality of 
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the model, because the readings of different SCOOT-flow-detectorized links’ percentage 

occupancy data are not directly comparable (e.g. are dependent upon each link’s physical, 

traffic and control characteristics). Furthermore, it is anticipated a bigger spread of space 

speed values per percentage occupancy value, than the ones encountered in the link-specific 

case. Therefore, confidence intervals are used. 

 

2.4.5 Linear regression model with confidence intervals 

For the purpose of model fitting, one data set including the pairs of percentage 

occupancy and space speed data, of all the studied SCOOT-flow-detectorized links, is 

employed. A simple linear regression equation (straight line) is fitted to the data. The 

generalized regression model is a simple linear regression model (in the parameters and in the 

variables) with the percentage occupancy data as the independent variable and the space speed 

data as the dependent variable. The quality of the generalized model will be judged in terms of 

the width of the confidence intervals and the percentage of the space speed values that are 

included within the confidence intervals as well as in terms of the values of the coefficient of 

determination, the intercept and the slope. 

In figure 2.7, the value of the intercept, which represents an estimate of a link’s free 

flow space speed value, is 46 km/hour. The value of the slope is –0.5, which indicates that on 

average, a 10 point increase in the percentage occupancy value leads to a 5 km/hour decrease 

in the space speed value. The value of the coefficient of determination is 0.2, which indicates 

that only 20% of the variation of the space speed data can be explained by the variation of the 

percentage occupancy data. Therefore, as anticipated, the quality of the regression model is 

poor. Note that the utilization of a piecewise linear regression model with one breakpoint 

(which indicates the transition from uncongested to congested traffic conditions) or the 

utilization of a multiple linear regression model with both of the percentage occupancy and 

flow as the independent parameters were not found to improve the quality of the generalized 

regression model (i.e. our preliminary experiments). However, the 90% confidence intervals 

cover the majority of the observed pairs of percentage occupancy and space speed values and 

eliminate data outliers (e.g. space speed data associated with incidents or unrealistically high 

space speed values (due to incorrectly validated parameters)). The confidence intervals are 

wide enough to accommodate space speed values from congested to free flow traffic 

conditions, per percentage occupancy value. Therefore, the 90% confidence intervals can only 

provide crude information on the traffic conditions of the link.  On the other hand, the 50% 

confidence intervals are more informative but ignore the big spread of the space speed values.   
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Figure 2.7: Generalized linear regression model with confidence intervals, between all of the studied flow-

detectors’ percentage occupancy values and their respective links’ estimated space speed values 

 
 

The lack of data for high percentage occupancy values may well have an impact on the 

quality of the model. As can be observed from the scatter plot (figure 2.7), the validity of the 

above model diminishes for high percentage occupancy values, as there are not enough 

observations associated with them (percentage occupancy values >60%). However, the above 

is not a problem as high percentage occupancy values (>60%) are unlikely to be encountered, 

for the rest of the flow-detectorized links. To sum up, the information provided by the 

generalized regression model is preferable than no information. Therefore a combination of 

the generalized regression line as well as the 50% and 90% confidence intervals will be used 

to provide an indication of the space speed and consequently the travel time values of any 

flow-detectorized link in the network.  

 
2.4.6 Representation of an instantaneous flow-detectorized link’s traversal time 

2.4.6.1 Continuous versus discrete representation 

Percentage occupancy data are available in 15-minute intervals. Therefore, space speed 

and consequently travel time data are available in 15-minute intervals. Thus the flow-

detectorized links’ traversal times are represented as discrete functions of times with at 

minimum a 15-minute discretization interval. 
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2.4.6.2 Accuracy 

We have decided to represent the flow-detectorized links’ traversal times with a 10- 

second accuracy; following the reasoning for the accuracy of the SCOOT-detectorized links’ 

traversal times.  

 

2.4.6.3 Representation of the uncertainty  

As mentioned above, for any measured percentage occupancy value, the space speed 

value (and consequently the traversal time) of a flow-detectorized link can be better 

represented via a combination of the generalized regression line as well as the 50% and the 

90% confidence intervals. In particular, for a given 15-minute time interval and any measured 

percentage occupancy value, the following crisp values are chosen for the representation of a 

flow-detectorized link’s spaces speed values: the respective lower and upper bound values of 

the 50% confidence intervals (i.e. 25% percentile value and 75% percentile value respectively) 

and the respective lower and upper bound values of the 90% confidence intervals (i.e. 5% and 

95% percentile values respectively) as well as the value of the generalized regression line (i.e. 

median value). The probability of occurrence of each of the percentile values can be naturally 

derived from the percentile definition. Therefore, five percentile values (5%, 25%, median, 

75%, 95%) and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) represent a flow-

detectorized link’s instantaneous space speed, for each 15-minute time interval. Based upon 

the above five percentile space speed values, the respective five percentile travel time values 

(i.e. in reverse order) of any of the flow-detectorized links can be derived in a straightforward 

way; by dividing the length of the flow-detectorized link with each of the five percentile space 

speed values. To sum up, five percentile values (5%, 25%, median, 75%, 95%) and five 

attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) represent a flow-detectorized link’s 

instantaneous travel time, for each 15-minute time interval. Thus the instantaneous traversal 

time of a flow-detectorized link, for a particular 15-minute time interval, is represented by a 

discrete probability distribution.  

 

2.5 Non-detectorized links 
All the encountered travel time estimation techniques can be applied to detectorized 

links. They are based upon the premise that one or more traffic parameters (e.g. flow, 

percentage occupancy) of the link are measured in regular time intervals. However, the 

majority of the links in the Nottingham network are non-detectorized links. SCOOT regions 
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and flow-detectors cover only a small part of the represented Nottingham urban network (in 

total 217 SCOOT-detectorized and flow-detectorized links out of 2054 represented links). 

Given that probe data are not available, there is no real-time information associated with the 

traffic conditions of the majority of the links in the network.  

The non-detectorized links can be further divided in two categories, dependent upon 

their location in relation with the detectorized links. In the first category belong all the non-

detectorized links that are located in the neighborhood of detectorized links. In the second 

category belong all the non-detectorized links that are far away from any detectorized link. 

The first category of non-detectorized links can be further divided into two sub categories. In 

the first sub category belong non-detectorized links that are located in the neighborhood of a 

SCOOT-controlled area. In the second sub category belong non-detectorized links that are 

located in the neighborhood of a flow-detectorized link. The traversal time of the first category 

of the non-detectorized links can be estimated based upon the traversal time of the neighboring 

detectorized links (space prediction).  

 
2.5.1 Derivation of a non-detectorized link’s traversal time 

It is anticipated that different non-detectorized links will exhibit different travel time 

characteristics. Thus the traversal time of a non-detectorized link located in a main road will 

exhibit very different traffic characteristics to the traversal time of a non-detectorized link 

located in a minor non-busy road. However, it is anticipated that the traversal times of the non-

detectorized links that are adjacent to a SCOOT-controlled area will exhibit similar 

characteristics, as they are placed adjacent to main roads.  

The problem of insufficient coverage of a traffic network and lack of traffic 

measurements for the majority of the links is common. However, that has not led to research 

in the field of spatial prediction. Relevant work has been conducted by Hainsworth (1988) in 

the field of water distribution networks. The author explored how the existence of a meter 

reduced the uncertainty of node consumption in the nearby area. He stressed that the addition 

of a meter in the network increased the accuracy of the state estimates. The neighboring nodes 

showed an improvement but the amount of improvement decreased as the distance from the 

meter increased. Most importantly he stressed that the number of the meters in the network 

and their accuracy were not the only factors that affected the accuracy of the state estimates. 

The distribution and location of the meters throughout the network was also important.  
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Evans (1995) indirectly explored the concept of spatial-dependency when trying to 

identify and analyze localized congestion phenomena in an urban network. When studying the 

development of congestion in an area, the way that congestion on a link may affect the 

congested status of surrounding links is of interest. He introduced the concept of congestion-

connected links where if two congestion-connected links are congested there may be some 

causal relationship between the congestion on each link. Thus, congestion of a downstream 

link may have been caused by excessive flow and consequently congestion on the upstream 

link. Congestion on an upstream link may have been caused by congestion on the downstream 

link (e.g. by exit blocking). Thus congestion may spread from upstream to downstream links 

or vice versa. Finally, congestion on both of the links may have been caused by a problem on 

their common junction. The above is associated with links of opposing directions that share a 

common junction. Evans (1995) introduced implicitly the concept of spatial-dependency for 

consecutive links’ traversal times, under only congested conditions. Utilizing the concept of 

congestion-connected links, given the congested status of a detectorized link we can predict 

which of the surrounding links were, are or may become congested some time in the future. 

However, the congested or non-congested status of a link does not necessarily imply the 

congested or non-congested status of its neighboring links. Other work that has been done in 

the field of identifying the effects of an incident on the subject link and potentially on the 

neighbouring links’ traversal times (Ohe et al, 1995; Koppelman et al, 1994) can be of some 

relevance for the concept of spatial-dependency.   

In multiple link analysis the prediction of a link’s traversal time is based on current and 

previous information from the subject link’s traversal times as well as from other upstream 

and/or downstream links’ traversal times (Vythoulkas, 1993; Shbaklo et al, 1992; Sen et al, 

1991). Thus in multiple link analysis, temporal as well as spatial-dependency is taken into 

account for the prediction of a link’s traversal time. The most common model being used is 

the Autoregressive Moving Average Model (ARMA) (Vythoulkas, 1993; Shbaklo et al, 1992; 

Sen et al, 1991). A linear relationship connects the predicted traversal time of the link at time 

interval t+1 with current and past measured (or estimated) traversal times of the link (y(t),y(t-

1),…y(t-k1)) and current and past measured (or estimated) traversal times of upstream links ( 

v(t) ,v(t-1), v(t-k2)), where v(t) is a vector of currently measured (or estimated) traversal 

times of all the consulted upstream links v(t)=(v1(t),v2(t),..vn(t)), where n is the number of 

consulted upstream links.    
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In particular the traversal time of the link at time step t+1 is given by the linear relationship: 

 

y(t+1)=ϑ(t)*((-(y(t),y(t-1),…,y(t-k1)) +(v(t),v(t-1),…,v(t-k2)))+w(t)                       (2.3) 

ϑ(t) is the vector of the unknown parameters 

w(t) is a random gaussian noise (some disturbance of unspecified character). 

 

The multiple link analysis is based upon the premise that traffic flow is transferred 

from upstream to downstream links. The above model is a causal model. The assumption upon 

which is based is that there exists a causal relationship between the currently observed traffic 

flows of upstream links and the future flows of the subject link (downstream link). This can be 

the case for traffic corridors or for highways without a lot of intersections where the flow is 

transferred from upstream to downstream links. However, it cannot be the case in urban 

networks with a big number of signalized intersections and a big number of exit and entry 

points for vehicles within links. Furthermore, the assumption of transfer of flow with a time 

lag from upstream to downstream links is not expected to hold at congested conditions 

(Vythoulkas, 1993).    

A direct extension of multiple link analysis is spatial prediction, where the estimation 

of a link’s traversal times is based exclusively on current and previous travel time information 

from other neighboring links (e.g. the traversal time of the subject link is not taken into 

account, due to lack of knowledge of it). Therefore, the limitations associated with the 

multiple link analysis strategy, in an urban network, are expected to intensify in the case of 

spatial prediction. 

 

2.5.2 Application to Nottingham’s network 

A SCOOT-controlled area in Valley Road is used as our study area. It contains two 

pairs of consecutive SCOOT-detectorized links (all with vehicle through movements), where 

our experiments can be performed above. Two of the links exhibit a variety of traffic 

conditions across the day, ranging from free flow to congested traffic conditions (see appendix 

A.3 for further details). This will enable us to test the concept of spatial-dependency under a 

variety of traffic conditions. Flow-detectorized links cannot be included in the study, as 

consecutive flow-detectorized links do not exist, and therefore the concept of spatial-

dependency cannot be tested. Therefore, our study is restricted to SCOOT-controlled areas.  

Following the concepts of multiple link analysis and spatial-dependency, the aim of the 

following study is to investigate whether it is possible to estimate the traversal time of a non-
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detectorized link based upon the traversal times (current and/or past) of its neighboring 

SCOOT-detectorized link(s). The complexity of the above is mainly dependent upon the 

definition of a neighboring link. For the purpose of this study, we restrict the concept of a 

neighboring link to the non-detectorized link’s immediate upstream SCOOT-detectorized link. 

The above definition restricts significantly the number of non-detectorized links whose 

traversal times can be estimated based upon the information provided by the SCOOT-

detectorized links. The desired goal of this study is to arrive at a generalized functional 

relationship, which will connect the measured (estimated) travel time value of any link to the 

travel time value of its immediate downstream link, with reasonable levels of accuracy. In 

particular, the aim of this work is to construct a generalized regression model. To achieve the 

above a step-by-step approach is followed. 

First of all, we need to test the correlation between the space speed values for each of 

the studied pairs of consecutive SCOOT-detectorized links. If a correlation is identified then a 

pair-specific regression model is constructed for the subject pair of consecutive SCOOT-

detectorized links. If the pair-specific regression models of the studied pairs of consecutive 

SCOOT-detectorized links exhibit similar characteristics, then the construction of an area-

specific regression model is feasible. The above process should be repeated for all pairs of 

consecutive SCOOT-detectorized links, within every SCOOT-controlled area. Subsequently, 

if possible, area-specific regression models are constructed for all SCOOT-controlled areas. If 

the area-specific regression models of all SCOOT-controlled areas exhibit similar 

characteristic, then the construction of a generalized model is feasible.       

The aim of data collection is to simultaneously collect, for each of the studied pairs of 

consecutive SCOOT-detectorized links, travel time data, as estimated by the SCOOT model 

(see equation 2.2). As it is important to cover all the traffic conditions experienced by a link 

(from free flow to highly congested) traffic data are collected from 7 a.m. till 10 p.m. Data 

were collected for 13 days. Pairs of values corresponding to faulty travel time data are 

discarded. The studied SCOOT-detectorized links’ travel time values and consequently the 

derived SCOOT-detectorized links’ space speed values are given in 5-minute time intervals.  

 

2.5.2.1 Presentation of Results 

The pair-specific regression models are simple linear regression models (in the 

parameters and in the variables) with the space speed data of the immediate upstream SCOOT-

detectorized link as the independent variable and the space speed data of  the subject SCOOT-

detectorized link as the dependent variable. Space speed is used in order to avoid the problem 
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of variations in different SCOOT-detectorized links’ traversal times due to their links’ lengths 

variations. There is a time lag between the observed traffic conditions in an upstream link and 

the ‘transfer’ of these traffic conditions in its immediate downstream link. As the aggregation 

interval of the space speed data (given in 5-minute time intervals) is usually (i.e. with the 

exception of saturated traffic conditions and/or incidents) much bigger than a SCOOT-

detectorized link’s actual traversal time, the time lag is implicitly incorporated. Therefore, we 

will explore the correlation between the space speed values of the corresponding consecutive 

SCOOT-detectorized links, for matching 5-minute time intervals.    

 

The pair-specific regression model is written in the form: 

SPACESPEED_DOWN(i)=α+β1*SPACESPEED_UP(i)                                         (2.4) 

Where 

SPACESPEED_UP(i)=measured space speed value of the immediate upstream SCOOT-

detectorized link at time interval i 

SPACESPEED_DOWN(i)=measured space speed value of the subject SCOOT-detectorized 

link at time interval i 

α =intercept 

β1=regression parameter (slope) 

 

The slope expresses the rate of change of the subject’s SCOOT-detectorized link space 

speed data with the space speed data of its immediate upstream SCOOT-detectorized link. The 

intercept may express the space speed value of the subject SCOOT-detectorized link, when its 

immediate upstream SCOOT-detectorized link is over-saturated (space speed value of the 

upstream SCOOT-detectorized link close to zero). The coefficient of determination measures 

the percentage of the variation of the subject’s SCOOT-detectorized link space speed data that 

is attributed to the variation of its upstream SCOOT-detectorized link’s space speed data. It is 

anticipated that other parameters (e.g. physical, geometrical and control characteristics of the 

link) will have an impact on the space speed value of the subject link. Therefore, each space 

speed value of the upstream link will be associated with a range of space speed values of the 

subject link. So, due to the simplicity of the pair-specific regression model, confidence 

intervals are placed. The quality of the models will be judged in terms of the width of the 

confidence intervals and the percentage of space speed values that are included within the 

confidence intervals as well as the value of the coefficient of determination, the value of the 
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slope and the value of the intercept. Emphasis will be placed upon whether the two 

constructed pair-specific regression models exhibit similar characteristics.  

 

Figure 2.8: Best fit line between the Space Speed values of the SCOOT-detectorized link N11531C and the 

Space Speed values of its immediate downstream SCOOT-detectorized link N11541G 

 

 

According to figures 2.8 and 2.9, the quality of the first pair-specific regression model 

was found to be superior to the quality of the second pair-specific regression model. This is 

reflected by the values of the coefficient of determination and by the percentage of the 

observed space speed values that are included within the constructed confidence intervals. 

Furthermore, the value of the intercept of 11 km/hour, for the first pair-specific regression 

model is more intuitive than the value of the intercept of 48 km/hour, for the second pair-

specific regression model. Overall, the first pair of consecutive SCOOT-detectorized links 

(N11531C-N11541G) appears to follow similar travel time patterns. However, the low value 

of the slope of 0.2, for the first model, indicates that the values of the space speed data of the 

upstream link N11531C have a small impact on the values of the space speed data of the 

subject link N11541G. 
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Figure 2.9: Best fit line between the Space Speed values of the SCOOT-detectorized link N11541G and the 

Space Speed values of its immediate downstream SCOOT-detectorized link N11542C 

 
 

The very high value of the intercept, for the second model, indicates that the traversal 

time of the subject link N11542C is effectively independent of the traffic conditions of its 

upstream link N11541G. Therefore, the space speeds of consecutive SCOOT-detectorized 

links were not significantly correlated, independent of the studied pair. Most importantly, it 

was found that, within a SCOOT region, the functional relationship that connects the space 

speeds of consecutive SCOOT-detectorized links is pair-specific and changes dependent upon 

the studied pair of consecutive SCOOT-detectorized links. The two constructed pair-specific 

regression lines are significantly different (very different values of slopes and intercepts). The 

above limits our ability to generalize and an area-specific regression model cannot be 

constructed; as the figure 2.10 demonstrates. According to figure 2.10, the space speed value 

of the subject link tends to increase as the space speed value of the upstream link decreases; 

which is counterintuitive. 
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Figure 2.10: Best fit line between the Space Speed values of the two consecutive pairs of the SCOOT-

detectorized links in Valley Road 

 
 

Similar experiments have been performed in other SCOOT-controlled areas, but the 

results obtained are more discouraging (see appendix A.4 for further details). Furthermore, the 

utilization of coarser aggregation intervals for the space speed data and/or the division of the 

day into morning peak, afternoon peak and evening off-peak periods did not improve the 

quality of the regression models (i.e. our preliminary experiments). To sum up, the traffic 

information provided by both of the SCOOT detectors and/or the flow-detectors could not be 

utilized for the estimation/prediction of their respective neighboring non-detectorized links’ 

traversal times. Therefore, there is no information available on the traversal times of any non-

detectorized link independent of its positioning.  

 

2.6 Conclusions 
This chapter discussed the available data sources in the context of the Nottingham 

urban network. SCOOT inductive loop detectors and flow-detectors were the only available 

data sources in the context of the Nottingham urban network. Based upon information 

provided by the SCOOT inductive loop detectors, a method was presented for the estimation 

of the SCOOT-detectorized links’ traversal times. Previous work (Garden et al, 1989) that has 

extensively quantified the accuracy of the presented travel time estimation technique was 

mentioned. According to the above mentioned work, the presented travel time estimation 

technique was found to provide accurate estimations of the SCOOT-detectorized links’ 
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traversal times at 5-minute time intervals (i.e. average error of 4%). The accuracy of the 

presented travel time estimation technique was found to deteriorate slightly under saturated 

traffic conditions (i.e. average error of 6%). In this study, the instantaneous traversal time of a 

SCOOT-detectorized link, for a given 5-minute time interval, was represented by a 

deterministic value.  

Subsequently, based upon the information provided by the flow-detectors, a method 

for the estimation of the flow-detectorized links’ traversal times was constructed and 

presented. Flow-detectors only reported flow and percentage occupancy data at 15-minute 

time intervals. Again, in this study, the measurement error associated with the reported flow 

and percentage occupancy data was not taken into consideration. Following the methodology 

proposed by Sisiopiku (1994), a generalized linear regression model was constructed which 

converted any of the flow-detector’s output data (i.e. percentage occupancy data) into 

estimations of the flow-detectorized link’s space speed values and consequently travel time 

values. Due to the big variability of the space speed data per percentage occupancy value the 

estimation of the expected value of the space speed per percentage occupancy value (as 

provided by the regression line) was not very informative as it ignored the vast majority of the 

space speed data. Therefore, confidence intervals, which connected each percentage 

occupancy value with a range of space speed data values, were placed upon the generalized 

linear regression model. It was shown, that a combination of the information provided by the 

generalized regression line as well as the information provided by the 50% and 90% placed 

confidence intervals, could better represent a flow-detectorized link’s space speed value per 

measured percentage occupancy value. In particular, for a given 15-minute time interval and 

any measured percentage occupancy value, five percentile values (5%, 25%, median, 75%, 

95%) and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) were found to optimally 

represent a flow-detectorized link’s instantaneous space speed value and consequently a flow-

detectorized link’s instantaneous travel time value. Therefore, it was experimentally verified 

that the instantaneous traversal time of a flow-detectorized link, for a given 15-minute time 

interval, could be optimally represented by a discrete probability distribution.  

Finally, this chapter dealt with the problem of estimating the traversal times of the non-

detectorized links, which constitute the majority of the represented links in the context of the 

Nottingham urban network (i.e. in total 217 SCOOT-detectorized and flow-detectorized links 

out of the 2054 represented links). Following, the concepts of multiple link analysis and 

spatial-dependency, it was investigated whether it was possible to estimate the traversal time 

of a non-detectorized link based upon the traversal times (current and/or past) of its 
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neighboring detectorized links. It was experimentally found that the space speed values of 

consecutive pairs of SCOOT-detectorized links were uncorrelated, for matching 5-minute time 

intervals. Thefore, there was no information available on the traversal times of any non-

detectorized link independent of its positioning. 

Different data sources provide information on the links’ traversal times at different 

levels of uncertainty. Dependent upon the quality of information provided by the alternative 

data sources, different representations were found to be ‘optimal’ for the estimated travel time 

values of different types of link. Therefore, for the Nottingham urban network, different links 

are ‘equipped’ with different types of data sources, which provide estimation on the links’ 

traversal times at different levels of uncertainty as well as at different frequency.  The decision 

on the representation of the instantaneous links’ traversal times is crucial as it will affect the 

construction of the historical profile, the chosen prediction strategy as well as the type of the 

‘least-time’ path algorithm employed, as the following chapters will demonstrate.  
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CHAPTER 3 

 

PREDICTION STRATEGIES FOR SCOOT-DETECTORIZED 

AND FLOW-DETECTORIZED LINKS 
 

3.1 Introduction 
In this chapter, methods for the prediction of the SCOOT-detectorized and flow-

detectorized links’ traversal times are presented. In section 3.2, the importance of a prediction 

strategy for the reliability of a RGS is briefly stated. In section 3.3, the characteristics of the 

SCOOT-detectorized links that are used for the evaluation of the different types of prediction 

strategies are described. In section 3.4, the suitability of the utilization of the instantaneous 

link’s travel time value for the prediction of future link’s travel time values is investigated. In 

section 3.5, the suitability of the historical profile approach as a prediction strategy is 

investigated. In section 3.6, a brief review of different types of prediction strategies is 

provided. In section 3.7, the Ali-Scout prediction strategy is introduced. The performance of 

the Ali-Scout prediction strategy is analyzed and its accuracy is quantified. Furthermore, 

previous work that has been conducted on modifying and extending the Ali-Scout prediction 

strategy is described. In section 3.8, our extended version of the Ali-Scout prediction strategy, 

which predicts future travel time values in the form of confidence intervals instead of crisp 

values, is presented. In section 3.9, the historical profile approach and the Ali-Scout prediction 

strategy, when applied to flow-detectorized links, are presented and evaluated. Finally, 

concluding remarks are given in section 3.10. 

 

3.2 Importance of a prediction strategy for a RGS 

In Route Guidance Systems (RGS) when the driver makes a request (e.g. provides an 

origin-destination pair and a desired departure time) the controller suggests an ‘optimal’ route 

or ‘optimal’ set of routes. In the majority of cases the suggested route would minimize or 

come close to minimizing the driver’s travel time. The perceived reliability of the controller 

depends upon the driver’s experienced traffic conditions on the suggested ‘optimal’ route.  In 

order for the controller to evaluate and suggest a route, the links’ travel times need to be 

known at the time the driver actual traverses the links, but the ‘optimal’ route needs to be 

computed at the time the request is made. So, the computation of such a route requires values 
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of the links’ travel times for future time periods that are not known. Currently estimated 

(instantaneous) links’ travel time values, based upon current traffic conditions, can be useful 

for driver’s diversion decisions. However, traffic conditions can fluctuate highly over short 

time periods. Therefore, a prediction mechanism is essential for a ‘reliable’ RGS. The size of 

the prediction horizon should cover the maximum duration of a journey under normal traffic 

conditions (e.g. in Nottingham about 60 minutes).  

 

3.3 Study area, for SCOOT-detectorized links 
Dependent upon their travel time characteristics, the SCOOT-detectorized links are 

classified into three broad categories. In the first category belong all links that exhibit high 

historical uncertainty associated with the links’ traversal times under the morning and 

afternoon peak periods. Furthermore, under congested conditions, the instantaneous links’ 

travel time values can exhibit high, non-linear changes even for consecutive time intervals. In 

the second category belong all links that exhibit significantly lower historical uncertainty 

associated with the links’ traversal times under the morning and afternoon peak periods. 

Furthermore, the change of the instantaneous links’ travel time values, under congested 

conditions, is moderate. In the third category belong all links that exhibit free-flow traffic 

conditions, even during the morning and afternoon peak periods. Subsequently, the historical 

uncertainty associated with the links’ traversal times is negligible, even during the morning 

and afternoon peak periods. Furthermore, the change of the instantaneous links’ travel time 

values is negligible. Consequently, past, current and/or future travel time values of the third 

category of links can all be represented by the same deterministic and time independent value. 

See appendix B.1 for further details in the different types of SCOOT-detectorized links.  

The SCOOT-detectorized link N11531C is used for the evaluation of the Ali-Scout 

prediction strategy. The link N11531C is representative of other SCOOT-detectorized links. It 

has a large historical uncertainty and it can exhibit high rate of change of the instantaneous 

link’s traversal times for consecutive time intervals. So, Ali-Scout’s performance for other 

links is sometimes better (i.e. for the second category of SCOOT-detectorized links).  

The suitability of each prediction strategy depends upon the prevailing traffic 

conditions at the time the prediction takes place and at the time the driver traverses the links, 

as well as the distance between the origin and destination nodes and consequently how far 

ahead in time the prediction takes place. Consequently, the suitability of each prediction 

strategy will be judged under a broad spectrum of traffic conditions (e.g. from free flow to 
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congested traffic conditions) and for different sizes of the prediction horizon. In particular, the 

suitability of each prediction strategy will be judged for short-term predictions (predicting up 

to 10 minutes ahead), medium-term predictions (predicting from 15 to 30 minutes ahead) and 

long-term predictions (predicting from 35 to 60 minutes ahead). Furthermore, the suitability of 

each prediction strategy will be judged under recurrent and non-recurrent congestion. In this 

study we only explore the performance of a prediction strategy under congested traffic 

conditions that are attributed to excessive traffic flow.  

 

3.4 Instantaneous (Current) link’s travel times 

Figure 3.1: Rate of change of the instantaneous link’s N11531C travel time values, based upon daily profile 

on 29/04/02 

 
 

Figure 3.1 shows clearly that the instantaneous link’s travel time values exhibit 

different travel time characteristics during different times of the day. Off-peak periods are 

characterized by the stability of traffic conditions and therefore the current link’s travel time 

value is a good predictor of the future link’s travel time values for the whole off-peak period. 

On the other hand, peak periods are characterized by high fluctuations and rapid, non-linear 

changes in the link’s travel times, even for consecutive time intervals. Therefore, the current 

link’s travel time value may well be a poor indicator of the future link’s travel time values, 

even for the next time interval. Furthermore, in the majority of cases, the deviation between 

the current link’s travel time value and the future link’s travel time value increases as the 

distance between the two time periods increases. However, in the majority of cases, dependent 
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upon the required accuracy, the current link’s travel time value is a good predictor of the 

future link’s travel time values for the next couple of five-minute time intervals.  

 

3.5 Historical profile approach 
The historical profile approach is based upon the assumption that a link’s future travel 

time can be predicted based upon records of the link’s past travel times, under similar 

circumstances (e.g. day of the week, time of the day). Two issues are crucial when a link’s 

historical profile is constructed: to be able to provide a realistic classification of the link’s past 

travel time data and to be able to identify a distribution that is followed by the link’s travel 

time data within each class (Shbaklo et al, 1992). 

 
3.5.1 Construction of historical profile for SCOOT-detectorized links    

A historical profile has been constructed, which represents the ‘average’ traffic 

characteristics of a link’s travel times, for each 5-minute time interval, during weekdays. The 

estimation of the links’ travel times is based upon SCOOT M02 messages (see section 2.3.3). 

Due to inherent fluctuations in traffic demand, the travel time of a link at a specific point in 

time for two ‘similar’ days does not take a constant value (figure3.2).  

 

Figure 3.2: Deviations between the link’s N11531C historical mean travel time value and the link’s 

instantaneous travel time values, for different daily profiles 
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Thus for a particular 5-minute time interval, the historical link’s travel time values can 

be better represented via a random variable. The link’s travel time can be represented via its 

mean and variance, for each time interval. The mean and variance of a link’s travel time can 

be especially informative if we can assume that, for each time interval, the travel time of the 

link follows one of the well known discrete probability distributions. However, taking into 

account that a link exhibits different travel time characteristics during different times of the 

day, it is anticipated that different distributions will optimally represent the historical link’s 

travel times during different times of the day. Furthermore, for the same time of the day, even 

consecutive links may exhibit different travel time characteristics (see appendix A.3) and 

consequently different distributions will optimally represent each link’s travel times. Another 

major disadvantage of this approach is the additional inaccuracy introduced because of the 

assumption of a particular distribution.   

Another way that we can represent the link’s travel time is via confidence intervals 

based upon the corresponding percentile values of the link’s travel times. The inter quartile 

range has been proposed as representative of the link’s travel time values for each time 

interval (Anderson, 1997). The basic drawback of this representation is that it only uses two 

values and ignores the rest, and consequently does not give any indication of the distribution 

of the travel time values within the inter quartile range.  

  

Figure 3.3: Historical profile for link N11531C 
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We have used the median and the inter quartile range rather than the mean and the 

variance, as according to (Anderson, 1997) they are more representative of the values of a 

random variable that does not follow a normal distribution. We have also used the 95% 

percentile as, according to (Evans, 1995), it gets rid of data outliers and extreme values of a 

link’s travel time that can occur during incident closure or severe traffic conditions. We have 

also used the 5% percentile for the sake of symmetry. An example is shown in figure 3.3.  

According to figure 3.3, both the historical inter quartile range and the historical median 

exhibit low travel time values and steady-state trends during the off-peak periods followed by 

higher travel time values, random fluctuations and unsteady-state trends during the peak 

periods. Furthermore, the width of the interquartile range is wide (reflecting maximum 

uncertainty) during the peak periods and narrow during the off-peak periods. The 95% 

percentile value exhibits high travel time values, unsteady state trends and high random 

fluctuations in its value during most times of the day. The historical 95% percentile value 

provides an indication of excessive link’s travel time values during the peak periods. 

Furthermore, the historical 95% percentile value provides an indication of unusually excessive 

link’s travel time values during some of the off-peak periods. The later is attributed to the fact 

that only thirty daily profiles were used for the derivation of the respective historical percentile 

values and therefore the historical 95% percentile value failed to get rid of data outliers. The 

historical 5% percentile value always takes low values and exhibits relatively stable 

characteristics independent of the time of the day. Therefore, the historical (5% 95%) range 

represents an upper bound of the historical uncertainty associated with a link’s travel time. 

The combination of the five percentile values (5%, 25%, median, 75%, 95%) can give 

us improved information with respect to the distribution of the link’s travel time values, for 

each 5-minute time interval (figure 3.3). The probability of occurrence of each of the 

percentile values can be naturally derived from the percentile definition. Therefore, five 

percentile values (5%, 25%, median, 75%, 95%) with 5 attached probability values (0.05, 0.2, 

0.5, 0.2, 0.05) represent the link’s historical travel times for each 5-minute time interval. Thus 

the historical travel time of a SCOOT-detectorized link, for a particular 5-minute time interval, 

is represented by a discrete probability distribution.  

 

3.5.2 Suitability of the historical profile approach as a prediction strategy 

Due to the big historical uncertainty associated with the link’s travel times, during the 

morning and afternoon peak periods, the link’s historical mean travel time values are not, in 

most of the cases, representative of the link’s current and/or future traffic conditions. This is 
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because, the historical mean removes much of the variation in the link’s travel time and 

therefore is inadequate (see figure 3.2). Therefore, the historical mean cannot be used on its 

own for the prediction of a link’s travel times. 

Figure 3.4 shows that the historical inter quartile range is not always inclusive of the 

actual link’s travel times values. The above, intensifies during the morning peak period, where 

there is high historical uncertainty associated with the link’s travel times and big difference 

between the historical inter quartile range and the historical (5% 95%) range. 

 

Figure 3.4: Deviations between the actual link’s travel time values, for different daily profiles (*)  

and the link’s historical inter quartile range (lines) 

 
 

Figure 3.5 demonstrates clearly that the historical (5% 95%) range can predict and 

account for the variation of the link’s travel times for different times of a day during both peak 

and off-peak periods. However, the historical (5% 95%) range can be uninformative during 

both morning and afternoon peak-periods (i.e. recurrent congestion), due to the big historical 

uncertainty associated with the link’s travel time values. Furthermore, the historical (5% 95%) 

range can be uninformative even under off-peak periods, for periods where excessive link’s 

travel time values are the most likely to occur (i.e. lunch-time period). 
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Figure 3.5: Deviations between the actual link’s travel time values, for different daily profiles (*)  

and the link’s historical (5% 95%) range (lines) 

 
 

To sum up the historical profile approach in the form of the (5% 95%) intervals, can be 

uninformative during the periods of recurrent congestion dependent upon the link’s 

characteristics (see appendix B.1). Because of its nature, the historical profile on its own 

cannot account for unanticipated traffic conditions (non-recurrent congestion), as it does not 

take into account the recent or current traffic conditions. Therefore, alternative prediction 

strategies are sought.   

 

3.6 Approaches on travel time prediction 
If real-time information is not available for the estimation and/or prediction of a link’s 

traversal times, the historical profile approach is the only choice. However, if real-time 

information is available the historical profile approach should not be used on its own, as it 

cannot account for unanticipated traffic conditions and it can be uninformative even during the 

periods of recurrent congestion, dependent upon the link’s characteristics (see section 3.5). 

Therefore, a number of different types of prediction strategies have been developed including 

statistical models, traffic simulation models, dynamic traffic assignment models, neural 

network models and other heuristic models (Fu et al, 2004; Sherif et al, 2002; Ran, 2000; 

Abdulhai et al, 1999; Park et al 1999; Peytchev, 1999; Anderson, 1997; Bae, 1995; Fu et al 

1995; Ohe et al 1995; Taylor et al, 1995; Koutsopoulos et al, 1993; Sen et al, 1993, 1991; 

Thakuriah et al, 1993, 1992; Vythoulkas, 1993; Shbaklo et al, 1992; Hoffman et al, 1990). 
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 Different variations of statistical methods have been developed with different 

emphasis placed upon the current value and historical values of the link’s travel times 

(Peytchev, 1999; Vythoulkas, 1993; Shbaklo et al, 1992). The majority of statistical methods 

are based upon time-series (ARMA) models. The ARMA models are divided into single-link 

analysis prediction models and multiple-link analysis prediction models. Furthermore, the 

ARMA models are further divided into static models with time invariant parameter values and 

adaptive models that dynamically adjust the values of the parameters across the day. In 

general, the single-link analysis ARMA models are suitable for stable traffic conditions, but 

they cannot account for rapid changes in traffic conditions (Peytchev, 1999; Vythoulkas, 1993; 

Shbaklo et al, 1992). The adaptive ARMA models outperform the equivalent static ARMA 

models. Indeed, adaptive multiple-link analysis models can have a satisfactory performance, in 

the context of an urban network, even under congested conditions as long as the congestion 

gradually builds up (Vythoulkas, 1993). The basic drawback of all ARMA models is that they 

tend to ‘average out’ travel time values. Therefore, they cannot be useful in situations where 

there is a trend for the travel time values of an upstream link to increase due to an incident on 

its immediate downstream link (Shbaklo et al, 1992). Furthermore, taking into account the 

lack of traffic measurements for the majority of the links in our network, multiple-link 

analysis prediction models cannot be implemented.   

The basic advantage of simulation techniques (Peytchev, 1999; Anderson, 1997; 

Shbaklo et al, 1992) is that they can provide the environment upon which the traversal of a 

link takes place, including traffic signals and stop signals delays. Their basic disadvantage is 

their relative computational inefficiency. Furthermore, most simulation techniques are 

dependent upon traffic parameters that cannot be known in advance (i.e. future traffic signal 

phases, future traffic flows). Usually, simulation techniques are accompanied with other 

prediction strategies (i.e. ARMA model to predict future traffic flows; neural network models 

to predict traffic signal plans). Furthermore, the prediction of parameters such as traffic signal 

phases can be meaningless in the context of medium-term and long-term predictions.  

The neural network models (Abdulhai et al, 1999; Park et al, 1999; Fu et al, 1995; Ohe 

et al, 1995; Taylor et al, 1995) can capture the dynamic changes on the link’s travel time 

values, under congested traffic conditions. The neural network models were found to be more 

accurate than ARMA models, in cases of both recurrent and non-recurrent congestion. 

Furthermore, they are ideal for ad hoc situations including accidents and incident detection 

(Ohe et al, 1995). However, approaches based on neural networks for travel time estimation 

and predictions have the apparent drawback of the ‘black box’ optimization approaches. 
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Furthermore, they required a vast amount of travel time data, during the training phase. Other 

factors associated with the use of suitable architectures and data scaling make neural networks 

a complex prediction strategy.  

Less complex and less mathematically stringent heuristic techniques have also been 

developed. One of them, Ali-Scout, is used as part of the Berlin LISB RGS (Koutsopoulos et 

al, 1993; Hoffman et al, 1990). The basic advantage of the Ali-Scout prediction strategy is its 

simplicity and its computational efficiency. The data requirements for the Ali-Scout prediction 

strategy are minimal. Furthermore, the Ali-Scout prediction strategy is a correlative model, 

which makes predictions based upon the correlation between the variables of interest. Taking 

into account, that a causal model is difficult to identify for an urban network, a correlative 

model is expected to operate better especially under congested conditions in the context of an 

urban network (Vythoulkas, 1993). Furthermore, the Ali-Scout prediction strategy has been 

developed and tested as an active component of a RGS. There are some disadvantages 

associated with the Ali-Scout prediction strategy, which will be described in sections 3.7 and 

3.8. To sum up, the Ali-Scout prediction strategy has been selected in this study because of its 

simplicity, its intuitive appeal and ease of implementation as well as its proven effectiveness 

as part of a RGS.    

 

3.7 Description of Ali-Scout (Hoffman et al, 1990)    
The prediction mechanism of Ali-Scout consists of two main parts; the construction of 

a historical profile and the actual prediction algorithm. The historical mean travel time value, 

for each time interval, represents the link’s historical profile. The predicted link’s travel times 

are a function of the historical value of the link’s travel time for the corresponding time 

interval and the most recent estimation of the link’s travel time (current link’s travel time 

value). In particular, the ratio (equation 3.1) between the current link’s  l travel time value ( 

t(l,n) ) and  its historical mean value ( ht(l,n) )  for the corresponding time interval n is 

calculated. 

 

)n,l(h
)n,l(t)n,l(Ratio

t

=                                                                                       (3.1) 

 

This ratio expresses the deviation of the current link’s travel time value from its 

historical mean value. Based upon this single ratio value (Ratio(l,n) ), the link’s travel times 
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for future time intervals (n+p, where p>0) can be predicted. It is assumed that the value of the 

ratio remains unaltered for future time intervals. The predicted link’s travel time value for any 

future time interval ( equation 3.2 ) is the product of the historical mean value of the link’s 

travel time for the corresponding future time interval ht(l,n+p) and the value of the ratio 

(Ratio(l,n) ). 

 

)pn,l(h)n,l(Ratio)pn,l(t tp +×=+ , where p>0                                          (3.2) 

 

The above description is a simplification of the originally proposed prediction strategy 

in the Ali-Scout project. In the original version of Ali-Scout, the value of the ratio (equation 

3.3) was a weighted average of the current value of the ratio (Ratio(l,n) ) and the value of the 

ratio corresponding to the previous time interval (Ratio(l,n-1) ). Hoffman et al (1990) 

proposed the above modification as the estimated links’ travel time values were exclusively 

based upon probe data (e.g. 0.1% equipped vehicles). Therefore, the currently estimated links’ 

travel time values (as provided by the probe data) were not necessarily representative of the 

traffic conditions in the links. Therefore the value of the ratio of the previous time interval 

needed to be consulted.  

 

Weight_Ratio(l,n) = )1n,l(Ratio)1()n,l(Ratio −×α−+×α                (3.3) 

Where α is a weighting coefficient                                      

 

Furthermore, in order to incorporate the traffic conditions in neighboring links, the 

final link’s ratio value (equation 3.5) was an average of the link’s ratio value 

(Weight_Ratio(l,n)) and the average value of the neighboring link’s ratio values (equation 

3.4).  

 

Mean_Ratio(l,n)= ∑
β

=β 1r
)n,r(Ratio1         (3.4)  

 

where r is a link in the neighborhood of the subject link  l and β is the total number of 

neighboring links that are taken into account. 

 

Ratio(l,n)= ))n,l(Ratio_Mean)n,l(Ratio_Weight(5.0 +×     (3.5)                       
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The incorporation of past ratio values was not considered to be essential, as we do not 

make use of probe data. The incorporation of the neighboring links’ ratio values was 

considered unlikely to improve the performance of Ali-Scout, taking into account the poor 

results on spatial prediction that we obtained in Chapter 2 (see section 2.5.2.1) as well as the 

fact that the majority of the neighboring links are non-detectorized links and therefore their 

ratio values are not known. Therefore, in this study, a simplified version of the Ali-Scout 

prediction strategy (as described in equations 3.1 and 3.2) has been implemented.  

 

3.7.1 Analysis of Ali-Scout    

Figure 3.6 demonstrates that for a small number of consecutive time intervals (e.g. 

about four to six consecutive 5-minute time intervals) the actual link’s travel times exhibit 

similar trends (all of them bigger or all of them smaller by roughly the same proportion than 

their historical mean value). The Ali-Scout approach is based upon the above observation. The 

above observation places an upper bound upon the maximum size of the prediction horizon for 

Ali-Scout (e.g. predictions up to 30 minutes ahead, under congested traffic conditions).  

 

Figure 3.6: Deviation between the actual link’s travel time values and the link’s historical mean travel time 

values, during the morning peak period 

 
 

The Ali-Scout approach is based upon the premise that the actual link’s travel time 

values exhibit travel time trends, which do not deviate significantly from the corresponding 

travel time trends of the link’s historical mean travel time values. The Ali-Scout approach 
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operates optimally if the rate of change of the actual link’s travel time values is equal to the 

rate of change of the corresponding link’s historical mean travel time values.  

 

Equations 3.1 and 3.2 combine to give: 

   

)n,l(t
)n,l(h

)pn,l(h
)pn,l(t

t

t
p ×

+
=+                                                                            (3.6) 

 

As can be concluded from equation 3.6, the bigger the difference between the 

historical mean travel time values for the future time interval (n+p) and the current time 

interval (n) the bigger is the difference between the link’s Ali-Scout predicted travel time 

value (tp(l,n+p)) and the link’s current travel time value (t(l,n)). The above relationship 

highlights clearly the limitations of the Ali-Scout prediction strategy. First of all, during the 

off-peak periods the link’s historical mean travel time values exhibit stable characteristics. 

Therefore, according to equation 3.6, the Ali-Scout predicted travel times values, for the 

whole time period of interest, are anticipated to be almost equal to the current link’s travel 

time value, at the time the prediction takes place at (time interval n). Consequently, Ali-Scout 

cannot cope with unanticipated traffic conditions that may emerge during the off-peak periods. 

   

Figure 3.7: Deviations between the link’s actual travel time values and the link’s historical mean travel 

time values, under unanticipated traffic conditions 
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Figure 3.7 shows the difference between the characteristics of the actual link’s travel 

time values, corresponding to unanticipated congested conditions during an off-peak period, 

and the characteristics of the historical mean link’s travel time values. As anticipated the 

traffic patterns followed by the actual link’s travel time values are not related to the traffic 

patterns followed by the historical mean travel time values. 

Figure 3.8 demonstrates clearly that under peak periods and especially during the 

transition from un-congested to congested traffic conditions and vice versa, the rate of change 

of the actual link’s travel time values is significantly bigger than the rate of change of the 

historical mean link’s travel time values. The above observation places limitations upon the 

accuracy of the Ali-Scout prediction strategy under congested traffic conditions.  

 

Figure 3.8: Deviations between the link’s actual travel time values and the link’s historical mean travel 

time values, under congested traffic conditions, during the afternoon peak period 

 
 

Most of the times (figure 3.8), during peak periods, the rate of change of the historical 

mean travel time values is moderate for consecutive time intervals. Therefore, for short-term 

predictions there is no significant difference between the current link’s travel time value, at the 

time the prediction takes place, and the Ali-Scout predicted link’s travel time values for the 

next couple of time intervals (see equation 3.6). The above again demonstrates that the Ali-

Scout prediction strategy cannot cope with big changes on the actual link’s travel times for 

consecutive time intervals. However, the rate of change of the historical mean travel time 

values, corresponding to time intervals that are at least 15 minutes apart can be bigger. 



 53

Therefore, the Ali-Scout predicted travel time value can be significantly different to the 

current value of the link’s travel time, at the time the prediction takes place. Given that under 

recurrent congestion the actual traffic patterns may follow the historical traffic patterns, the 

Ali-Scout predicted link’s travel time values may well be closer to the future link’s travel time 

values in comparison with the current link’s travel time value, at the time the prediction takes 

place. Therefore, the role of the Ali-Scout prediction strategy is expected to be better 

conveyed for medium-term predictions.  

 

3.7.2 Quantification of Ali-Scout’s accuracy 

Thirty daily profiles were used in order to quantify the accuracy of the Ali-Scout 

prediction model under a variety of traffic conditions. Two major parameters are anticipated to 

have an impact upon the performance of the Ali-Scout prediction model: prevailing traffic 

conditions of the link, when the prediction takes place and size of the prediction horizon. The 

performance of the Ali-Scout prediction model will be tested as a function of the above two 

parameters. Furthermore, the performance of Ali-Scout will be tested under recurrent and non-

recurrent congestion. The Ali-Scout predicted travel time value will be compared with the 

corresponding historical mean travel time value as well as with the current travel time value of 

the link, at the time the prediction takes place. The above two values are used as a benchmark 

of Ali-Scout’s performance, as any prediction strategy should be able to outperform the above 

two values, most of the times. Finally, the Ali-Scout prediction model will be tested for 

systematic errors (systematic overestimations or underestimations of the predicted link’s travel 

time values).  

 

3.7.2.1 Indexes of performance 

The performance of the Ali-Scout prediction model is evaluated using the mean 

absolute relative travel time prediction error (equation 3.9). The median value of the relative 

travel time prediction errors (equation 3.10) provides an indication of whether there are 

systematic errors associated with the Ali-Scout prediction model. The relative travel time 

prediction error (equation 3.7) of link l, when predicting p-steps ahead at  day d and time 

interval i-p, is calculated as the difference between the Ali-Scout predicted travel time value 

(Pred_Traveltime(l,d,i,p)) and the link’s actual travel time value (Act_Traveltime(l,d,i) ), at 

the future time interval i, divided by the Ali-Scout  predicted travel time. The absolute relative 

travel time prediction error (equation 3.8), is the absolute value of the relative travel time 

prediction error. The mean absolute relative travel time prediction error (equation 3.9) of link 
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l, when predicting p-steps ahead at time interval i-p, is calculated as the mean value of the 

respective absolute relative travel time prediction error values, over all n daily profiles. The 

median relative travel time prediction error (equation 3.10) of link l, when predicting p-steps 

ahead at time interval i-p, is calculated as the median value of the respective relative travel 

time prediction error values, over all n daily profiles. 
 

)p,i,d,l(Traveltime_edPr
)i,d,l(Traveltime_Act)p,i,d,l(Traveltime_edPr)p,i,d,l(Traveltime_RE −

=   

(3.7) 

 

Where, 

RE_Traveltime(l,d,i,p) is the relative travel time prediction error of link l, at day d and future 

time interval i, when predicting p-steps ahead and prediction takes place at time interval i-p 

Act_Traveltime(l,d,i) is the actual  travel time value of link l, at day d and future time 

interval i 

Pred_Traveltime(l,d,i,p) is the Ali-Scout predicted travel time value, of link l, at day d and 

future time interval i, when predicting p-steps ahead and prediction takes place at time 

interval i-p 

 

)p,i,d,l(Traveltime_RE)p,i,d,l(Traveltime_ARE =      (3.8) 

Where, 

ARE_Traveltime(l,d,i,p) is the absolute relative travel time prediction error of link l, at day d 

and future time interval i, when predicting p-steps ahead and prediction takes place at time 

interval i-p 

 

∑
=

=
n
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)p,i,d,l(Traveltime_RE)p,i,l(Traveltime_MARE     (3.9) 

Where, 

MARE_Traveltime(l,i,p) is the mean value of all n absolute relative travel time prediction 

errors of link l and future time interval i,  when predicting p-steps ahead and prediction takes 

place at time interval i-p 
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MedRE_Traveltime(l,i,p)=Median(RE_Traveltime(l,d,i,p)                                   (3.10) 

 

Where, 

MedRE_Traveltime(l,i,p) is the median value of all n relative travel time prediction errors of 

link l and future time interval i, when predicting p-steps ahead and prediction takes place at 

time interval i-p 

 

3.7.2.2 Experimental results 

First of all, according to our experiments and for all tested SCOOT-detectorized links, 

there is no systematic error associated with the Ali-Scout prediction model, as the median 

value of the relative travel time prediction error was found to be close to zero, for all sizes of 

the prediction horizon and under a variety of traffic conditions. Therefore, Ali-Scout does not 

systematically overestimate or underestimate the future link’s travel time values.  

In the following, the effect of the experienced traffic conditions, at the time the 

prediction takes place, on the performance of the Ali-Scout prediction strategy is explored. In 

order to be able to generalize, the link’s travel time values were converted into space speed 

values and classified in ranges of 5 km/hour. Taking aside the effect of the prediction horizon, 

it was anticipated that the value of the mean absolute relative error would be inversely 

proportional to the space speed values. Therefore, it was anticipated that the value of the mean 

absolute relative error would progressively decrease as the space speed value increases. 

Furthermore, it was anticipated that the gap between the values of the mean absolute relative 

error, for different sizes of the prediction horizon, would decrease as the value of the space 

speed increases (i.e. the size of the prediction horizon has less impact on the performance of 

Ali-Scout under free flow conditions than under congested traffic conditions). So, it was 

anticipated that, the rate of change of the mean absolute relative error values as the space 

speed values increase would be steeper the bigger the size of the prediction horizon is. Finally, 

we would expect that a generalized pattern would emerge independent of the studied link.  
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Figure 3.9: Effect of traffic conditions, on Ali-Scout’s performance for link N11531C (Valley Road) 

 
 

According to figure 3.9, the value of the mean absolute relative error takes its 

maximum value when the space speed values lie within the range of 20 to 25 km/hour (point 

of transition from congested to un-congested traffic conditions). After that point, the mean 

absolute relative error progressively decreases to achieve its minimum value under free flow 

traffic conditions (space speed values within the range of 45 to 50 km/hour). However, the 

mean absolute relative error takes relatively low values, for all sizes of the prediction horizon, 

under over saturated traffic conditions (space speed values within the range of 1 to 5 km/hour). 

The above is attributed to the stability of traffic conditions (exceedingly high travel time 

values) when over saturation has settled (crawling traffic conditions for a number of 

consecutive time intervals). As anticipated, the bigger the size of the prediction horizon, the 

bigger is the impact on Ali-Scout’s performance, as the space speed values change. In other 

words, congested traffic conditions have a greater impact upon Ali-Scout’s performance, when 

used for medium-term predictions than when used for short-term predictions. Overall, the 

mean absolute relative error takes higher values for congested traffic conditions and for 

medium-term predictions. However, the above results provide a very crude classification of 

Ali-Scout’s performance, as a function of the experienced traffic conditions, and appear to be 

very link-specific. For one of the tested links the performance of Ali-Scout was found to be 

relatively robust independent of the space speed values and/or the size of the prediction 

horizon. See appendix B.2, for further details. It was anticipated that experienced traffic 

conditions would have an impact on the performance of the prediction strategy. A possible 
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explanation could be that we need to classify further the data dependent upon the time of the 

day (morning peak, afternoon peak, evening off-peak) as congested traffic conditions during 

an off-peak period would have a different impact on the performance of the prediction strategy 

than congested traffic conditions during a morning or afternoon peak period.  

In the following, the effect of the time of the day parameter on the performance of the 

Ali-Scout prediction strategy is explored. The day is classified into four periods (morning peak 

extending from 7 a.m to 10 a.m, morning off-peak extending from 10 a.m to 3 p.m, afternoon 

peak extending from 3 p.m to 7 p.m and evening off-peak extending from 7 p.m to 10 p.m). It 

is anticipated, that the performance of Ali-Scout will deteriorate under the morning and 

afternoon peak periods, where congested traffic conditions prevail and therefore there is 

random fluctuation in the link’s travel time values. Furthermore, the performance of Ali-Scout 

is anticipated to be optimal during the evening off-peak period where free flow stable traffic 

conditions prevail. The performance of Ali-Scout during the afternoon off-peak period is 

dependent upon the likelihood of congested traffic conditions during the lunch time period.   

 

Figure 3.10: Effect of the time of the day parameter on Ali-Scout’s performance, for link N11531C (Valley 

Road)  

 
 

Figure 3.10 confirmed our expectations. The value of the mean absolute relative error 

is very low, during the evening off-peak period. Furthermore, the difference between the 

values of the mean absolute relative error is very small for the different sizes of the prediction 

horizon, during the evening off peak period. The above demonstrates clearly that, under free 
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flow stable traffic conditions, the size of the prediction horizon does not have a big impact on 

the performance of the Ali-Scout prediction strategy. On the contrary, during both the morning 

and the afternoon peak periods the values of the mean absolute relative error are high, 

especially for bigger sizes of the prediction horizon. Furthermore, the difference between the 

values of the mean absolute relative error is relatively big, for the different sizes of the 

prediction horizon. The above indicates that under congested traffic conditions the size of the 

prediction horizon has a significant impact upon the performance of the prediction strategy. 

Finally, the performance of Ali-Scout during the afternoon off-peak period was found to be 

worse than the performance of Ali-Scout during the evening off-peak period but significantly 

better than the performance of Ali-Scout during the morning and afternoon peak-periods. 

Therefore, the performance of the Ali-Scout during the afternoon off-peak period will not be 

further tested, for the studied link. The other tested links were found to exhibit similar patterns 

(i.e. high values of the mean absolute relative error during the morning and/or the lunch time 

and/or the afternoon peak periods; dependent upon the historical uncertainty associated with 

the link’s traversal times). See appendix B.2 for further details.  

To sum up, the time of the day that the prediction takes place was found to better 

explain Ali-Scout’s performance as opposed to the experienced traffic conditions at the time 

of the prediction. Furthermore, the effect of the size of the prediction horizon on Ali-Scout’s 

performance was found to vary dependent upon the time of the day that the prediction takes 

place. Consequently, the size of the prediction horizon, the time of the day that the prediction 

takes place as well as the interaction between the size of the prediction horizon and the time of 

the day can satisfactory account for Ali-Scout’s performance. Therefore, the time of the day 

and size of the prediction horizon classifications will be used in the following figures.  

Figures 3.11 to 3.13 confirm our expectations that the performance of Ali-Scout 

deteriorates as the size of the prediction horizon increases and especially under congested 

traffic conditions; as the future link’s travel time values progressively become less dependent 

on the current link’s travel time value and current traffic trends. This is because under 

congested conditions traffic patterns do not sustain longer than 30 minutes. The above two 

observations were found to be valid for the first two categories of SCOOT-detectorized links 

(see appendix B.3, for further details). 
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Figure 3.11: Performance of the Ali-Scout prediction strategy, for link N11531C, during the morning 

peak-period 

 
 

Figure 3.12: Performance of the Ali-Scout prediction strategy, for link N11531C, during the afternoon 

peak-period 
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Figure 3.13: Performance of the Ali-Scout prediction strategy, for link N11531C, during the evening off-

peak period 

 
 

The value of the mean absolute relative error associated with the historical mean travel 

time value is very high (e.g. roughly 80%), during both morning and afternoon peak-periods. 

That was anticipated, as the historical uncertainty associated with the link’s travel time, during 

the morning and afternoon peak periods is very high (see figures 3.2 and 3.3). According to 

figure 3.11, during the morning peak-period, the Ali-Scout prediction strategy outperforms the 

use of the historical mean travel time values for any size of the prediction horizon. 

Furthermore, the use of the current value of the link’s travel time, at the time the prediction 

takes place, outperforms the use of the historical mean travel time value, for most of the sizes 

of the prediction horizon. The above is an exposition of the inability of the historical mean 

travel time value to represent the link’s current and future travel time values, when there is big 

historical uncertainty associated with the link’s travel time.  

Furthermore, according to figure 3.11, the Ali-Scout prediction strategy outperforms 

the use of the current link’s travel time value at the time the prediction takes place, for most of 

the medium-term and all of the long-term predictions. As anticipated, the performance of Ali-

Scout is equivalent to the use of the current value of the link’s travel time at the time the 

prediction takes place, for short-term predictions. The above is an indication that in the 

majority of cases, even under congested conditions, the rate of change of the actual link’s 

travel time for consecutive time intervals is moderate; in cases where the rate of change is high 

the corresponding historical rate of change is moderate so Ali-Scout’s predicted travel times 

are close to the current values of the link’s travel times, at the time the prediction takes place. 
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As the size of the prediction horizon increases (i.e. predicting at least 15-minutes ahead) the 

performance of Ali-Scout becomes progressively better than the corresponding performance of 

the current value of the link’s travel time at the time the prediction takes place, which 

indicates that historical information becomes more relevant for medium- and long- term, 

predictions (i.e. despite the very poor performance of the historical mean travel time value). 

Similar patterns are observed during the afternoon peak-period. The only difference is that for 

long-term predictions, the use of the historical mean travel time value progressively 

outperforms the Ali-Scout prediction strategy (see figure 3.12).  

According to figure 3.13, during the evening off peak period, the values of the mean 

absolute relative error associated with each of the three approaches are relatively low. 

Furthermore, the difference in the values of the mean absolute relative error between the three 

approaches is small, independent of the size of the prediction horizon (maximum difference of 

about 5%). Taking into account, that the link’s travel time values are very low during the 

evening off-peak period, the difference between the Ali-Scout predicted travel time value, the 

current link’s travel time value, at the time the prediction takes place and the historical mean 

travel time value will, in the majority of cases, be very small. Therefore, during the evening 

off-peak period any of the three approaches can be used interchangeably, without any 

significant loss in the accuracy of the predicted travel time values. The above observation was 

found to be valid for all the tested SCOOT-detectorized links. Figure 3.13, favors the use of 

the Ali-Scout predicted travel time value or the use of the current link’s travel time value at 

the time the prediction takes place for short- and medium- term predictions and the use of the 

historical mean travel time value for long-term predictions. However, the above is not open to 

generalizations. For some of the tested SCOOT-detectorized links the historical mean travel 

time value was found to outperform the Ali-Scout predicted travel time value for any size of 

the prediction horizon, during the evening off peak period (see appendix B.3 for further 

details).  

Overall, the Ali-Scout prediction strategy outperforms (or is equivalent to) the use of 

the current value of the link’s travel time at the time the prediction takes place, under 

congested traffic conditions and for any size of the prediction horizon. Furthermore, the Ali-

Scout prediction strategy outperforms the use of the historical mean travel time value under 

congested traffic conditions for short-, medium- and sometimes for long- term predictions. 

The above observations are valid for most of the first category of the SCOOT-detectorized 

links. However, the exact size of the prediction horizon after which the historical mean travel 

time value outperforms the Ali-Scout prediction strategy was found to be link-specific and 
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time of the day specific. Furthermore, for the second category of the SCOOT-detectorized 

links, the Ali-Scout prediction strategy was found to outperform the historical mean travel 

time value only for short-term predictions. Therefore, the point in time (size of the prediction 

horizon) at which the Ali-Scout predicted travel time value is discarded and we divert to the 

link’s historical profile is link-specific and time of the day specific (see appendix B.3 for 

further details).  

To sum up, the role of the Ali-Scout prediction strategy is better conveyed, for 

medium-term predictions and for links with high historical uncertainty during the peak-

periods, where prediction takes place. However, and for all of the tested links, the performance 

of the Ali-Scout prediction strategy diminishes as the size of the prediction horizon increases 

and when the prediction takes place under congested traffic conditions. The following graphs 

(figures 3.14 to 3.17) demonstrate that clearly. 

 

Figure 3.14: Deviations between the Ali-Scout predicted travel time values and the actual future link’s 

travel time values, when predicting 5 minutes ahead  

 

 

Figure 3.14 demonstrates clearly the ability of the Ali-Scout prediction strategy to 

follow the pattern of the actual link’s travel time values. This is highlighted when there is a 

substantial difference between the actual link’s travel time value and its corresponding 

historical mean travel value. However, there is always a difference, especially when prediction 

takes place under congested traffic conditions, between the Ali-Scout predicted travel time 

values and the actual future link’s travel time values. Finally, the Ali-Scout predicted link’s 
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travel time values, when predicting 5 minutes ahead, are almost identical to the current link’s 

travel time values, at the time the prediction takes place. 

Figures 3.14 to 3.17 indicate clearly that, as the size of the prediction horizon 

increases, the difference between the Ali-Scout predicted link’s travel time values and the 

actual future link’s travel time values progressively increases. The above observation is more 

apparent during the congested periods (especially during the transition from un-congested to 

congested traffic conditions and vice versa). Ali-Scout responds to an abrupt change in traffic 

conditions with a time lag ‘equal’ to the size of the prediction horizon. Given that under 

congested traffic conditions, the actual link’s travel time values can change abruptly between 

consecutive time intervals, Ali-Scout can give us erroneous results. However, in the majority 

of cases, the Ali-Scout predicted link’s travel time values are closer to the actual future link’s 

travel time values than the current link’s travel time values at the time the prediction take 

place and/or the historical mean travel time values.  

 

Figure 3.15: Deviations between the Ali-Scout predicted travel time values and the actual future link’s 

travel time values, when predicting 10 minutes ahead  
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Figure 3.16: Deviations between the Ali-Scout predicted travel time values and the actual future link’s 

travel time values, when predicting 15 minutes ahead  

 

 
Figure 3.17: Deviations between the Ali-Scout predicted travel time values and the actual future link’s 

travel time values, when predicting 30 minutes ahead  

 

 

3.7.3 Previous extensions/modifications to Ali-Scout 

Several extensions have been proposed to cope with the deterioration of Ali-Scout’s 

performance with the size of the prediction horizon. Koutsopoulos et al (1992) modified the 

Ali-Scout algorithm to ‘heuristically’ accommodate the effects that the size of the prediction 

horizon has on the validity of the predicted travel time value. An exponential function is 
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employed for discounting the predicted travel time value, with respect to both the size of the 

prediction horizon and the historical uncertainty of the link’s travel time. In particular, an 

exponential relationship connects the predicted travel time value and the historical mean travel 

time value. The further away in time a link is going to be traversed and the bigger the 

historical uncertainty associated with the link’s travel time, the bigger emphasis is given on 

the link’s historical mean travel time value rather than the predicted link’s travel time value 

and vice versa. Based upon the exponential discounting prediction strategy, the predicted 

link’s travel time value (equation 3.11) for a future time interval (n+p, where p>0) is the 

weighting average of the link’s historical mean travel time value for the corresponding future 

time interval (ht(l,n+p) ) and the Ali-Scout predicted travel time value for the corresponding 

future time interval ht(l,n+p). 

  

Exp_tp(l,n+p)= )pn,l(t)1()pn,l(h pt +×α−++×α , where p>0                    (3.11)                         

 

Where,  

 ht(l,n+p) is the historical mean travel time value for link l and time interval n+p  

tp(l,n+p) is the Ali-Scout predicted travel time value for link l and time interval n+p, when 

predicting p-steps ahead (prediction takes place at time interval n) 

0≤ α ≤1 is a weighting coefficient, which increases with the size of the prediction horizon and 

the historical uncertainty associated with the link’s travel time, for the future time interval 

Exp_tp(l,n+p) is the exponential discounting predicted travel time value for link l and time 

interval n+p, when predicting p-steps ahead (prediction takes place at time interval n) 

                                      

The exponential discounting prediction strategy does not make use of formal statistics 

and is a heuristic prediction strategy. The basic advantage of the exponential discounting 

prediction strategy is that the predicted travel time value progressively converges to the link’s 

historical mean value, which can be the only information available for long-term predictions 

(avoiding discontinuity of transition from the Ali-Scout predicted travel time value to the 

historical mean travel time value). Therefore, the deterioration of Ali-Scout’s performance, as 

the size of the prediction horizon increases, is implicitly accommodated. Furthermore, another 

advantage associated with the exponential discounting prediction strategy is its generality. The 

exponential discounting prediction strategy can be applied upon any predicted travel time 

value; independent of the prediction strategy employed. Furthermore, it can be extended, so 
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that the predicted travel time value progressively converges to the link’s historical confidence 

intervals instead of the link’s historical mean travel time value.  

The discounting of the Ali-Scout predicted travel time value and consequently the 

quick convergence of the exponential discounting predicted travel time value to the link’s 

historical mean travel time value, for links with high historical uncertainty, is counterintuitive. 

As our experimental results have demonstrated (see figures 3.11 and 3.12), for links with high 

historical uncertainty, the historical mean travel time value can be more unreliable than the 

Ali-Scout predicted travel time value, even for long-term predictions. Therefore, in this study, 

when testing the performance of the exponential discounting prediction strategy the weight 

parameter α was only a function of the size of the prediction horizon. The basic disadvantage 

of the exponential discounting prediction strategy is that the weight parameter needs to be 

tuned. Experiments that we have performed (using a range of weight values) indicate that the 

performance of the exponential discounting prediction strategy is only marginally better than 

the performance of the Ali-Scout prediction strategy, for some of the tested links, for medium- 

and long- term predictions. Also, for the above links, the historical mean travel time value was 

found to exhibit only marginally worse performance than the exponential discounting 

prediction strategy for medium-term prediction and better performance for long-term 

predictions (see appendix B.4, for further details). Furthermore, the optimal value of the 

weight parameter was found to be link-specific as well as time of the day specific. 

Consequently, the exponential discounting prediction strategy will not be used. 

Vythoulkas (1993) proposed the use of a dynamically updating ratio value rather than 

the use of a single ratio value, when predicting a link’s flow values. Thus the author assumes 

that predicting the ratio value for the next time interval (n+1) rather than making use of the 

ratio value at the time the prediction takes place (time interval, n) can achieve a more accurate 

prediction of a link’s future flow value. An ARMA (Auto Regressive Moving Average) model 

is used to predict the ratio value for the next time interval (n+1). The ratio of the link at next 

time interval n+1 is a weighting average of the present and past values of the ratio of the link 

as well as present and past values of the ratio of the upstream links.  

Although the above approach was employed for the prediction of flow values, it can be 

easily extended for the prediction of travel time values. Furthermore, the above approach was 

employed when predicting a link’s flow value for the next time interval. Similarly it can be 

easily extended to predict a link’s travel time values for a number of future time intervals. The 

only difference is that for the prediction of ratio values, when predicting further than 1 time 

intervals ahead (n+p, p>1), previously predicted ratio values (corresponding to future time 
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intervals n+k, k<p) of the subject link and its upstream links will be included in the ARMA 

model.     

The basic disadvantage of the above approach is the additional complexity added; as 

the ratio value should be predicted prior to the Ali-Scout prediction. Therefore, for each 

prediction step an additional value needs to be predicted. Most importantly, due to the 

tendency of an ARMA model to average out values, any trend of increasing or decreasing ratio 

values will be stopped. Therefore, the predicted ratio value is not anticipated to enhance the 

Ali-Scout’s accuracy under congested traffic conditions and as the size of the prediction 

horizon increases. Additionally, this approach, if upstream links were to be consulted, is 

unsuitable for our network given the discouraging results on spatial prediction. Therefore, the 

unmodified Ali-Scout prediction strategy was preferred over both of the above proposed 

extensions.  

 

3.7.4 Ali-Scout Conclusions 

In summary, the unmodified Ali-Scout provides a straightforward approach for the 

prediction of the link’s travel times. An apparent drawback of the Ali-Scout approach is that it 

can only predict a crisp value and does not provide any indication with respect to the 

uncertainty associated with the future link’s travel times. It was experimentally verified that 

the performance of Ali-Scout deteriorated as the size of the prediction horizon increased, 

especially under congested traffic conditions. Furthermore, there was always a deviation 

between the Ali-Scout predicted travel time values and the link’s actual future travel time 

values. Therefore, the future link’s travel time values are known with uncertainty and are 

highly time dependent.  

The progressive inaccuracy of the Ali-Scout prediction strategy, as the size of the 

prediction horizon increases and under congested traffic conditions, should be explicitly 

incorporated as part of the prediction strategy itself. Therefore, to increase the information 

content of the Ali-Scout prediction strategy, the crisp predicted value should be accompanied 

with predicted confidence intervals. Taking into account, that the performance of Ali-Scout 

was found to be link-specific as well as time of the day specific (see section 3.7.2.2), discrete 

time-dependent link-specific confidence intervals should be placed upon each link’s Ali-Scout 

predicted travel time values, for each size of the prediction horizon.  
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3.8 Ali-Scout with predicted confidence intervals 
Ali-Scout has been extended to predict future travel time values in the form of 

confidence intervals instead of crisp values (extended Ali-Scout). Given the current value of 

the link’s travel time, at the time the prediction takes place, which is assumed to be known 

with certainty, and the link’s historical mean travel time value for the corresponding future 

time interval, which is a crisp value, the future link’s travel time confidence intervals are 

predicted (i.e. predicted confidence intervals). Therefore, the extended Ali-Scout incorporates 

the uncertainty due to the prediction error associated with the Ali-Scout prediction strategy; 

but ignores the uncertainty due to the variation of a link’s travel time values within a given 5-

minute time interval (which is not known).  

Assuming that all the Ali-Scout input parameters (current value of the link’s travel 

time, at the time the prediction takes place and historical mean travel time value) are known 

with ‘certainty’ the Ali-Scout  predicted travel time value is assumed to be known with 

‘certainty’; independent of the size of the prediction horizon and/or the time of the day. 

However, as our experimental results have demonstrated, there is an increasing discrepancy 

between the link’s actual future travel time values and the corresponding Ali-Scout predicted 

values, as the size of the prediction horizon increases. The Ali-Scout predicted travel time 

values are independent to each other, even for consecutive time intervals. Therefore, the 

progressive inaccuracy associated with the Ali-Scout predicted travel time values, as the size 

of the prediction horizon increases, cannot be internally incorporated as part of the Ali-Scout 

prediction strategy.  

 

3.8.1 Construction of the predicted confidence intervals 

An empirical data driven method is used for the construction of the predicted 

confidence intervals, which is based upon the definition of the relative travel time prediction 

error (equation 3.7). According to equation 3.7, for the calculation of the value of the relative 

travel time prediction error, given link l, day d, future time interval i and when predicting p-

steps ahead (prediction takes place at time interval i-p), the Ali-Scout predicted value and the 

actual future link’s travel time value need to be known. Therefore, given a future time interval 

i, and the Ali-Scout predicted travel time value (Pred_Traveltime(l,d,i,p)), the actual future 

link’s travel time value can be calculated (equation 3.12) provided that the value of the 

relative travel time prediction error (RE_traveltime(l,d,i,p)) is known in advance.  
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Equation 3.7 becomes equivalent to: 
)p,i,d,l(Traveltime_edPr)p,i,d,l(Traveltime_RE)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_Act ×−=

           (3.12) 

 

Given that the value of the relative travel time prediction error cannot be known in 

advance for a future time interval, a functional relationship should be constructed that predicts 

its value, given the link l, the future time interval i, and the prediction step p.  

 

Figure 3.18: Distribution of the values of the relative travel time prediction error, for link N11531C, when 

predicting 15 minutes ahead during different days 

 
 

According to figure 3.18, for the same link l the same future time interval i and the 

same prediction step p (prediction takes place at time interval i-p), the relative travel time 

prediction error takes different values for different daily profiles. Therefore, given a time 

interval i and a prediction step p, the value of the relative error can be better represented by a 

random variable. 

It was decided to use five percentile values (5%, 25%, median, 75%, 95%) and five 

attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) to represent the value of the relative 

prediction error, for each time interval i and each prediction step p (figure 3.19). According to 

figure 3.19, it is apparent that all percentiles take high (absolute) values during the morning 

and afternoon peak periods and low (absolute) values during the evening off peak-period. The 

above provides an indication that the percentile values of the relative travel time prediction 

error exhibit similar patterns during the peak and off-peak periods and therefore their values 
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can be classified in a similar way with the values of the mean absolute relative error (see 

section 3.7.2.2). Finally, the median value of the relative travel time prediction error is very 

close to zero. The above was anticipated as they are not any systematic errors associated with 

the Ali-Scout prediction strategy (see section 3.7.2.2). Therefore, the median value of the 

relative travel time prediction error will not be further explored.  

 

Figure 3.19: Utilization of percentile values for the representation of a link’s prediction error 

 
 

Based upon the historical percentile values of the relative error, predicted confidence 

intervals can be placed upon the Ali-Scout prediction strategy. The 5% percentile value and 

the 95% percentile value are used for the construction of the 90% predicted confidence 

intervals. The 5% percentile value is used for the construction of the upper bound of the 90% 

predicted confidence intervals and the 95% percentile value is used for the construction of the 

lower bound of the 90% predicted confidence intervals. Similarly, the 25% percentile value 

and the 75% percentile value are used for the construction of the 50% predicted confidence 

intervals. The 25% percentile value is used for the construction of the upper bound of the 50% 

predicted confidence intervals and the 75% percentile value is used for the construction of the 

lower bound of the 50% predicted confidence intervals. In particular, by replacing the 

unknown value of the relative travel time prediction error for link l, day d, future time interval 

i and prediction step p with its corresponding percentile values equation 3.12 becomes 

equivalent to equations 3.13 to 3.17:  
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)p,i,d,l(Traveltime_edPr)p,i,l(Traveltime_RE%95)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_%5 ×−=

            (3.13) 
)p,i,d,l(Traveltime_edPr)p,i,l(Traveltime_RE%75)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_%25 ×−=

            (3.14) 
)p,i,d,l(Traveltime_edPr)p,i,l(Traveltime_MedianRE)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_Median ×−=

             (3.15) 
)p,i,d,l(Traveltime_edPr)p,i,l(Traveltime_RE%25)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_%75 ×−=

             (3.16) 
)p,i,d,l(Traveltime_edPr)p,i,l(Traveltime_RE%5)p,i,d,l(Traveltime_edPr)i,d,l(Traveltime_%95 ×−=  

            (3.17) 

Where, 

5%_Traveltime(l,d,i) is the 5% percentile predicted travel time value, with probability of 

occurrence 0.05. 

25%_ Traveltime(l,d,i) is the 25% percentile predicted travel time value, with probability of 

occurrence 0.2. 

Median_Traveltime(l,d,i) is the median predicted travel time value, with probability of 

occurrence 0.5. The above value is roughly equal to the Ali-Scout predicted travel time value; 

as the value of the median travel time prediction error was always found to be close to zero. 

75%_Traveltime(l,d,i) is the 75% percentile predicted travel time value, with probability of 

occurrence 0.2. 

95%_ Traveltime(l,d,i) is the 95% percentile predicted travel time value, with probability of 

occurrence 0.05. 

 

Therefore, based upon the five percentile values of the relative travel time prediction 

error (5%, 25%, median, 75%, 95%) the respective predicted link’s travel time percentile 

values (5%, 25%, Ali-Scout predicted value, 75%, 95%) and the respective values of the 

predicted link’s confidence intervals (i.e. 50% and 90% predicted confidence intervals) can be 

easily derived. The probability of occurrence of each of the percentile values can be naturally 

derived from the percentile definition (i.e. 0.05, 0.2, 0.5, 0.2, 0.05) respectively. Both the 5% 

percentile values and the 25% percentile values of the prediction error are always negative (for 

any time of the day and any size of the prediction horizon). Similarly, both the 75% percentile 

values and the 95% percentile values of the prediction error are always positive. Therefore, 

both the 50% and 90% predicted confidence intervals will always include the Ali-Scout 

predicted travel time value. 
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Figure 3.20: Effect of the time of the day and size of the prediction horizon parameters on the 5% 

percentile values of the prediction error 

 

 

Figure 3.21: Effect of the time of the day and size of the prediction horizon parameters on the 25% 

percentile values of the prediction error 
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Figure 3.22: Effect of the time of the day and size of the prediction horizon parameters on the 75% 

percentile values of the prediction error 

 
 

Figure 3.23: Effect of the time of the day and size of the prediction horizon parameters on the 95% 

percentile values of the prediction error 

 
 

Figures 3.20 and 3.21 show that both the 5% and 25% percentile values exhibit similar 

patterns. Similarly, according to figures 3.22 and 3.23, both the 75% and 95% percentile 

values exhibit similar patterns. In particular, according to figures 3.20 and 3.21, during the 

morning and afternoon peak-periods and for bigger sizes of the prediction horizon both the 5% 

percentile and the 25% percentile take high negative values. Similarly, according to figures 
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3.22 and 3.23, during the morning and afternoon peak-periods and for bigger sizes of the 

prediction horizon, both the 75% percentile and the 95% percentile take high positive values. 

A high negative 5% percentile value means a high upper bound for the 90% predicted 

confidence intervals. Similarly, a high positive 95% percentile value means a low lower bound 

for the 90% predicted confidence intervals. Therefore, the width of the 90% predicted 

confidence intervals increases during the morning and afternoon peak periods and for bigger 

sizes of the prediction horizon; which reflects the increase in the uncertainty associated with 

the Ali-Scout predicted travel time value. Similarly, albeit at a lesser scale, the width of the 

50% predicted confidence intervals increases during the morning and afternoon peak periods 

and for bigger sizes of the prediction horizon.  

To sum up, the size of the prediction horizon, the time of the day that the prediction 

takes place as well as the interaction between the size of the prediction horizon and the time of 

the day can satisfactory account for the variations of the values of all four percentiles. The 

above was open to generalization for all tested links (see appendix B5 for further details). 

Therefore, different values of the 5%, 25%, 75%, 95% percentiles are stored during different 

times of the day (morning peak, afternoon off-peak, afternoon peak, evening off-peak) and for 

each prediction horizon separately. Therefore, for each link and for each prediction horizon 

separately, four different values of each of the percentiles are stored corresponding to the time 

of the day that the prediction takes place. This classification of the percentile values is used for 

the construction of the predicted confidence intervals (based upon equations 3.13 to 3.17).   

 

3.8.2 Demonstration of Ali-Scout with intervals 

In the following experiments, the 50% and 90% Ali-Scout predicted confidence 

intervals are compared with the 50% and 90% historical intervals respectively for different 

sizes of the prediction horizon. First of all, it is anticipated that both the 50% and 90% 

predicted confidence intervals will become less informative as the size of the prediction 

horizon increases. Furthermore, it is anticipated that the 50% and 90% predicted confidence 

intervals will be more informative than the respective 50% and 90% historical intervals, for 

both the morning and the afternoon peak periods. Finally, it is anticipated that the 50% 

predicted confidence intervals are more likely to include the actual future travel time values 

than the respective 50% historical intervals, for both the morning and the afternoon peak 

periods. These assumptions are based upon the fact that the Ali-Scout prediction strategy, 

when applied upon the studied link, was found to outperform the historical mean travel time 
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value, for both the morning and the afternoon peak periods, for most of the tested sizes of the 

prediction horizon (see figures 3.11 and 3.12).   

 

Figure 3.24: Comparison between the 90% predicted confidence intervals and the 90% historical intervals, 

when predicting 5 minutes ahead 

 

 

Figure 3.25: Comparison between the 90% predicted confidence intervals and the 90% historical intervals, 

when predicting 30 minutes ahead 
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Figure 3.26: Comparison between the 90% predicted confidence intervals and the 90% historical intervals, 

when predicting 60 minutes ahead 

 
 

According to figures 3.24 to 3.26, as anticipated, the 90% predicted confidence 

intervals are more informative than the corresponding 90% historical intervals, for all tested 

sizes of the prediction horizon. Furthermore, as anticipated, the predicted confidence intervals 

become less informative as the size of the prediction horizon increases. In the majority of 

cases, the predicted confidence intervals include the actual future link’s travel time values 

during both the peak and the off-peak periods and for all sizes of the prediction horizon.  

Figures 3.27 to 3.29 compare the 50% predicted confidence intervals with the 50% 

corresponding historical intervals. During both the morning and afternoon peak periods and 

independent of the size of the prediction horizon, the 50% predicted confidence intervals are, 

most of the time, more informative and include a bigger number of the actual future link’s 

travel time values than the corresponding 50% historical intervals.  

 



 77

Figure 3.27: Comparison between the 50% predicted confidence intervals and the 50% historical intervals, 

when predicting 5 minutes ahead 

   

 

Figure 3.28: Comparison between the 50% predicted confidence intervals and the 50% historical intervals, 

when predicting 30 minutes ahead 
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Figure 3.29: Comparison between the 50% predicted confidence intervals and the 50% historical intervals, 

when predicting 60 minutes ahead 

 
 

For the second category of SCOOT-detectorized links, where the Ali-Scout prediction 

strategy outperforms the historical mean travel time value only for short-term predictions, the 

historical confidence intervals are more informative than the respective predicted confidence 

intervals, for both medium- and long- term predictions. Therefore, the exact size of the 

prediction horizon, after which the historical intervals outperform the respective predictive 

confidence intervals, is link-specific and time of the day specific.  

To sum up, an empirical data driven method was used for the derivation of the 

predicted confidence intervals. Our predicted intervals were dependent upon the available 

daily profiles. The 30 daily profiles that were collected were considered to be sufficient as 

they covered a broad range of the link’s traffic behaviour during week days. Therefore, we 

assumed that our results are open to generalizations (e.g. for each link separately) and further 

data collection would not alter the constructed predicted intervals significantly. The 90% 

predicted confidence intervals are more robust and more independent from the Ali-Scout 

predicted travel time value than the respective 50% predicted confidence intervals. On the 

other hand, the 50% predicted confidence intervals are more informative but less likely to 

include the actual future link’s travel time values. The 90% predicted confidence intervals are 

conservative during both morning and afternoon peak periods and for medium- and long- term 

predictions. Furthermore, the difference in the width of the 90% predicted confidence intervals 

and the 50% predicted confidence intervals increases during both morning and afternoon peak 

periods and for medium- and long- term predictions. However, the difference in value between 
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the excluded actual future link’s travel time values and the value of the lower or upper bound 

of the 50% predicted confidence intervals increases, with the size of the prediction horizon 

and under congested traffic conditions. So, a combination of the Ali-Scout predicted travel 

time value as well as the 50% and 90% predicted confidence intervals will be used for the 

representation of a predicted link’s travel time values, for any time interval and any size of the 

prediction horizon.   

Therefore, given a time interval i and a size of the prediction horizon p (prediction 

takes place at time interval i-p), five percentile values (5%, 25%, Ali-Scout predicted value, 

75%, 95%) are chosen for the representation of a predicted link’s travel times. The probability 

of occurrence of each of the percentile values can be naturally derived from the percentile 

definition (0.05, 0.2, 0.5, 0.2, 0.05). Thus the predicted travel time value of a SCOOT-

detectorized link, for a particular time interval i and size of the prediction horizon p 

(prediction takes place at time interval i-p), is represented by a discrete probability distribution 

(see figure 3.30). 

 

Figure 3.30: Representation of the predicted travel time values of link N11531C, when predicting 15 

minutes ahead 

 

 

3.9 Flow-detectorized links 
The performance of the Ali-Scout prediction strategy is explored separately for flow-

detectorized links. That is because percentage occupancy values need to be predicted instead 

of travel time values. The major differences between the characteristics of the currently 
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estimated travel time values of the SCOOT-detectorized links and the currently measured 

percentage occupancy values of the flow-detectorized links are the following:  the currently 

measured percentage occupancy values of the flow-detectorized links are given in 15-minute 

time intervals (opposed to 5-minutes); the currently measured percentage occupancy values lie 

within the range of 1 to 100 (rather than 10 to 300). Therefore there is smaller variability 

associated with a flow-detectorized link’s percentage occupancy values. Finally and most 

importantly, the flow-detectorized link’s current and predicted percentage occupancy values 

are converted into estimations of the link’s travel time values using the generalized regression 

model, described in chapter 2 (see figure 2.7). However, a discrete probability distribution 

represents a flow-detectorized link’s estimated travel time values for each percentage 

occupancy value. Therefore two levels of uncertainty are associated with a flow-detectorized 

link’s predicted travel time values. The first level of uncertainty is associated with the 

prediction error introduced by the Ali-Scout prediction strategy, when predicting future 

percentage occupancy values. The second level of uncertainty is associated with the variability 

of a flow-detectorized link’s estimated travel time value within a time interval, when a 

percentage occupancy value is converted into an estimation of a link’s travel time values. 

Therefore, if the predicted percentage occupancy values, of a flow-detectorized link, were to 

be represented by a discrete probability distribution, for a given time interval, the constructed 

generalized regression model needs to be extended. The extended generalized regression 

model should convert a random percentage occupancy value, described by a discrete 

probability distribution, into an estimation of the link’s future travel time values. The above 

complicates further the prediction of a flow-detectorized link’s percentage occupancy and 

consequently travel time values. So, only one level of uncertainty associated with the 

predicted flow-detectorized links’ travel time values is considered. This is the uncertainty 

associated with the conversion of a percentage occupancy value into an estimation of a link’s 

travel time value. The prediction error introduced by Ali-Scout when predicting future flow-

detectorized links’ percentage occupancy values is ignored    

Flow-detectorized link D02516 is representative of other flow-detectorized links. It has 

large historical uncertainty during the afternoon peak period. So the historical profile approach 

and Ali-Scout’s performance for other flow-detectorized links is sometimes better. Similar 

steps to the SCOOT-detectorized links will be followed. First of all, a historical profile is 

constructed. Secondly, the accuracy of the Ali-Scout prediction strategy is quantified. In 

particular, the performance of the Ali-Scout prediction strategy is tested as a function of the 

size of the prediction horizon. The Ali-Scout’s predicted percentage occupancy values are 



 81

compared with the corresponding historical median values and the current values, at the time 

the prediction takes place.  

Given that the measured percentage occupancy values and consequently the estimated 

flow-detectorized link’s travel time values are given in 15-minute time intervals; the predicted 

travel time values are given in future 15-minute time intervals. Therefore, the performance of 

the Ali-Scout prediction strategy is judged for short-term predictions (predicting 15 minutes 

ahead), medium-term predictions (predicting 30 minutes ahead) and long-term predictions 

(predicting 45 minutes and 60 minutes ahead).   

 

3.9.1 Historical profile approach, for flow-detectorized links 

The historical flow-detectorized link’s travel time values can be directly derived from 

the respective historical percentage occupancy values (see figure 3.31.).  

 

Figure 3.31: Historical percentage occupancy values, for flow-detectorized link D02516 

 
 

In particular, given a 15-minute time interval, each of the historical percentage 

occupancy percentile values are associated with five travel time percentile values (by using the 

generalized regression model, see section 2.4.5).  Therefore, given a 15-minute time interval, 

25 values with 25 attached probability values represent the historical flow-detectorized link’s 

travel time values. However, for the sake of homogeneity with the respective SCOOT-

detectorized link’s historical travel time values, it was decided to choose five values to 

represent the flow-detectorized link’s historical travel time values, based upon their 



 82

probability values. Two sets of five values were found to exhibit equal probability values. The 

first set consists only of the five percentile travel time values that are associated with the 

historical median percentage occupancy value. The second set consists only of the five median 

travel time values that are associated with each of the historical percentage occupancy 

percentile values. Taking into account that the median travel time value, was found to ignore 

the big spread of the travel time values per percentage occupancy value (see section 2.4.5) it 

was decided to use the first set of values. Therefore, for the construction of the historical 

profile for the flow-detectorized link’s travel time values, the historical uncertainty of the 

respective historical percentage occupancy values was ignored. To sum up, five travel time 

values and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) represent the historical 

link’s travel time values for each 15-minute time interval. Thus the historical travel time value 

of a flow-detectorized link, for a particular 15-minute time interval, is represented by a 

discrete probability distribution (see figure 3.32).   

 

Figure 3.32: Historical travel time values for flow-detectorized link D02516  

 
 

3.9.2.1 Quantification of Ali-Scout’s accuracy, for flow-detectorized links 

Figures 3.33 and 3.34, show that the utilization of the historical median percentage 

occupancy value outperforms both the Ali-Scout predicted percentage occupancy value as 

well as the use of the current percentage occupancy value at the time the prediction takes 

place; independent of the size of the prediction horizon and the historical uncertainty 

associated with the link’s percentage occupancy values. Experiments performed on a number 
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of flow-detectorized links confirm the above observation (see appendix B6, for further 

details). For some of the tested links the Ali-Scout predicted percentage occupancy value 

slightly outperforms the historical median percentage occupancy value, only for short-term 

predictions. However, the difference between the two approaches is so small that is unlikely to 

have an impact upon the accuracy of the predicted travel time values. Therefore, there is no 

benefit in employing the Ali-Scout prediction strategy for the flow-detectorized links. 

 

Figure 3.33: Quantification of the performance of the Ali-Scout prediction strategy for link D02516 

 
 

Figure 3.34: Quantification of the performance of the Ali-Scout prediction strategy during the afternoon 

peak period, for link D02516 

 



 84

To sum up, the historical median percentage occupancy value is considered to be 

representative of the future flow-detectorized links’ percentage occupancy values. 

Consequently, the historical flow-detectorizedc links’ travel time values are considered to be 

representative of the future flow-detectorized links’ travel time values (see figure 3.32). 

Therefore, given a time interval i and independent of the size of the prediction horizon p, the 

predicted flow-detectorized link’s travel time values are represented by the five respective 

historical travel time values and the five attached probability values. Thus the predicted travel 

time values of a flow-detectorized link, for a particular time interval i and independent of the 

size of the prediction horizon p, is represented by a discrete probability distribution. 

 
3.10 Conclusions 

This chapter described, analyzed and evaluated the performance of the Ali-Scout 

prediction strategy, for both SCOOT-detectorized and flow-detectorized links. It was 

experimentally verified that the performance of the Ali-Scout prediction strategy deteriorated 

as the size of the prediction horizon increased and especially during the morning and afternoon 

peak periods. Consequently, predicted confidence intervals were placed upon the Ali-Scout 

predicted travel time value. In particular, an empirical data driven method, based upon the 

historical distribution of the relative travel time prediction error, was used for the construction 

of the predicted confidence intervals. For a given 5-minute time interval and any size of the 

prediction horizon, five percentile values (5%, 25%, Ali-Scout predicted value, 75%, 95%) 

and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) were found to better represent a 

SCOOT-detectorized link’s future travel time value. The predicted flow-detectorized link’s 

travel time values were represented by the link’s historical travel time values, for each 15-

minute time interval. For a given 15-minute time interval, five percentile values (5%, 25%, 

median, 75%, 95%) and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) were found 

to better represent a flow-detectorized link’s historical and predicted travel time value.  On the 

other hand, the instantaneous travel time values of the SCOOT-detectorized links were 

presented by a time-dependent deterministic value; whereas the instantaneous travel time 

values of the flow-detectorized links were represented by a time-varying discrete probability 

distribution.  

The computation of an ‘optimal’ route requires future links’ traversal times, for the 

time period when the vehicle actually traverses the link. Therefore, the resulting discrete, 

stochastic and time-dependent network could better reflect the actual and anticipated traffic 

conditions on which to base routing decisions. The next chapter will describe and explore the 
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performance of several routing algorithms. Particular emphasis will be placed upon the 

exploration of the additional complexity and computational overhead added when stochasticity 

and time-dependency are explicitly represented and taken into account for the development of 

the routing algorithm. 
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CHAPTER 4 

 

‘LEAST-TIME’ PATH ALGORITHMS, IN THE CONTEXT OF 

THE NOTTINGHAM URBAN NETWORK 
 

4.1 Introduction 
In this chapter different types of ‘least-time’ path algorithms are presented, developed 

and implemented in the context of the Nottingham urban network. Following the conclusions 

of the previous two chapters that the Nottingham urban network can be optimally represented 

by a stochastic and time-dependent network, which reflects the actual and anticipated traffic 

conditions in the network, particular emphasis is placed upon the Stochastic Time-Dependent 

Least-Time Path (STDLTP) algorithms. In section 4.2, different types of routing strategies, 

based upon the utilization and availability of real-time information, and different types of 

optimal and heuristic ‘least-time’ path algorithms, dependent upon the representation of the 

links’ traversal times, are reviewed. The computational efficiency and optimality of the 

algorithms is analyzed. In section 4.3, the feasibility of each of the routing strategies and the 

appropriateness of the different types of ‘least-time’ path algorithms is discussed taking into 

account the limitations of the Nottingham urban network as well as the decisions being made 

with respect to the representation of the current and future links’ traversal times. In section 

4.4, Miller-Hooks’ (1997) many to one and multiple departure time label-correcting STDLTP 

algorithms, based upon a priori optimization, are further described, explored and analyzed. 

The employed optimization criteria are presented and their suitability for this study is 

analyzed. In section 4.5, less computationally intensive, heuristic STDLTP algorithms are 

described. In section 4.6, the Nottingham urban network is described and the concept of a 

‘relaxed’ FIFO network is introduced. Furthermore, the suitability and limitations of Miller-

Hooks’ STDLTP algorithms are judged in the context of the defined Nottingham urban 

network. In section 4.7, the developed many to one and multiple departure time label-

correcting STDLTP algorithms are presented. The employed optimization criteria are 

described. In section 4.8, the developed one to many and single departure time label-correcting 

STDLTP algorithms are presented and their relative merits to the equivalent many to one and 

multiple departure time STDLTP algorithms are stated. In section 4.9, the implemented 

heuristic STDLTP algorithms are described. In section 4.10, the optimality of all the 
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implemented STDLTP algorithms is either proven or a counterexample is given, based upon 

Miller-Hooks’ extended Bellman’s Principle of Optimality. Finally, concluding remarks are 

given in section 4.11.  

 

4.2 Routing Strategies 
Dynamic Route Guidance Systems (DRGS) aim to propose an optimal route or a group 

of alternative routes to the driver based upon the current and predicted traffic conditions in the 

network. Dependent upon the availability and use of real-time information for the estimation 

and/or prediction of the current and future links’ traversal times three types of routing schemes 

exist: The Non Adaptive Routing strategy (NAR), The Open loop Adaptive Routing strategy 

(OAR) and the Closed loop Adaptive Routing strategy (CAR).  

 

4.2.1 NAR strategy 

The NAR strategy has been the most commonly used routing strategy in RGS. The 

NAR strategy is based on ‘least-time’ path algorithms, which are based upon a priori 

optimisation. After a request has been made, the current and/or future links’ travel time values 

are estimated and/or predicted, based upon currently received real time information (up to the 

point of the request) and historical data. The ‘least-time’ path algorithm is then calculated and 

suggested to the user. Dependent upon the way the travel time data are modeled (deterministic 

and time independent, deterministic and time-dependent, stochastic and time independent and 

stochastic and time-dependent) different types of ‘least-time’ path algorithms exist: 

deterministic and time independent, deterministic and time-dependent, stochastic and time 

independent, stochastic and time-dependent respectively.  

 
4.2.1.1 Deterministic shortest path algorithms 

Dijkstra (1959) and Bellman (1958) were the first to develop efficient shortest path 

algorithms for networks with static and deterministic links. Different data structures, used to 

implement the set of candidate nodes, have been proposed and a growing number of label-

correcting and label-setting shortest path algorithms exist (Gallo et al, 1988, 1984). Any of 

these algorithms would work in reasonable computational time for any realistic size network 

(Jakob et al, 1998; Zhan et al, 1998, 1997; Rilett et al, 1994; Florian, 1984; Gallo et al, 1984). 

In fact, several variations of the label-correcting and label-setting deterministic and time 

independent ‘least-time’ path algorithms have been implemented and their computational 
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performance has been tested in the Nottingham urban network. The average computational 

time of each of the deterministic ‘least-time’ path algorithms was found to be less than 0.01 

seconds.  

Both Dijkstra’s (1959) label-setting shortest path algorithm and Bellman’s (1958) 

label-correcting shortest path algorithm can solve the one to all and the all to one shortest path 

problem. Floyd’s (1962) algorithm can solve the all pairs shortest path problem. However, 

only Dijkstra’s label-setting algorithm can solve the one to one shortest path problem. Both 

Dijkstra’s and Bellman’s algorithms provide an optimal solution, within polynomial bounded 

computational time, provided that the so-called Bellman’s Principle of Optimality, which 

asserts that an optimal path must be formed by optimal subpaths, holds. When the costs of the 

links take deterministic and time independent positive values, Bellman’s Principle of 

Optimality is valid. Dijkstra’s algorithm can only provide an optimal solution provided that 

the costs of the links take only positive values. However, Bellman’s algorithm can provide an 

optimal solution even when the costs of the links take negative values provided that there do 

not exist any negative weight loops in the path (the existence of a negative weight loop leads 

to paths with infinitely small cost and infinite length). In a transportation network all links are 

positive and finding the optimal deterministic route from origin to destination is required. So, 

according to the above, both of Dijkstra’s and Bellman’s algorithms are applicable in a 

transportation network.  

 
4.2.1.2 Deterministic and time-dependent shortest path algorithms 

Several research papers have been written on shortest path algorithms for deterministic 

and time-dependent links (Sung et al, 2000; Cai et al, 1997; Ziliaskopoulos et al, 1996; 

Ziliaskopoulos, 1994; Kaufman et al, 1993; Orda et al, 1993, 1991, 1988; Dreyfus, 1969; 

Cooke et al, 1966). Cooke et al (1966) was the first to develop a time-dependent shortest path 

algorithm with links characterized by discrete cost functions whose domain and range are 

positive integers. Cooke’s et al many to one and multiple departure time algorithm was based 

upon Bellman’s label-correcting shortest path algorithm and was found to be of pseudo-

polyonomial complexity (Sung et al, 2000). Dreyfus (1969) was the first to develop a time-

dependent shortest path algorithm with links characterized by positive continuous or discrete 

cost functions. Dreyfus’ one to one (or one to many) and single departure time algorithm was 

a simple modification of Dijkstra’s label-setting shortest path algorithm and was found to be 

of the same complexity with Dijkstra’s algorithm (i.e. polynomial complexity).  
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Kaufman et al (1993) showed that Dreyfus’ algorithm provides optimal solutions for 

the deterministic and time-dependent shortest path problem, provided that the traversal times 

of all the links in the network are FIFO (i.e. the sooner one departs from i along link (i→j), the 

earlier one arrives at node j). He developed a consistency criterion for the links’ travel time 

values (discrete or continuous), similar to the FIFO principle, which guaranteed the optimality 

of Dreyfus' algorithm. He then proposed the modification of the links’ travel time values in 

order to comply with the consistency criterion; prior to the execution of the Dreyfus' 

algorithm. However, the computational time required to check and modify the travel time 

values of all links in the network, in order to comply with the FIFO principle, may well exceed 

the computational time of Dreyfus' algorithm (Sung et al, 2000).  

Subsequently, Sung et al (2000) proposed the utilization of the flow-speed values 

instead of the travel time values. In particular, the flow-speed values were assumed to change 

in discrete time intervals; whereas the travel time values were assumed to be continuous. The 

travel time values were directly derived from the flow-speed values. The above approach 

enabled the link’s flow-speed values and consequently the link’s travel time values to change 

as a link was traversed. Most importantly the above representation guaranteed that the FIFO 

principle was never violated independent of the rate of change of the flow-speed values. The 

respective time-dependent ‘least-time’ path algorithm was slightly less computationally 

efficient than Dreyfus’ algorithm; due to the additional time required to convert the flow-

speed values into travel time values. The above is anticipated to escalate in the stochastic and 

time-dependent domain, when more than one flow-speed value and consequently more than 

one travel time value is used to represent the links' traversal times for each departure time.  

Orda et al (1993, 1990, 1988) generalized Dreyfus (1969) time-dependent shortest path 

problem by representing the links as arbitrary cost functions and by considering various 

waiting restrictions at the nodes. Ziliaskopoulos (1994) was the first to develop and implement 

an efficient and improved variation of Cooke’s et al many to one and multiple departure time 

algorithm. In particular, the author dealt with the discretized version of the Time-Dependent 

Least-Time Path (TDLTP) problem and his algorithm computed the time-dependent ‘least-

time’ paths, from all nodes to a single destination and for each departure time within a time 

period rather than a single departure time.  
Ziliaskopoulos (1994), Kaufman et al (1993) and Orda et al (1993, 1990, 1988) 

demonstrated that Bellman’s Principle of Optimality can be directly applied to a deterministic 

and time-dependent FIFO network independent of the representation of the link’s traversal 

times (continuous or discrete functions of time). Under the above scenario, any time-
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dependent ‘least-time’ path algorithm will provide the optimal solution and the corresponding 

‘least-time’ path will always be simple. However, in the context of a deterministic and time-

dependent non-FIFO network, Bellman’s Principle of Optimality can be violated and the 

optimal path solution may well contain a loop. Orda et al showed that the validity of 

Bellman’s Principle of Optimality in the continuous version of the deterministic and time-

dependent ‘least-time’ path problem depends upon the adopted waiting policy. The author 

showed that in the case of unrestricted waiting time at each node (or when waiting is permitted 

only at the source node) Bellman’s Principle of Optimality is valid and an optimal path, which 

does not contain a loop, can be found. Orda’s et al proposed algorithm was found to be of the 

same complexity as Dreyfus' algorithm. However, the author showed that in the case of 

forbidden waiting at the nodes, Bellman’s Principle of Optimality is violated and an optimal 

path cannot be found. Ziliaskopoulos showed that for the discretized version of the TDLTP 

problem an extended version of Bellman’s Principle of Optimality is valid in non-FIFO 

networks, in the case of forbidden waiting at the nodes. Ziliaskopoulos’ extended Bellman’s 

Principle of Optimality states that all subpaths of a ‘least-time’ path with the same destination 

node as this path must themselves be ‘least-time’. In particular, the author showed that the 

extended Bellman’s Principle of Optimality is valid in non-FIFO networks and in the case of 

forbidden waiting at the nodes, even when the optimal path is not simple (contains a loop). 

Ziliaskopoulos’ proposed algorithm was found to be of pseudo-polynomial complexity; as the 

algorithm’s complexity was found to be dependent upon the number of departure time 

intervals, into which the time period of interest has been discretized. Therefore, 

Ziliaskopoulos’ algorithm was found to be significantly less computationally efficient than   

Dreyfus' algorithm. 

Finally, Zilaskopoulos et al (1996) extended the TDLTP problem by accommodated 

turning delays and prohibitions at intersection movements. It was assumed that the penalty 

incurred at an intersection could be known in advance and could be represented by a time-

dependent deterministic value.  

 

4.2.1.3 Heuristic shortest path algorithms 

Several heuristic variations of the standard shortest path algorithms have been 

proposed (Car et al, 2001; Preygel et al, 1999; Gerhard et al, 1998; Kanoh et al, 1998; Bing 

Liu, 1996, 1995, Bing Liu et al, 1994; Golledge et al, 1995; Rilett et al, 1994). The purpose of 

most of the proposed heuristic algorithms is to cope with the time constraints that are inherent 

in in-vehicle RGS. The purpose of the first group of heuristic strategies (Preygel et al, 1999; 
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Rilett et al, 1994) is solely to speed up the computational  performance of Dijkstra’s algorithm 

at a cost of arriving at a suboptimal solution (i.e. A* algorithm). The above is essential when 

Dijkstra’s algorithm is applied upon massive graphs (number of nodes>10000) and for 

applications with very strict real-time characteristics (i.e. such as time constraints in in-vehicle 

RGS).   

Rilett et al (1994) experimented with different types of heuristic ‘least-time’ path 

algorithms, that can be used as part of an in-vehicle RGS, in order to speed up the 

computational performance of Dijkstra’s one to one label-setting shortest path algorithm. 

Dijkstra’s one to one ‘least-time’ path algorithm was found to spend a lot of time in 

unnecessary computations due to the circular manner in which the algorithm performs its 

search. Consequently, Rilett suggested the use of the A* shortest path algorithm in order to 

speed up the search towards the direction of the destination node. The A* shortest path 

algorithm takes into account not only the distance of a given node from the origin node but 

also an estimation of the distance of the given node to the destination node. In particular, Rilett 

developed several A* ‘least-time’ path algorithms, which were slight variations of the A* 

shortest path algorithm; in order to meet the needs of a transportation network where the links 

were represented by deterministc and time independent travel time values. However, the basic 

disadvantage of the A* ‘least-time’ path algorithm is that it is difficult to accommodate it in 

the context of a stochastic and time-dependent network, especially when alternative selection 

criteria to the expected value are chosen.  

The purpose of the second group of heuristic strategies (Car et al, 2001; Bing Liu, 

1996, 1995, Bing Liu et al, 1994) involves the use of artificial intelligence based techniques to 

assist the shortest path algorithm to find a driver friendly shortest path  in the context of route 

finding. The second group of heuristic algorithms transforms the mathematical standard 

shortest path Dijkstra algorithm to a route finder in a transportation network. Therefore, the 

standard Dijkstra algorithm has been combined with artificial intelligence based techniques 

(i.e. knowledge based techniques, case based reasoning, hierarchical route fining) in order to 

provide solutions that are preferable from a motorist’s perspective (e.g. use major roads 

instead of minor roads, use familiar routes etc) but are not strictly optimal from a 

mathematical perspective.  These techniques emphasized the distinction between route finding 

and a shortest path algorithm based upon graph theory. A shortest path algorithm is part of a 

route finder but is not the whole essence of it. The outcome of an exact mathematically correct 

shortest path may be unrealistic or uncomfortable for a driver. The above techniques emulate 

the way the human mind reasons in order to find a shortest path, through the help of an A-Z 
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map. Although a human driver is unlikely to locate the exact optimal path it is likely that he is 

going to locate a good path within a limited amount of time. The pruning of the map that a 

human driver performs is one of the desirable properties of a route finder. A major 

contribution of these techniques is that they significantly reduce the search space upon which 

the shortest path algorithm is applied. The conceptual difference between a strictly 

mathematical shortest path and a shortest path in a transportation network has been taken into 

account. Most of the heuristic algorithms are not suitable for ad hoc situations, like increasing 

congestion, and are suitable only during off peak periods and for repeated queries. As as our 

work takes into consideration aspects of real-time and predicted travel time information, these 

heuristic algorithms will not be implemented. The use of hierarchical route finding and the 

prioritization of major roads over minor roads is also not essential for our application, as all of 

the chosen represented roads have similar properties (i.e. no minor roads, no motorways). 
 
4.2.1.4 Stochastic and time independent shortest path algorithms 

The major advantage of the deterministic algorithms is their simplicity and their 

efficiency. However, the major limitation of these algorithms is that they can produce sub 

optimal solutions when applied to networks with stochastic links (such as transportation 

networks), because they do not take into account the variability and uncertainty of information 

associated with the links’ traversal times.  

Consequently, different types of stochastic shortest path problems have been 

considered, each with a different definition of ‘optimal’ path (Bell, 2004; Murthy et al, 1998; 

Henig, 1994, 1985; Mote et al, 1991; Dubois et al, 1988; Warburton, 1987; Eiger et al 1985; 

Kamburowski, 1985; Mirchandani et al, 1985; Loui, 1983; Sigal et al 1980; Frank, 1969). 

Loui (1983) and Mirchandani et al (1985) use a cost function to denote their indices of 

performance. However, for non-linear cost functions, the standard shortest path algorithms can 

provide sub optimal solutions. Dubois et al (1988) use intervals to represent the links’ 

traversal times and comparison of intervals to select between candidate paths. Bellman’s 

Principle of Optimality cannot be directly applied upon a stochastic network as more than one 

path may have some positive probability of exhibiting least time for some realization of the 

network. However, dependent upon the employed optimization criterion, Bellman’s Principle 

of Optimality may be valid. When the expected value criterion is employed, the probabilistic 

network is transformed to a deterministic network with cost of links being the expected links’ 

travel time values.    
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Loui (1983) and Mirchandani et al (1985) use a utility function to denote the traveler’s 

preferences. A path that minimizes the expected cost of the utility function is considered to be 

optimal. The additive or multiplicative nature of the utility function guarantees that Bellman’s 

Principle of Optimality cannot be violated. The authors showed that when the utility function 

is linear or exponential Bellman’s Principle of Optimality is valid and the deterministic time 

independent ‘least-time’ path algorithms can be used. Furthermore, Bellman’s Principle of 

Optimality is still valid even when the utility function is non-linear provided that it 

monotonically increases or decreases. However, in the case of a quadratic utility function, 

Bellman’s Principle of Optimality can be violated dependent upon the origin-destination pair 

request. In that case the standard deterministic and time independent ‘least-time’ path 

algorithms will provide sub optimal solutions. The basic advantage of these approaches is that 

they combine the traveler’s preference with the search for the ‘optimal’ path. The major 

drawbacks are that the algorithms proposed are still relatively inefficient (i.e. dependent upon 

the employed optimization criterion), and cannot currently be extended for time-dependent 

networks.  

 

4.2.1.5 Stochastic and time-dependent shortest path algorithms 

Very few research papers have dealt with the shortest path problem for stochastic and 

time-dependent networks (Pattanamekar et al, 2003; Fu, 1998; Fu et al, 1995; Miller-Hooks et 

al, 2003, 2000, 1998, 1994; Miller-Hooks, 1997; Hall, 1986). Hall (1986) proposed an optimal 

least-expected-time path algorithm, combining branch and bound and k-shortest path 

techniques. Although not explicitly stated, Hall’s algorithm is only suitable in the context of a 

discrete stochastic and time-dependent network, where the links’ traversal times are 

represented by discrete time-varying probability distributions. A limitation of Hall’s algorithm 

is that the author does not suggest a generalized method for the calculation of each path’s 

expected travel time values. Furthermore, Hall’s algorithm can only be applied to small 

networks because it is computationally demanding.  

Fu et al (1998) generalized Hall’s results for realistic road networks.  In particular, the 

authors extended the least-expected-time path problem, to continuous stochastic and time-

dependent networks, where the links’ traversal times are represented by continuous time-

varying probability distributions. The authors made use of information that is usually available 

to Intelligent Transportation Systems (i.e. the mean and variance of a link’s travel time). In 

particular, they proposed approximation models for the evaluation of a path’s expected value 

and variance, based upon the links’ mean and variance values. The authors concluded that the 
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efficiency of their heuristic algorithm depends upon the rate of change of the links’ traversal 

times. Pattanamekar et al (2003) extended Fu’s et al approximation models in order to 

accommodate two different levels of uncertainty associated with a future link’s travel time 

values; these were the uncertainty due to the prediction error, when the link’s future mean 

travel time values were predicted and the uncertainty due to the inherent variability associated 

with a link’s travel time values within a time period. The above approach assumed that the 

variance of a link’s travel time value, within a time interval, is known. This is not the case in 

our study.   

Both Hall’s and Fu’s et al algorithms are one to one and single departure time label-

setting algorithms and they use the expected value as the only optimization criterion. Fu’s et al 

algorithm can in principle be extended in order to incorporate different optimization criteria. 

However, the efficiency of the algorithm will depend upon the chosen optimization criterion. 

On the other hand, Hall’s algorithm is tailored to the calculation of the least-expected time 

path, as it exploits the property of the expected value and cannot be extended for different 

optimization criteria.   

 Miller-Hooks (1997) was the first to develop Stochastic Time-Dependent Least-Time 

Path (STDLTP) algorithms, based upon alternative optimization criteria to the expected value 

criterion. In particular, Miller-Hooks developed optimal algorithms for determining an optimal 

path or set of Pareto-optimal (efficient, nondominated) paths and their associated probability 

distribution functions in discrete stochastic and time-dependent networks. The algorithms 

determine the a-priori Pareto-optimal paths for all nodes in the network to a single destination 

node, for each departure time within the time period of interest. Miller-Hooks’ algorithms are 

suitable only for links’ traversal times that are represented by discrete time-varying probability 

distributions. Different optimization criteria can be used to select amongst the Pareto-optimal 

paths. The efficiency of the algorithms depends on the chosen optimization criterion and in all 

cases have worst-case non-polynomial complexity. However, Miller-Hooks (1997) has 

demonstrated, for all optimization criteria, except the deterministic dominance criterion, that 

her a-priori STDLTP algorithms perform better than worst-case analysis predicts, when 

applied to realistic transportation networks. The major advantage of Miller-Hooks’ algorithms 

is that the traveler’s preference is explicitly accommodated and taken into account as part of 

the search process of the algorithms.  

Miller-Hooks’ (1997) STDLTP algorithms are an extension of Ziliaskopoulos’ (1994) 

TDLTP algorithm. Therefore, they are many to one and multiple departure time label-

correcting algorithms and they work for FIFO and non-FIFO networks. Similarly with 
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Ziliaskopoulos’ TDLTP algorithm, the basic ‘constraint’ of Miller-Hooks’ STDLTP 

algorithms is that in order to provide the Pareto-optimal path(s) for only one origin-destination 

pair and only one departure time they need to calculate the Pareto-optimal path(s) of every 

other node in the network and every departure time within the time period of interest. Thus 

they appear to spend a lot of time in unnecessary computations. However, although there are 

several efficient one to one and single departure time TDLTP algorithms (in the context of a 

FIFO network), they are no optimal one to one and single departure time STDLTP algorithms, 

for a single origin-destination pair and single departure time request. This is attributed to the 

additional complexity and the nature of the STDLTP algorithms (non-additive nature of the 

expected values of the links’ traversal times in a stochastic and time-dependent path (Hall, 

1986; Miller-Hooks, 1997)). Thus, Miller-Hooks’ STDLTP algorithms are chosen for the 

determination of the Pareto-optimal path(s) for a single origin-destination pair and single 

departure time request. Attention should be placed so that all the successor nodes of the origin 

node are reached within the time period of interest. Thus given an origin-destination pair 

request for a single departure time, the time period of interest in Miller-Hooks’ STDLTP 

algorithms should cover at least the maximum duration of the journey time between the origin-

destination pair under normal traffic conditions.  

Bellman’s Principle of Optimality is not valid in the context of a stochastic and time-

dependent network (in its discretized or continuous version), independent of the employed 

dominance criterion. Hall (1986) and Fu et al (1998) have both demonstrated the violation of 

Bellman’s Principle of Optimality in the discretized and continuous version of the least-

expected-time path problem in a stochastic and time-dependent network. Similarly with 

Ziliaskopoulos, Miller-Hooks has extended Bellman’s Principle of Optimality in the context of 

both a FIFO and non-FIFO stochastic and time-dependent network. Miller-Hook’s extended 

Bellman’s Principle of Optimality states that all subpaths of an efficient path with the same 

destination node as this path must themselves be efficient, where an efficient path is one that is 

not dominated by the employed dominance criterion. All Miller-Hooks’ STDLTP algorithms 

are based upon the extended Bellman’s Principle of Optimality. The relative efficiency of 

Miller-Hooks STDLTP algorithms and consequently the avoidance of a complete enumeration 

technique is due to the validity of the extended Bellman’s Principle of Optimality. If the 

extended Bellman’s Principle of Optimality is not valid (i.e. given a dominance criterion), then 

for the determination of the Pareto-optimal paths between any origin-destination pair we need 

to consider all possible paths between them (i.e. ‘partial results’ cannot be utilized as an 

efficient path may well contain an inefficient subpath). 
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4.2.1.6 Limitations of the NAR strategy 

In the context of the NAR strategy, the ‘least-time’ path is calculated before a trip 

starts, and cannot cope with the potential to redirect the driver subject to future information. 

Thus, the ‘accuracy’ and ‘reliability’ of a ‘least-time’ path algorithm, based upon the NAR 

strategy, depends on the ‘accuracy’ and ‘reliability’ of the prediction algorithm. Taking into 

account, that the performance of any prediction strategy deteriorates with the size of the 

prediction horizon (see section 3.7.2), it is envisaged that the bigger the distance between an 

origin-destination pair, and consequently the bigger the size of the prediction horizon, the 

bigger is the uncertainty associated with the ‘least-time’ path’s traversal time.  

 

4.2.2 OAR Strategy 

A direct extension of the NAR strategy is the OAR strategy (Fu, 2001; Andreatta et al, 

1998; Koutsopoulos et al, 1993). Similarly with the NAR strategy, a whole ‘least-time’ path is 

calculated, when a request has been made. However, only the first link of the path has to be 

traversed and a new ‘least-time’ path can be calculated each time the vehicle enters an 

information node and new information on the links’ travel times becomes available. In the 

OAR strategy, a vehicle receives updated information on links’ travel times and can, if 

necessary, redirect en route.  

The basic advantage of the OAR strategy is that it reduces the effect that the size of the 

prediction horizon parameter has upon the accuracy of the suggested ‘least-time’ path. 

Therefore, the accuracy of the ‘least-time’ path in the context of the OAR strategy will always 

be higher than the accuracy of the ‘least-time’ path in the context of the NAR strategy. 

Furthermore, the OAR strategy is advantageous over the NAR strategy under fast fluctuating 

traffic conditions, where the ‘least-time’ path may change topologically, as the journey 

unfolds. Also, taking into account the ‘inability’ of any prediction strategy to foresee an 

incident, the OAR strategy is anticipated to be beneficial under non-recurrent congestion and 

unanticipated traffic conditions. The OAR strategy is intuitively appealing from the driver’s 

perspective. The driver drives along the optimal path and, responding to traffic information 

received en route, he diverges and follows a slightly different path. Under normal traffic 

conditions, it is envisaged that the route choices made when the OAR strategy is applied are 

similar to the route choices made when the NAR strategy is applied. However, both NAR 

strategy and OAR strategy do not take into account the future opportunities to divert to 

different routes, when an optimal path is computed.    
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4.2.3 CAR Strategy 

The next group of adaptive routing strategies (Yang et al 2004; Miller-Hooks et al 

2003; Fu, 2001; Miller-Hooks 2001, 1997; Hall, 1986)  is based upon the hyperpath structure 

(a sub-graph consisting of more than one path between an origin-destination pair). For all 

CAR strategies, the links’ travel time values are assumed to be stochastic and time-dependent.  

Miller-Hooks’ (2001, 1997) adaptive routing strategy, proposed a least-expected-time 

hyperpath at the beginning of the journey, based upon travel time information received up to 

the point of the request. The links’ travel times are represented by discrete time-varying 

probability distributions that are known a priori. A hyperpath is chosen taking into account the 

possibility to divert en route. The decisions on routes to be followed are postponed till further 

information on links’ traversal times becomes available. Dependent upon the arrival and 

consequent departure times from intermediate nodes, different paths may need to be followed. 

However, all the possible arrival times at nodes are known a priori. Future arrival times at 

nodes are the only real time information being utilized. The proposed hyperpath does not 

change dynamically as information on future links’ traversal times has been more precisely 

estimated and/or predicted. Therefore, Miller-Hooks’ algorithm cannot account for posterior 

information on the links’ travel time values, as the journey unfolds. Yang et al (2004) 

extended Miller-Hooks adaptive routing strategy, by incorporating the delay experienced by 

vehicles in signalized intersections. In particular, two adaptive routing strategies were 

proposed: the first adaptive routing strategy represented the links’ travel time values as 

discrete time-varying probability distributions and represented the delay experienced by 

vehicles in signalized intersections as a deterministic quantity; the second adaptive routing 

strategy represented both the links’ travel time values and the delay experienced by vehicles in 

signalized intersections by discrete time-varying probability distributions. However, both the 

distributions followed by the links’ travel time values and the delay values are known a priori 

and remain unaltered as the journey unfolds. Yang emphasized clearly that, due to the 

different levels of uncertainty associated with the estimation of the delay experienced by a 

vehicle in a signalized intersection, only adaptive routing strategies can realistically capture 

the effects of signalized intersections on a path’s traversal times.     

Fu’s (2001) CAR strategy suggests only the next link to be traversed, taking into 

account the future opportunities to divert to different routes. This link is part of a hyperpath 

with least–expected-time. Each time new information is available, a new hyperpath with least- 

expected-time is calculated. In Fu’s CAR strategy, the time dependency of the links' traversal 

times is only implicitly incorporated (i.e. the links' traversal times are stochastic and time 
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independent). The route choice made, when the CAR strategy is applied, can be very different 

to the route choices made when the NAR or the OAR strategies are applied (Fu, 2001). The 

OAR strategy is generally preferred over Fu’s CAR strategy because of its simplicity and its 

resemblance to NAR. On the other hand, Fu’s CAR is preferred over OAR when there is a big 

number of routes between the origin-destination pair with comparable travel times and  high 

uncertainty associated with the routes’ travel times (Fu, 2001). However, the expected values 

of the least-expected-time paths, based upon the CAR strategy, were found to be only up to 

100 seconds lower than the expected values of the least-expected-time paths, based upon the 

OAR strategy, for origin-destination pairs that are 60 to 80 km apart. Therefore, for origin-

destination pairs of small distance (5 to 20 km) the relative merits of the CAR strategy were 

found to be marginal over the OAR strategy (Fu, 2001).  

  

4.2.4 Discussion of routing strategies 

As discussed above, the CAR strategy is not anticipated to be beneficial over the OAR 

strategy in the context of the Nottingham urban network. Also, the ‘least-time’ path suggested 

by the CAR strategy can only make use of the expected value criterion, so the uncertainty 

associated with the path’s traversal time is not taken into account.  Despite the relative merits 

of the OAR strategy over the NAR strategy under congested traffic conditions, the basic 

limitation of the OAR strategy is associated with the technology required for the OAR strategy 

to be feasible. In particular, the OAR strategy requires ‘equipped’ vehicles and an interactive 

RGS that communicates with the drivers while ‘en route’ (Koutsopoulos et al, 1993). 

Furthermore, it requires that real-time travel time information is available for the majority of 

the links in the network; which is not the case for the Nottingham urban network (see section 

2.5). Additionally, the effectiveness of the OAR strategy depends strongly on the driver’s 

behavioral characteristics (i.e. willingness of the driver to change his route). It is not envisaged 

that the above technology will be available in the context of the Nottingham urban network, in 

the near future.  

Therefore, our study will concentrate on exploring the performance of various ‘least-

time’ path algorithms in the context of the NAR strategy. Delays at signalized intersections 

would not be incorporated as part of the NAR strategy; as due to the different levels of 

uncertainty associated with the estimation of the signalized delay experienced by a vehicle 

(especially in the context of SCOOT where signal timings are not known in advance) the exact 

arrival time of the vehicle at an intersection needs to be known, which can only be the case in 

the context of an adaptive routing strategy. 



 99

4.3 Discussion of ‘least-time’ path algorithms 
The suitability of each algorithm, as part of the NAR strategy, is judged in terms of 

their efficiency, their compatibility with the methods available for travel time estimation 

and/or prediction and the quality of the obtainable solution. Due to the time constraints 

inherent in in-vehicle RGS, the majority of real-time routing algorithms have relied on 

standard deterministic shortest path algorithms or heuristic variations to identify the ‘optimal’ 

route; as the computational efficiency of the algorithms was prioritized. Despite the 

computational efficiency of the deterministic ‘least-time’ path algorithms, they are unsuitable 

for our application, as they could not provide any indication with respect to the uncertainty 

associated with the ‘least-time’ path’s traversal time. According to chapters 2 and 3, both 

stochasticity and time-dependency are essential in order to reflect the different levels of 

uncertainty associated with the different links’ traversal times dependent upon the point in 

time at which each link is anticipated to be traversed and/or the type of data source that a link 

is ‘equipped’ with. As we have experimentally verified in both chapters 2 and 3, the current 

and especially the future SCOOT-detectorized and flow-detectorized links’ travel time values 

are best represented by a discrete time-varying probability distribution. Therefore, routes in 

Nottingham’s network should be selected with the use of STDLTP algorithms.    

Furthermore, most of the routing algorithms of RGS, select the optimal route as the 

one that exhibits least expected travel time. However, the expected value criterion is not 

always suitable; in this study other levels of travel time reliability are also taken into account. 

Due to the uncertainty associated with the future links’ traversal times the actual traversal time 

of the path will rarely coincide with the path’s expected traversal time. Dependent upon the 

driver’s characteristics (risk-averse, risk-neutral and risk-prone) paths with lower uncertainty 

and higher expected travel time value may be preferred. Therefore, different optimization 

criteria that take into account the different levels of uncertainty associated with a path’s 

traversal time need to be employed.  

So, routes in Nottingham’s network should be selected with the use of STDLTP 

algorithms and should incorporate different optimization criteria in order to reflect the 

different types of travelers. Therefore, particular emphasis is placed upon Miller-Hooks 

STDLTP algorithms. So, several Stochastic and Time-Dependent Least-Time Path (STDLTP) 

algorithms, based upon different optimization criteria, were developed in the context of the 

discrete stochastic and time-dependent Nottingham urban network. When both of the 

stochastic and time-dependent properties of a link’s traversal times are recognized then the 
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respective routing algorithms are NP (Non-Polynomial complexity) hard. So they do not 

exhibit real-time characteristics (Hall 1986, Miller-Hooks 1997). However, they provide more 

informed solutions and routes. Emphasis is placed upon the improvement in solution quality 

when different optimization criteria are employed as well as when both stochasticity and time 

dependency are explicitly taken into account for the development of the ‘least-time’ path 

algorithms. In parallel, several efficient heuristic STDLTP algorithms, based upon the chosen 

optimization criteria, were developed. 

 

4.4 Miller-Hooks’ (1997) Stochastic Time-Dependent Least-Time Path 

(STDLTP) algorithm(s) 

Miller-Hooks’ STDLTP algorithms determine all a priori ‘least-time’ paths and their 

associated discrete time-varying probability distribution functions for all nodes in a stochastic 

and time-dependent network to a single destination node and for each departure time within 

the time period of interest.  

 

4.4.1 Problem formulation (Miller-Hooks, 1997) 

The road network is represented by a directed graph G(V,A,S,T,P). V is the set of 

nodes (junctions), |V|=v and A is the set of links (road sections), A ⊆V×V, |A|=m. The 

network is considered at a set S of discrete time intervals {t0+nδ}, where n is an integer, 

n=0,1,2,…,I, and δ is the smallest increment of time over which a perceptible change in traffic 

conditions takes place. The time period of interest is (t0:t0+(I)δ). I is the number of time 

intervals into which the time period of interest has been discretized. The traversal time of any 

link in the network (i→j ∈ A) is represented by a discrete time-varying probability 

distribution.  Thus for any departure time t ∈ S the traversal time of any link i→j ∈ A is a 

discrete probability distribution Tij(t), where tij1(t), tij2(t),…tijk(t) ∈ Tij(t) are the possible 

realizations of the link’s traversal times  values and pij1(t), pij2(t),…pijk(t) ∈ Pij(t) are the 

corresponding probability values, where k=Kij(t). Kij(t) is the number of possible travel time 

values on link i→j ∈ A for each departure time t ∈ S. The link’s traversal times are 

considered to be stationary outside the time period of interest (t>t0+(I)δ).  It is assumed that 

Tij(t)= Tij(t0+(I)δ) and Pij(t)= Pij(t0+(I)δ), for every departure time t>t0+(I)δ. 

Miller-Hooks (1997) stated that the size of the discrete time intervals δ must be smaller 

than any link’s possible traversal time; otherwise inconsistencies may occur (because it would 



 101

be possible to arrive at the next node en route at ‘the same time’ as the departure time of its 

predecessor node) and the optimality of the STDLTP algorithms could not be guaranteed. 

However, this restriction, on the size of the discrete time intervals, cannot strictly guarantee 

the optimality of the STDLTP algorithms; due to the discretization error. Miller-Hooks 

assumed that the effect of the discretization error is negligible in the context of a realistic 

transportation network with small enough discrete time intervals. Ziliaskopoulos (1994) 

imposed a stricter restriction on the size of the discrete time intervals in order to guarantee 

optimality for the TDLTP algorithms. Ziliaskopoulos stated that the discrete time intervals 

should be at least as fine as the precision of the links' travel time values; so that the 

discretization error does not have any impact (nodes are reached at defined departure time 

intervals).  

 

4.4.1.1 Definition of a FIFO discrete stochastic and time-dependent network 

A deterministic and time-dependent link (i->j) is FIFO if the sooner one departs from 

node  i along link (i→j), the earlier one arrives at node j. Kaufman et al (1993) formalized the 

definition of a FIFO deterministic and time-dependent link, as follows:  For a deterministic 

and time-dependent link (i->j) to be FIFO, the rate of decrease in the link’s travel time should 

not be faster than the increase in the actual time (consistency criterion); which in the context 

of a discrete deterministic and time-dependent network gives:  

 

For any link (i->j) ε Α,  

s+tij(s) ≤t+tij(t),          (4.1) 

for every s≤t,   

 

Where, tij(t) is the travel time on link (i->j) at time departure time t. 

A deterministic and time-dependent network that consists of FIFO links is itself FIFO. 

 

Miller-Hooks(1997) extended the FIFO concept in a discrete stochastic and time-

dependent network. A stochastic and time-dependent link (i->j) is FIFO if one cannot depart 

later from node i and arrive earlier at node j, independent of the realization of the link’s (i->j) 

travel time value. A more formal definition of the above is the following: A stochastic and 

time-dependent link (i->j) is FIFO if the probability of arriving earlier at node j by leaving 
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later from node i is equal to zero, for any possible realization of the link’s (i->j) traversal time; 

which in the context of a discrete stochastic and time-dependent network gives:  

  

For any link (i->j) ε Α,  

Pr{ s+tij(s)≤t+tij(t) }=1,         (4.2) 

 for every s≤t,  

 

Where, tij(t) is the travel time on link (i->j) at time t, which is represented by a discrete 

probability distribution  

 

If tijmin(t) and tijmax(t) are the minimum and maximum possible realizations of the link’s (i-

>j) travel time values at time t, the relationship (4.2) becomes equivalent to: 

 

For any link (i->j) ε Α,  

s+tijmax(s) < t+tijmin(t),          (4.3) 

for every s<t,  

 

Again a stochastic and time-dependent network that consists of FIFO links is itself FIFO. 

 

The smaller the size of the departure time intervals, the more restrictive the FIFO 

principle is. The FIFO principle, in the context of a discrete stochastic and time-dependent 

network, is most likely to be violated under congested traffic conditions, where the difference 

between a link’s maximum and minimum possible travel time values, for a given departure 

time interval, may well exceed the size of the departure time interval (i.e. large uncertainty 

associated with the link’s travel time value for each departure time interval) and where both 

the link’s maximum and minimum travel time values may change abruptly for consecutive 

departure time intervals.   
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4.4.2 Criteria for a-priori stochastic and time-dependent path comparisons (Miller-

Hooks, 1997) 

In deterministic time invariant networks, only one least-time path exists between an 

origin-destination pair. However, in stochastic networks more than one path, for any origin-

destination pair, may have some positive probability of being a least-time path for different 

realizations of the network. These paths are known as nondominated, Pareto-optimal, or 

efficient paths. Miller-Hooks (1997) makes use of three selection criteria in order to determine 

the nondominated paths between any origin-destination pair for the whole time period of 

interest. The traversal time of each path p1 is a discrete time-dependent random variable 

Xp1(t) and is described by a cumulative distribution function Fp1(x,t), where x denotes all 

possible travel time values. For every departure time t ∈ S, the cumulative distribution 

function Fp1(x,t) denotes the probability that the path’s p1 travel time Xp1(t) is less than or 

equal to the value x. The minimum and maximum possible realizations of a path's p1 traversal 

times are Xminp1(t) and Xmaxp1(t) respectively. The expected travel time value of a path p1 is 

Ep1(t).     

 

A path p2 is deterministically nondominated over the time period of interest, if ∃ no path p1 

that deterministically dominates it, such that: 

 For every t ∈ S: Xmaxp1(t)≤Xminp2(t) and  

 for at least one t ∈ S:  Xmaxp1(t)<Xminp2(t)        (4.4) 

 

A path p2 is stochastically nondominated over the time period of interest, if ∃ no path p1 that 

stochastically dominates it, such that: 

For every t ∈ S and every x: Fp1(x,t)≥Fp2(x,t) and  

for at least one t ∈ S and one value of x: Fp1(x,t)>Fp2(x,t)     (4.5) 

 

For the expected value criterion, a path p2 is nondominated over the time period of interest, if  

∃ no path p1 that dominates it, such that: 

For every t ∈ S: Ep1(t)≤Ep2(t) and  

for at least one t ∈ S: Ep1(t)<Ep2(t)        (4.6) 
 

Here it is important to notice that deterministic dominance implies first-order 

stochastic dominance and equivalently first-order stochastic dominance implies dominance 
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based upon the expected value criterion. Based upon the above three dominance criteria 

Miller-Hooks has implemented three main STDLTP algorithms. The first algorithm is based 

upon the deterministic dominance criterion and is denoted as STDLTP(DD) algorithm, the 

second algorithm is based upon the first-order stochastic dominance criterion and is denoted as 

STDLTP(SD) algorithm and the third algorithm is based upon the expected value dominance 

criterion and is denoted as STDLTP(EV) algorithm. Both the STDLTP(DD) and the 

STDLTP(SD) algorithms output the discrete time-varying probability distribution(s) 

associated with the Pareto-optimal path’s(s’) traversal times. While, the STDLTP(EV) 

algorithm outputs only the expected value of the Pareto-optimal path (i.e. only one path 

exhibits least expected travel time per departure time interval). Taking into account that, for 

the deterministic dominance criterion, only the minimum and maximum realization of each 

path’s traversal times need to be known, Miller-Hooks has also developed the 

STDLTP(Range) algorithm, which determines all a priori deterministically nondominated 

paths and their associated ranges. Each STDLTP algorithm determines all a priori 

nondominated paths, for all nodes to a single destination node and for each departure time 

within the time period of interest. 

 

4.4.3 STDLTP(EV) algorithm 

Miller-Hooks’ STDLTP(EV) algorithm, determines all a priori least-expected-time 

paths and their associated expected values for all nodes in a stochastic and time-dependent 

network to a single destination node and for each departure time within the time period of 

interest. In order, for Miller-Hooks’ STDLTP(EV) algorithm, to provide the least-expected-

time path for only one origin-destination pair and only one departure time it needs to calculate 

the least-expected-time paths of every other node in the network and every departure time 

within the time period of interest. Attention should be placed on all the successor nodes of the 

origin node being reached within the time period of interest.   

The expected values of the links’ traversal times are non-additive, in the context of a 

stochastic and time-dependent network. The construction of the STDLTP(EV) algorithm is 

based upon the premise that, for a given departure time, the expected value of a path can be 

calculated from the distribution of the first link of the path, at a given departure time, and the 

expected value of the remaining subpath for all possible arrival times at the start of the 

subpath. Therefore, for the calculation of the expected value of a path and consequently for the 

determination of the least-expected-time path, via the STDLTP(EV) algorithm, the probability 
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distribution functions of the paths do not need to be calculated. The above reduces 

significantly the complexity of the STDLTP(EV) algorithm. 

The expected value criterion is appropriate for repetitive origin-destination pair 

requests and for risk-neutral drivers. For non-repetitive journeys and/or for different types of 

drivers (risk-averse, risk-prone) different selection criteria may well be more appropriate. The 

basic drawback of the expected value criterion is that it does not take into account the 

uncertainty associated with the least-expected-time path’s traversal time. Therefore, the 

expected value criterion may lead to the selection of paths with unacceptable levels of 

uncertainty. Therefore, alternative selection criteria, which incorporate a measure of the 

uncertainty associated with the least-expected-time paths’ traversal times, are sought. 

 

4.4.4 STDLTP(Range) algorithm 

Miller-Hooks’ STDLTP(Range) algorithm, determines all a priori determistically 

nondominated path(s) and their associated ranges (e.g. path’s minimum and maximum 

possible traversal time) for all nodes in a stochastic and time-dependent network to a single 

destination node and for each departure time within the time period of interest. In order, for 

Miller-Hooks’ STDLTP(Range) algorithm, to provide the deterministically nondominated 

path(s) for only one origin-destination pair and only one departure time it needs to calculate 

the deterministically nondominated path(s) of every other node in the network and every 

departure time within the time period of interest. Attention should be placed on all the 

successor nodes of the origin node being reached within the time period of interest.   

The deterministic dominance criterion is very conservative and it can lead to a very 

large number of deterministically nondominated paths for each departure time interval. All of 

the deterministically nondominated paths cannot be of equal preference, from the driver’s 

perspective. Furthermore, because of the nature of the criterion the majority of the 

deterministically nondominated paths are likely to contain loops and are likely to be 

topologically similar. Therefore, this research project has not used the deterministic 

dominance criterion. Furthermore the less conservative first-order stochastic dominance 

criterion will not be used, as it requires knowledge of the path’s probability distribution 

functions (see section 4.4.2). The calculation of a path’s probability distribution function can 

be cumbersome and its complexity increases with the length of the path. Miller-Hooks (1997) 

proposed an aggregation of a path’s traversal times, so that the number of possible realizations 

of a path’s traversal times remains constant independent of the path’s length. However, the 
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aggregation of the path’s traversal times affects the optimality of both the STDLTP(DD) and 

the STDLTP(SD), as the lower bound on the path’s traversal time is no longer known. 

 

4.5 Heuristic algorithms 
4.5.1 Miller-Hooks’ (1997) heuristic STDLTP algorithms 

Miller-Hooks (1997) developed a generalized heuristic version of all the STDLTP 

algorithms. The theoretical computational inefficiency (non-polynomial worst-case 

performance) of all Miller-Hooks’ STDLTP algorithms is due to the fact that for the 

algorithms to identify all Pareto-optimal paths(s), a very big number of potentially optimal 

(i.e. p-optimal) paths may need to be stored per node at any intermediate stage of the 

algorithm (Miller-Hooks, 1997). The heuristic versions of the STDLTP algorithms, place a 

limit upon the maximum number of p-optimal paths that can be stored per node, at any stage 

of the algorithm. Miller-Hooks has implemented two heuristic STDLTP algorithms (a 

heuristic STDLTP algorithm based upon the expected value criterion and a heuristic STDLTP 

algorithm based upon the first-order stochastic dominance criterion).   

Obviously, the smaller the number of paths that can be stored per node, the more 

computationally efficient the corresponding heuristic algorithm is, but the less likely it is that 

the heuristic algorithm will identify at least one of the optimal solutions. In theory, the 

heuristic STDLTP algorithms do not guarantee to provide even one optimal solution (Miller-

Hooks, 1997). The experiments performed by Miller-Hooks (1997) confirmed that the 

heuristic STDLTP algorithms are much more computationally efficient than their respective 

optimal STDLTP algorithms and most importantly, in the majority of the cases, they generate 

at least one Pareto-optimal path, even if the maximum number of permitted paths per node is 

equal to one. However, the efficiency of the heuristic STDLTP algorithms depends on the 

chosen optimization criterion. Similarly with Ziliaskopoulos’ TDLTP algorithm, the heuristic 

STDLTP algorithms are of pseudo-polynomial complexity; as their complexity is a function of 

the number of departure time intervals into which the time period of interest has been 

discretized. However, even when only one p-optimal path can be stored per node, the heuristic 

STDLTP(EV) algorithm is significantly less computationally efficient than Ziliaskopoulos’ 

TDLTP algorithm; as its computational performance depends upon the maximum number of 

travel time values that are used for the representation of any of the links’ traversal times, in the 

network, and upon the invoked replacement strategy.   
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The algorithmic steps of the heuristic STDLTP algorithms are almost identical to the 

algorithmic steps of the respective optimal STDLTP algorithms. The only difference is when a 

new p-optimal path has been constructed at a node, which already has reached the maximum 

permitted number of p-optimal paths. Then a replacement strategy needs to be invoked, for the 

heuristic STDLTP algorithm, in order to decide which of the p-optimal paths stored at the 

node need to be maintained and which p-optimal path needs to be replaced. Keeping the value 

of the maximum number of paths that can be stored per node unaltered, the ability of the 

heuristic algorithms to provide at least one Pareto-optimal path(s) was experimentally verified 

by Miller-Hooks (1997) to be dependent upon the employed replacement strategy. The 

simplest replacement strategy is to choose randomly (i.e. random replacement strategy) the 

label of the p-optimal path that should be replaced. Miller-Hooks proposed an ‘intelligent’ 

replacement strategy which replaces the p-optimal path (i.e. including the newly constructed 

path) that was found to exhibit optimal performance (e.g. least-expected-time or first-order 

stochastic dominance) for the least number of time intervals. A heuristic algorithm based upon 

the above ‘intelligent’ replacement strategy was found to outperform, in terms of solution 

quality, the equivalent heuristic algorithm that was based upon a random replacement strategy; 

without a significant increase in the respective heuristic algorithm’s computational time 

(Miller-Hooks, 1997).    

The basic disadvantage of Miller-Hooks’ heuristic STDLTP algorithms is that they 

carry the same limitations and constraints (albeit at a lesser scale) as the corresponding 

optimal STDLTP algorithms. Therefore, in order for the heuristic STDLTP algorithm to 

provide the Pareto-optimal path(s) for only one origin-destination pair and only one departure 

time, it needs to calculate the Pareto-optimal paths of every other node in the network and 

every departure time within the time period of interest.   

 

4.5.2 Fu’s et al (1998) k-heuristic algorithm 

Taking into account the basic disadvantage of the above heuristic STDLTP algorithms, 

an alternative heuristic strategy, which is tailored to the needs of our application (single 

origin-destination pairs and single departure time requests), was sought. Fu et al (1998) 

proposed a heuristic approach to solve the least-expected-time path problem in the context of a 

continuous stochastic and time-dependent network, where the links’ traversal times are 

represented via continuous time-varying probability distributions. The least-expected-time 

path problem was found to be intractable in the context of a continuous stochastic and time-

dependent network and therefore only an enumeration of all the alternative paths between the 
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origin-destination pair could find the optimal solution. As no exact algorithm with polynomial 

or pseudo-polynomial complexity was able to be constructed, the authors proposed a heuristic 

approach. The authors proposed a simple and intuitive way in reducing the search space for 

intractable shortest path problems. Their proposed heuristic algorithm is based upon the k-

shortest path algorithm. Only the K shortest paths (i.e. K is the value of the parameter used in 

the k-shortest path algorithm) are examined in order to identify the least-expected-time path. 

Therefore the search space, in order to identify the least-expected-time path, was reduced from 

all possible paths between an origin-destination pair to only K paths. In particular the expected 

value and the variance of each of the K paths were calculated based upon the recursive 

relationships proposed by the authors. The path, amongst the K, which was found to exhibit 

the minimum expected value, was the requested least-expected-time path. The authors then 

experimentally verified that the bigger the value of the parameter K used in the heuristic 

algorithm, the bigger the chances are for the heuristic algorithm to locate the exact optimum 

solution but at the cost of increased computational time.   

 

4.6 Problem formulation, for Nottingham urban network 
The graph, which represents the Nottingham urban network, consists of 787 nodes and 

2054 links. The links’ traversal times in the Nottingham urban network are uniformly 

represented by a discrete time-varying probability distribution. Five percentile values (5%, 

25%, median, 75%, 95%) with five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) 

represent the links’ possible traversal times, for each departure time interval. The values of 

each link’s traversal times are represented with 10-seconds accuracy. Consequently, the size of 

each departure time interval is equal to 10 seconds; in order for the optimality of the 

developed STDLTP algorithms to be guaranteed (see section 4.4.1). For the forward 

STDLTP(Range) and the forward STDLTP(Var) algorithms the links’ traversal times are 

represented by time-varying confidence intervals. The (5%:95%) range represent the links’ 

traversal times, for each departure time interval.  

 

4.6.1 Definition of a ‘relaxed’ FIFO discrete stochastic and time-dependent network 

The FIFO principle is very restrictive and it is difficult to impose on the links’ travel 

time values in the context of our discrete stochastic and time-dependent network without 

significant loss of information; due to the very small size of the departure time intervals. If the 

FIFO principle was to be imposed on the links’ travel time values, then for every 10-second 
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departure time interval, the difference between the link’s maximum and minimum travel time 

values would not exceed 10 seconds (i.e. size of the departure time interval). Therefore, the 

FIFO principle could not be imposed upon the travel time data without the eradication of the 

range of the links’ estimated and/or predicted travel time values, for a given 5 minute time 

interval. Figure 4.1, demonstrates the above clearly: 

 

Figure 4.1: Imposing the FIFO principle on link’s N11531C, 5% and 95% percentile travel time values 

 
 

Consequently, this study developed a less strict criterion for the links’ travel time values, 

which will be referred to as a ‘relaxed’ FIFO principle and which is a direct extension of 

Kaufman’s et al (1993) consistency criterion (see equation 4.1).  A discrete stochastic and 

time-dependent link (i->j) is ‘relaxed’ FIFO if the following two conditions apply: 

 

For any link (i,j) ε Α, 

 s1+tijmin(s1) ≤t1+ tijmin(t2), for every s1≤t1,  

and            (4.7) 

s2+tijmax(s2) ≤t2+ tijmax(s2), for every s2≤t3,  

 

Where, tijmin(t) and tijmax(t)  are the minimum and maximum travel time values of link (i-

>j) at time t.  
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Again a network that consists of ‘relaxed’ FIFO links is itself a ‘relaxed’ FIFO network. 

Our ‘relaxed’ FIFO criterion is less restrictive than Miller-Hooks’ proposed FIFO 

criterion. However, it is sufficient only for the implemented forward STDLTP(Range) 

algorithm; where the paths’ minimum and maximum travel time values are compared 

separately for the establishment of the ‘extended Dubois’ dominance criterion (see sections 

4.10.3.1 and 4.10.3.3). Enforcing ‘relaxed’ FIFO characteristics upon the travel time values of 

a link prevents abrupt decreases on the minimum and maximum possible travel time values of 

a link. In the context of our ‘relaxed’ FIFO network, where the links’ travel time values are 

discretized into 10-seconds time intervals, when the minimum or maximum travel time value 

of the link decreases by more than 10 seconds for two consecutive 5-minutes time intervals, 

the respective travel time value of the link decreases gradually, by 10 seconds for each 10-

second time interval, from its initial value (i.e. value at previous 5-minute time interval) to its 

final value (i.e. value at current 5-minute time interval). Figure 4.2 demonstrates the difference 

between the change in the 5% and 95% percentile values of the link, prior to and after the 

‘relaxed’ FIFO principle was enforced upon the link’s travel time values.   

 

Figure 4.2: Imposing the ‘relaxed’ FIFO principle on the link’s N11531C, 5% and 95% percentile travel 

time values  
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4.6.2 Review of Miller-Hooks’ (1997) STDLTP algorithms in the context of the 

Nottingham Urban network 

As discussed previously, routes in Nottingham’s network should be selected with the 

use of STDLTP algorithms. However, Miller-Hooks STDLTP algorithms have a number of 

limitations in the context of the Nottingham urban network. Firstly, all Miller-Hooks’ 

STDLTP algorithms provide Pareto-optimal path(s) for every node in the network to a 

destination node and for each departure time within the time period of interest. However, our 

application requires STDLTP algorithms that will provide Pareto-optimal path(s) for single 

origin-destination pairs and single departure time requests. Therefore, our application requires 

one to one and single departure time STDLTP algorithms. Secondly, all Miller-Hooks’ 

STDLTP algorithms are based upon the assumption of a non-FIFO network. Consequently, the 

Pareto-optimal path(s) may contain a loop. However, only simple paths are acceptable, in the 

context of our network. Thirdly, Miller-Hooks’ STDLTP algorithms were constructed taking 

into account the needs of a highway system, whilst our research is interested in the potential of 

applying the above algorithms in the context of an urban network. 

 As mentioned in section 4.4.1, a technical constraint of Miller-Hooks’ STDLTP 

algorithms is that the departure time intervals should be at least as fine as the precision of the 

links' travel time values, so that the discretization error does not have any impact. Therefore, 

1-minute departure time intervals can always guarantee the optimality of the STDLTP 

algorithms in a highway system, where the links’ traversal times are represented, at most, in 

minutes accuracy; but the size of the departure time intervals in an urban network cannot be 

bigger than 10 seconds. The size of the departure time interval affects the number of departure 

time intervals within a constant time period of interest and consequently the computational 

performance of the STDLTP algorithms (Miller-Hooks, 1997). A 60-minute time period (i.e. 

duration of the peak period) of interest in a highway network, where the links’ traversal times 

are represented in minutes accuracy, requires, at most, 60 1-minutes departure time intervals. 

On the other hand, a 60-minute time period of interest in the Nottingham urban network, 

where the links’ traversal times are represented in 10-seconds accuracy requires 360 10-

second departure time intervals. Taking into account that the number of departure time 

intervals has a significant impact on the computational performance of the STDLTP 

algorithms, it is anticipated that Miller-Hooks’ STDLTP algorithms when applied to an urban 

network will be less computationally efficient than when applied to a highway system.  If the 

discretization error was to be ignored then Miller-Hooks less strict constraint states that the 

departure time intervals should be smaller than any link’s possible traversal time. Therefore, 
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the size of a departure time interval in a highway system can be as coarse as 40 minutes and 

still guarantee the optimality (near-optimality) of the STDLTP algorithms; but the size of the 

departure time interval in an urban network cannot be bigger than 10 seconds. Taking into 

account, the above limitations of the Miller-Hooks’ STDLTP algorithms, several 

modifications have been performed in order to tailor the above algorithms in the context of the 

Nottingham urban network.  

 

4.7 Implemented STDLTP algorithms 
4.7.1 Extension of STDLTP(EV) algorithm 

It is unrealistic to propose to a driver a route that contains a loop. Thus a newly 

constructed nondominated path is rejected, if it contains a loop. Therefore, Miller-Hooks’ 

original STDLTP(EV) algorithm has been extended in order to ensure that the least-expected-

time path does not contain a loop.  

At the end of the STDLTP(EV) algorithm, for each departure time, only one path 

exhibits least expected time (ties are arbitrarily broken). The extended Bellman’s Principle of 

Optimality was valid for the expected value dominance criterion in the context of both a FIFO 

and non-FIFO network (Miller-Hooks 1997, see section 4.10.2.2). Therefore, the 

STDLTP(EV) algorithm is optimal. The worst-case computational complexity of the 

STDLTP(EV) algorithm is non-polynomial, since in the worst-case the number of 

nondominated paths may grow  exponentially with the number of nodes in the network, when 

the time period of interest consists of more than one departure time intervals (Miller-Hooks, 

1997)  

 

4.7.2 Extension of STDLTP(Range) algorithm 

Our implemented STDLTP(Range) algorithm is based upon Miller-Hooks’ 

STDLTP(Range) algorithm. It employs a different dominance criterion, which is less 

conservative than the deterministic dominance criterion, but is still based solely upon 

comparisons between the paths’ ranges. Our dominance criterion (i.e. ‘extended Dubois’ 

dominance criterion) is an extended version of Dubois et al (1988) proposed dominance 

criterion when comparing paths that were represented via time independent confidence 

intervals. The paths’ traversal times are represented via discrete time-varying confidence 

intervals. So, the determination of nondominated paths comes down to the comparison 

between time-varying confidence intervals.  
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Let’s consider two paths p1 and p2, between any origin-destination pair, with traversal 

times: (Xminp1(t):Xmaxp1(t)) and (Xminp2(t):Xmaxp2(t)) respectively. For the ‘extended Dubois’ 

dominance criterion, a path p2 is nondominated over the time period of interest, if  ∃ no path 

p1 that dominates it, such that: 

For every t ∈ S: Xminp1(t)≤Xminp2(t) and Xmaxp1(t)≤Xmaxp2(t) 

and for at least one t ∈ S: Xminp1(t)<Xminp2(t) and/or  Xmaxp1(t)<Xmaxp2(t)  (4.8) 

 

Again, a newly constructed nondominated path is rejected if it contains a loop. At the 

end of the algorithm more than one path may well be nondominated for each departure time 

interval. Finally, the extended Bellman’s Principle of Optimality was found to be valid for the 

‘extended Dubois’ dominance criterion in the context of both a FIFO and a non-FIFO network 

(see section 4.10.2.1). Therefore, the STDLTP(Range) algorithm is optimal. The worst-case 

computational complexity of the STDLTP(Range) algorithm is non-polynomial, since in the 

worst-case the number of nondominated paths may grow exponentially with the number of 

nodes in the network (Miller-Hooks, 1997)  

The range of a path for a given departure time can be calculated if all possible travel 

time values of the first link of the path are added to the minimum and maximum travel time 

values of the remaining subpath for all possible arrival times at the start of the subpath (Miller-

Hooks, 1997). The above evaluation works for both FIFO and non-FIFO networks. In the case 

of a FIFO or a ‘relaxed’ FIFO network the above calculation is greatly simplified, as the links’ 

minimum and maximum travel time values are additive. In particular, the minimum (or 

maximum) travel time of a path for a given departure time is the sum of the minimum (or 

maximum) possible travel time value of the first link of the path and the minimum (or 

maximum) travel time of the remaining subpath for the corresponding arrival time at the start 

of the subpath. Consequently, for the calculation of a path’s range for every departure time, in 

a FIFO or a 'relaxed' FIFO network, the links’ traversal times can be represented by time-

varying confidence intervals, as knowledge of their corresponding probability distribution 

function is not essential. This is a major advantage and is essential in cases where the links’ 

traversal times can only be represented via confidence intervals due to the limited information 

available on the links’ traversal times.   

Another advantage of the STDLTP(Range) algorithm as opposed to the STDLTP(EV) 

algorithm is that at the end of the algorithm a number of paths, which may exhibit a variety of 

travel time characteristics, are proposed to the driver. Therefore, the STDLTP(Range) 
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algorithm can be appropriate for different types of drivers (risk-averse, risk-neutral, risk-

prone). However, the representation of the links’ traversal times via confidence intervals is not 

very informative. Consequently, the comparison between paths based solely upon their two 

extreme values can be misleading (e.g. the probability of occurrence of these two extreme 

values may be very small), apart from in the case of deterministic dominance. The expected 

values and/or higher moments of the dominated paths’ traversal times can be smaller than the 

expected values and/or the higher moments of the nondominated paths’ traversal times. The 

‘extended Dubois’ dominance criterion favours paths that exhibit a low minimum or a low 

maximum traversal time, but it does not explicitly take into account the uncertainty and/or the 

expected values associated with the nondominated paths' traversal times. Therefore, for a 

given departure time, paths with different levels of uncertainty and different expected values 

may all be considered to be nondominated (e.g. paths with low minimum travel time value but 

high uncertainty  and paths with low maximum travel time values and low uncertainty). When 

the ‘extended Dubois’ dominance criterion is being employed emphasis should be placed upon 

the chosen values that will represent the link’s range and consequently the path’s range. For 

example, if we choose to represent the links’ traversal times by very conservative confidence 

intervals, the derived path’s confidence intervals will be very conservative and that may 

mislead the search of nondominated paths. Furthermore, attention should be placed upon the 

wanted accuracy of the link’s and the path’s traversal times (e.g. seconds or minutes 

accuracy), which may well have an impact upon the selection of nondominated paths. 

Similarly with the deterministic dominance criterion (albeit at a lesser scale), the ‘extended 

Dubois’ dominance criterion can still generate a large number of nondominated paths with a 

very high degree of overlap.  

 

4.7.3 New STDLTP(Var) algorithm  

The STDLTP(Var) algorithm, determines the minimum ‘approximate variance’ value 

paths for all nodes in a stochastic and time-dependent network to a single destination node and 

for each departure time within the time period of interest. In order, for the STDLTP(Var) 

algorithm, to provide the minimum ‘approximate variance’ value path for only one origin-

destination pair and only one departure time it needs to calculate the minimum ‘approximate 

variance’ value paths of every other node in the network and every departure time within the 

time period of interest. Attention should be placed on all the successor nodes of the origin 

node being reached within the time period of interest. The implemented STDLTP(Var) 

algorithm is an extension of the STDLTP(Range) algorithm, in terms of implementation  with 
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a modification in the dominance criterion. The width of a path’s range (difference between a 

path’s maximum and minimum traversal time) is considered to reflect satisfactorily the 

uncertainty associated with a path’s traversal time and is used to approximate the path's 

variance. This significantly simplifies the STDLTP(Var) algorithm.  

 

Given that each path p1 is represented via discrete time-varying confidence intervals 

and for every t ∈ S: Xminp1(t)  and Xmaxp1(t)   are the path’s minimum and maximum travel 

time values respectively; the path’s ‘approximate variance’ value Varp1(t)  is given by the 

following type: 

Varp1(t)={Xmaxp1(t)-Xminp1(t)}        (4.9) 

 

For the minimum ‘approximate variance’ value dominance criterion, a path p2 is 

nondominated over the time period of interest, if  ∃ no path p1 that dominates it, such that: 

For every t ∈ S: Varp1(t)≤ Varp2(t) and  

for at least one t ∈ S: Varp1(t)< Varp2(t)      (4.10)  

 

Again, if a newly constructed nondominated path contains a loop then the path is 

rejected. Furthermore, a newly constructed nondominated path is rejected if it is 

deterministically dominated. At the end of the algorithm, for each departure time, only one 

path exhibits minimum ‘approximate variance’ value (ties are arbitrarily broken). Similarly 

with the expected values, the ‘approximate variance’ values of the links’ traversal times are 

non-additive in the context of a stochastic and time-dependent network (see section 4.10.3.2). 

Furthermore, the ‘approximate variance’ value of a path cannot be calculated recursively, as 

opposed to the expected value and the minimum and maximum travel time values of a path 

(see sections 4.4.3 and 4.7.2). Consequently, the ‘approximate variance’ value of a path is 

calculated indirectly via the path’s minimum and maximum travel time values. Furthermore, 

the extended Bellman’s Principle of optimality, based upon the minimum ‘approximate 

variance’ value dominance criterion, was violated (see section 4.10.2.3). Therefore, the 

developed STDLTP(Var) algorithm is not optimal. Finally, similarly with the STDLTP(EV) 

algorithm, the worst-case computational complexity of the STDLTP(Var) algorithm is non-

polynomial.  

The minimum ‘approximate variance’ value dominance criterion can be appropriate for 

risk-averse drivers. However, despite the rejection of deterministically dominated paths, the 
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‘minimum approximate’ variance value dominance criterion still favours paths with small 

uncertainty independent of the actual values associated with the paths’ traversal times (i.e. 

very long paths, with high travel time values but with low levels of uncertainty). Therefore, it 

may lead to paths that are counterintuitive from a driver’s perspective. 

 

4.7.4 New STDLTP(Weight) algorithm 

The STDLTP(Weight) algorithm, determines the minimum ‘weight’ value paths for all 

nodes in a stochastic and time-dependent network to a single destination node and for each 

departure time within the time period of interest. In order, for the STDLTP(Weight) algorithm, 

to provide the minimum ‘weight’ value path for only one origin-destination pair and only one 

departure time it needs to calculate the minimum ‘weight’ value paths of every other node in 

the network and every departure time within the time period of interest. Attention should be 

placed on all the successor nodes of the origin node being reached within the time period of 

interest. The implemented STDLTP(Weight) algorithm is a combination of the STDLTP(EV) 

and the STDLTP(Var) algorithms. A trade off is sought between the expected travel time of a 

path and the uncertainty associated with the path’s travel time. Again, the ‘approximate 

variance’ value represents the uncertainty associated with a path’s traversal time. The ‘weight’ 

value of a path was defined as a weighted function of the expected value and the ‘approximate 

variance’ value of a path.  

 

Given that the traversal time of each path p1 is a discrete time-dependent random 

variable and for every t ∈ S: Ep1(t) and  Varp1(t) are the path’s expected and ‘approximate 

variance’ values respectively; the ‘weight’ value of the path, for every t ∈ S,  is given by the 

type:  

Weight_p1(t)=α* Ep1(t)+β*Varp1(t),       (4.11)  

where 0≤α≤1, 0≤β≤1 and α+β=1. 

 

For the minimum ‘weight’ value dominance criterion, a path p2 is nondominated over the time 

period of interest, if  ∃ no path p1 that dominates it, such that: 

For every t ∈ S: Weight_p1(t)≤ Weight_p2(t) and  

for at least one t ∈ S: Weight_p1(t)< Weight_p2(t)      (4.12) 
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Again if a newly constructed nondominated path contains a loop then the path is 

rejected. Furthermore, a newly constructed nondominated path is rejected if it is 

deterministically dominated. In most cases, paths that exhibit the same ‘weight’ value for a 

given departure time, will have different expected travel time values and different 

‘approximate variance’ values. Therefore, ties are not arbitrarily broken and, at the end of the 

algorithm, more than one paths may exhibit minimum ‘weight’ value for a given departure 

time. It will be up to the driver’s discretion to select the path of his preference.  

The ‘weight’ values of the links’ traversal times are non-additive in the context of a 

stochastic and time-dependent network (i.e. as the ‘weight’ value is a linear combination of the 

non-additive expected and ‘approximate variance’ values). Furthermore, the ‘weight’ value of 

a path cannot be calculated recursively, as opposed to the expected value of a path (see section 

4.4.3). Consequently, the ‘weight’ value of a path is calculated indirectly via the path’s 

expected travel time value and via the path’s minimum and maximum travel time values. 

Furthermore, the extended Bellman’s Principle of Optimality was not found to be valid for the 

minimum ‘weight’ value dominance criterion (see section 4.10.2.4). Therefore, the developed 

STDLTP(Weight) algorithm is not optimal. Finally, similarly with the STDLTP(EV) 

algorithm, the worst-case computational complexity of the STDLTP(Weight) algorithm is 

non-polynomial.  

The STDLTP(Weight) algorithm is anticipated to provide results with the highest 

information content. Furthermore, the STDLTP(Weight) algorithm can be appropriate for 

different types of drivers (risk-averse, risk-neutral, risk-prone) dependent upon the ‘weight’ 

placed upon the paths' expected and ‘approximate variance’ values. However, the parameters, 

which identify the ‘weight’ placed upon the paths' expected and ‘approximate variance’ values 

will need to be tuned. Therefore, the basic disadvantage associated with the STDLTP(Weight) 

algorithm is that the trade off between a path’s expected travel time and a path’s uncertainty 

associated with its travel time needs to be explicitly formalized.   

 

4.8 Forward implementations of the STDLTP algorithms 
The basic ‘constraint’ of any of the implemented STDLTP algorithms is that in order 

to provide the Pareto-optimal path(s) for only one origin-destination pair and only one 

departure time they need to calculate the Pareto-optimal path(s) of every other node in the 

network  and every departure time within the time period of interest. Thus they appear to 

spend a lot of time in unnecessary computations. An attempt was made to construct single 
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departure time STDLTP algorithms (i.e. forward STDLTP algorithms), for each of the chosen 

optimization criteria. Because of their nature single departure time algorithms can only be 

origin based. Therefore we explored the potential of developing one to one or one to many, 

single departure time versions (i.e. forward versions) of the STDLTP algorithms. In order for 

the forward STDLTP algorithms to provide the Pareto-optimal path(s) for only one origin-

destination pair and only one departure time they need  (if one to many) to determine the 

Pareto-optimal path(s) from the requested origin node to every other node in the network, only 

for the requested departure time.  

A one to one and single departure time version of the STDLTP(Range) algorithm was 

not feasible, as given a departure time, more than one paths may be nondominated for each 

node. Therefore, only a one to many, single departure time version of the STDLTP(Range) 

algorithm was in principle feasible. On the other hand, one to one and single departure time 

versions of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) algorithms were in 

principle feasible, as for each departure time, only one path is nondominated based upon the 

expected value dominance criterion, the minimum ‘approximate variance’ value dominance 

criterion and the minimum ‘weight’ value dominance criterion (if ties are arbitrarily broken 

for the STDLTP(Weight) algorithm).    

The optimality of a forward STDLTP algorithm is based upon a slightly modified 

version of Miller-Hooks’ extended Bellman's Principle of Optimality, which states that an 

efficient path consists only of efficient subpaths with the same origin node as the path, given a 

requested departure time from the origin node (forward extended Bellman's Principle of 

Optimality). The forward extended Bellman's Principle of Optimality can only be valid in the 

context of a FIFO and/or ‘relaxed’ FIFO stochastic and time-dependent network, dependent 

upon the chosen optimization criterion (see sections 4.10.3.1 and 4.10.3.3). Actually, if the 

forward extended Bellman’s Principle of Optimality is valid in the context of a FIFO and/or 

‘relaxed’ FIFO network, all subpaths of an efficient path are themselves efficient. Therefore, 

proving the validity of the forward extended Bellman’s Principle of Optimality is equivalent 

with proving the validity of Miller-Hooks’ extended Bellman’s Principle of Optimality for all 

subpaths of an efficient path. Consequently, the validity of the forward extended Bellman’s 

Principle of Optimality implies the validity of Miller-Hooks’ extended Bellman’s Principle of 

Optimality (for all subpaths of an efficient path with the same destination node as this path).  

Miller-Hooks’ has implicitly proved the feasibility of an optimal forward  

STDLTP(Range) algorithm, based upon the deterministic dominance criterion,  in the very 

restrictive context of a FIFO network. In particular she demonstrated that in the context of a 
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FIFO network all subpaths of a deterministically nondominated path are themselves 

deterministically nondominated. For the expected value, the minimum ‘approximate variance’ 

value and the minimum ‘weight’ value dominance criteria, the forward extended Bellman’s 

Principle of Optimality is equivalent with Bellman’s Principle of Optimality. Therefore, if 

Bellman’s Principle of Optimality was valid, the respective forward STDLTP(EV), forward 

STDLTP(Weight) and forward STDLTP(Var) algorithms would have been of the same 

computational complexity as Bellman's label-correcting one to many shortest path algorithm. 

Furthermore, it would have been possible to construct one to one and single departure time 

label-setting STDLTP(EV), STDLTP(Weight) and STDLTP(Var) algorithms, with the same 

computational complexity as Dijkstra’s label-setting one to one shortest path algorithm. 

However, Bellman's Principle of Optimality is violated, for the expected value criterion (Hall, 

1986; Fu et al, 1998). Therefore, the implementation of an optimal forward STDLTP(EV) 

algorithm was not feasible. The violation of Miller-Hooks’ extended Bellman’s Principle of 

Optimality for both the STDLTP(Weight) and the STDLTP(Var) algorithms implies the 

violation of Bellman’s Principle of Optimality for both the minimum ‘weight’ value and the 

minimum ‘approximate variance’ value dominance criteria. Therefore, the implementation of 

an optimal forward STDLTP(Weight) algorithm and an optimal forward STDLTP(Var) 

algorithm was not feasible.  

Furthermore, the exact expected value of a path, in a discrete stochastic and time-

dependent network, can only be calculated efficiently and recursively in a backward way 

(Miller-Hooks, 1997). The forward (starting from the origin node) evaluation of a path’s 

expected travel time value can be cumbersome and computationally intensive. Furthermore, a 

forward STDLTP(EV) algorithm that is based upon a backward evaluation of a path’s 

expected value is anticipated to be computationally inefficient. Therefore, a non-optimal 

forward STDLTP(EV) algorithm was not implemented. For similar reasons, the ‘weight’ value 

of a path can only be calculated efficiently (althought not recursively), in a backward way (see 

section 4.7.4). Therefore, a non-optimal forward STDLTP(Weight) algorithm was not 

implemented. 

In the context of a ‘relaxed’ FIFO network, both the minimum and the maximum links’ 

travel time values of a path are additive. Consequently, the exact range of a path can be 

calculated efficiently in a forward way. Most importantly the forward extended Bellman's 

Principle of Optimality is valid for the forward STDLTP(Range) algorithm, in the context of a 

‘relaxed’ FIFO network (proof of the above is found in section 4.10.3.1). Therefore, an 

optimal forward STDLTP(Range) algorithm was implemented. Similarly, in the context of a 
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‘relaxed’ FIFO network, the exact 'approximate variance' value of a path, although non-

additive, can be calculated efficiently in a forward way as it can be directly derived from the 

path's range (see section 4.7.3). Therefore, a non-optimal forward STDLTP(Var) algorithm 

was implemented.  

 

4.8.1 Forward STDLTP(Range) algorithm 

The forward STDLTP(Range) algorithm, determines all nondominated paths, based 

upon the 'extended Dubois' dominance criterion, from a single origin node and for a requested 

departure time, to all other nodes in a stochastic and time-dependent network. The chief 

difference between the forward STDLTP(Range) algorithm and the (backward) 

STDLTP(Range) is that  the dominance status of each path is determined for a single 

requested departure time rather than over a time period of interest.  

 

Let’s consider two paths p1 and p2, between any origin-destination pair, with traversal 

times: (Xminp1(tr):Xmaxp1(tr)) and (Xminp2(tr):Xmaxp2(tr)) respectively, for the requested 

departure tr. For the ‘extended Dubois’ dominance criterion, a path p2 is nondominated, for the 

requested departure time tr if ∃ no path p1 that dominates it, such that: 

Xminp1(tr)≤Xminp2(tr) and Xmaxp1(tr)≤Xmaxp2(tr) 

and  {Xminp1(tr)<Xminp2(tr) and/or  Xmaxp1(tr)<Xmaxp2(tr)}     (4.13) 

 

At the end of the forward STDLTP(Range) algorithm more than one paths may well be 

nondominated, given a requested origin-destination pair. The worst-case computational 

complexity of the algorithm is non-polynomial, since in the worst case the number of 

nondominated paths may grow exponentially with the number of nodes in the network. 

However the computational overhead of the forward STDLTP(Range) algorithm is anticipated 

to be significantly lower than the respective computational overhead of the backward 

STDLTP(Range) algorithm for the following reasons: First of all, the range of each newly 

constructed path needs to be evaluated only for the requested departure time rather than over a 

number of departure times. Secondly, as the dominance status of each path is established over 

the requested departure time rather than a number of departure times, a significant smaller 

number of comparisons between the values of the paths’ ranges will take place. Thirdly, a 

smaller number of paths will be nondominated for a requested departure time rather than over 

a number of departure times. Note that in the context of a FIFO and/or ‘relaxed’ FIFO network 



 121

a nondominated path cannot contain a loop. Therefore it is unnecessary to check if a 

nondominated path contains a loop for the forward STDLTP(Range) algorithm.  

A major advantage of the forward STDLTP(Range) algorithm is that the links’ 

traversal times can be represented by time-varying confidence intervals, as knowledge of their 

corresponding probability distribution function is not required. This is essential in cases where 

the links’ traversal times can only be represented via confidence intervals due to the limited 

information available on the links’ traversal times.   

 

4.8.2 Forward STDLTP(Var) algorithm 

The forward STDLTP(Var) algorithm, determines the minimum ‘approximate 

variance’ value paths from a single origin node and for a requested departure time to all other 

nodes in a stochastic and time-dependent network. The dominance status between two paths is 

established for the single requested departure time. So, the ‘approximate variance’ value of 

each path is calculated only for the requested departure time.  

 

Let’s consider two paths p1 and p2, between any origin-destination pair, with 

‘approximate variance’ values: Varp1(tr)={Xmaxp1(tr)-Xminp1(tr)} and Varp2(tr)={ Xmaxp2(tr)-

Xminp2(tr)} respectively, for the requested departure tr. For the minimum ‘approximate 

variance’ value dominance criterion, a path p2 is nondominated, for the requested departure 

time tr, if ∃ no path p1 that dominates it, such that: 

Varp1(tr)≤ Varp2(tr)          (4.14) 

 

Again (similarly with the many to one STDLTP(Var) algorithm), if a newly 

constructed nondominated path contains a loop then the path is rejected. Furthermore, a newly 

constructed nondominated path is rejected if it is deterministically dominated. At the end of 

the forward STDLTP(Var)algorithm, only one path exhibits minimum ‘approximate variance’ 

value (ties are arbitrarily broken), given a requested origin-destination pair. Furthermore, at 

any intermediate stage of the algorithm, from the origin node to any other node in the network, 

only one path is nondominated. Therefore, in order for the algorithm to be able to identify the  

minimum ‘approximate variance’ value path  from the origin node to any other node in the 

network and for the requested departure time, only one label of a path needs to be stored per 

node at any intermediate stage of the algorithm. The computational complexity of the forward 

STDLTP(Var) algorithm is similar to the computational complexity of  Bellman's label-

correcting one to many shortest path algorithm (i.e. polynomial). However, the forward 
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STDLTP(Var) algorithm is anticipated to be slightly less computationally efficient than 

Bellman’s algorithm; due to the additional time required to evaluate the paths’ ‘approximate 

variance’ values and due to the additional time required to check if a path contains a loop 

and/or if a path is deterministically dominated.  

 

4.9 Implemented heuristic algorithms 
4.9.1 Implemented heuristic STDLTP algorithms 

Based upon, Miller-Hooks heuristic algorithms (section 4.5.1) and the implemented 

STDLTP algorithms (sections 4.7.1, 4.7.4 and 4.8.1) three heuristic STDLTP algorithms have 

been implemented. These are a heuristic STDLTP(EV) algorithm, a heuristic 

STDLTP(Weight) algorithm and a heuristic forward STDLTP(Range) algorithm. There was 

no incentive in developing a heuristic STDLTP(Var) algorithm, because of the expected 

computational efficiency of the forward STDLTP(Var) algorithm (see section  4.8.2). 

We require our heuristic algorithms to provide us with an optimal or near to optimal 

solution for the specific origin-destination and single departure time request. Therefore, our 

modified ‘intelligent’ replacement strategy never replaces the p-optimal path(s), which 

exhibits optimal performance (i.e. least-expected-time or minimum ‘weight’ value) for the 

specific origin-destination pair and the requested departure time. Consequently, with the 

exception of the origin node, Miller-Hooks’ proposed ‘intelligent’ replacement strategy is 

followed for every other node in the network, when the maximum permitted number of p-

optimal paths per node has been reached. Therefore, for every other node in the network, the 

path that exhibits optimal performance for the least number of departure time intervals is 

replaced. On the other hand, for the origin node and when the maximum permitted number of 

p-optimal paths has been reached, the path that exhibits optimal performance for the requested 

departure time interval is never replaced independent of the number of time intervals for 

which it exhibits optimal performance. The above modification, increases the chances that our 

heuristic STDLTP algorithm will identify the optimal solution for the given origin-destination 

pair and departure time request, within reasonable computational time (i.e. when only a small 

number of p-optimal paths can be stored per node). The above modified replacement strategy 

has been employed for the heuristic STDLTP(EV) algorithm and the heuristic 

STDLTP(Weight) algorithm. A random replacement strategy has been employed for the 

heuristic forward STDLTP(Range) algorithm. That is because the heuristic forward 

STDLTP(Range) algorithm is a one to many  and single departure time algorithm and 
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therefore the p-optimal paths stored at any node, are paths emanating from the origin node to 

that node and are all nondominated for the requested departure time. Therefore, the p-optimal 

paths stored at any node are of equal status. After a replacement has taken place, the Miller-

Hooks’ proposed heuristic STDLTP algorithm has been further modified in order to guarantee 

that all the paths that contain the replaced path as their subpath have been discarded. 

Otherwise ironical scenarios may emerge, where there is a mismatch between the evaluated 

expected value (or ‘weight’ value or range values) of a path and the topology of the path (i.e. 

the expected value was evaluated based upon a different path, before one of its subpaths has 

been replaced).  

Furthermore, it is important to notice that contrary to the optimal forward 

STDLTP(Range) algorithm, the final solution set of the heuristic forward STDLTP(Range) 

algorithm may include nondominated paths that contain a loop. This is because of the nature 

of the heuristic forward STDLTP(Range) algorithm (i.e. due to the limited number of paths 

that can be stored per node, a simple nondominated path may well be replaced and hence the 

respective path that contains a loop may well become nondominated). Therefore, the heuristic 

forward STDLTP(Range) algorithm performs an additional check in order to ensure that all 

newly constructed nondominated paths that contain a loop are rejected.  

Same as Miller-Hooks’ heuristic STDLTP algorithms, the heuristic STDLTP(EV) and 

the heuristic STDLTP(Weight) algorithms are of pseudo-polynomial complexity. However the 

heuristic forward STDLTP(Range) algorithm is of polynomial complexity, as contrary to the 

heuristic STDLTP(EV) and the heuristic STDLTP(Weight) algorithms, its complexity is not a 

function of time. In particular, when only one p-optimal path can be stored per node the 

complexity of the heuristic forward STDLTP(Range) algorithm is similar to the complexity of 

the standard label-correcting Bellman’s one to many shortest path algorithms. However, the 

computational time of the heuristic forward STDLTP(Range) algorithm, when only one p-

optimal path can be stored per node, is expected to be higher than the computational time of 

the standard label-correcting one to many shortest path algorithm; as two values are used for 

the representation and comparison of the paths’ traversal times, a replacement strategy is 

invoked whenever more than one paths are optimal per node and an additional check is 

performed in order to ensure that a newly constructed nondominated path that contains a loop 

is rejected. 

The minimum number of p-optimal paths that need to be stored per node in order for 

our heuristic algorithms to be able to identify the optimal or near to optimal solution needs to 

be experimentally identified and is anticipated to be algorithm specific as well as origin-
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destination pair specific. Both the heuristic STDLTP(EV) and the heuristic STDLTP(Weight) 

algorithms carry the same limitations and constraints (albeit at a lesser scale) as the optimal 

STDLTP(EV) and STDLTP(Weight) algorithms respectively. Therefore, in order for the 

heuristic STDLTP(EV) algorithm or the heuristic STDLTP(Weight) algorithm, to determine 

the optimal path(s) for only one origin-destination pair and only one departure time, it needs to 

calculate the optimal paths of every other node in the network and every departure time within 

the time period of interest.   

 

4.9.2 Implemented k-heuristic STDLTP algorithms 

The basic advantage of Fu’s et al (1998) k-heuristic algorithm (see section 4.5.2) is that 

it is not bound to the expected value criterion and therefore it can be slightly modified in order 

to accommodate different optimization criterion. Based upon, Fu’s et al (1998) k-heuristic 

algorithm and the implemented STDLTP algorithms (sections 4.71 and 4.7.4 and sections 

4.8.2 and 4.8.1) four k-heuristic STDLTP algorithms have been implemented. These are a k-

heuristic algorithm based upon the expected value criterion (k-heuristic(EV)), a k-heuristic 

algorithm based upon the ‘weight’ value criterion (k-heuristic(Weight)), a k-heuristic 

algorithm based upon the ‘approximate variance’ value criterion (k-heuristic(Var)) and a k-

heuristic algorithm based upon the ‘extended Dubois’ dominance criterion (k-

heuristic(Range)).   

Because of the similarity in determining the dominance status of paths based upon the 

expected value, ‘weight’ value, or ‘approximate variance’ value optimization criteria,  the 

algorithmic steps of the respective k-heuristic(EV), k-heuristic(Weight) and k-heuristic(Var) 

algorithms are identical. Given a single origin-destination pair and departure time request and 

a value K of the parameter used in the k-heuristic algorithm, a k-least-time path algorithm is 

applied. The expected travel time value, the ‘weight’ value and the ‘approximate variance’ 

value of each of the K least-time paths is calculated. The path(s), amongst the K, which 

exhibits minimum expected travel time value is the optimal path(s) for the k-heuristic(EV) 

algorithm. For both the k-heuristic(Weight) algorithm and the k-heuristic(Var) algorithm the 

path(s) amongst the K that are found to be deterministically dominated are discarded.  The 

path(s), amongst the non-deterministically dominated K paths, which exhibits minimum 

‘weight’ value is the optimal path(s) for the k-heuristic(Weight) algorithm. Finally, the 

path(s), amongst the non-deterministically dominated K paths, which exhibits minimum 

‘approximate variance’ value is the optimal path(s) for the k-heuristic(Var) algorithm. 
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The algorithmic steps of the k-heuristic(Range) algorithm are described separately 

because of the more complicated nature of establishing dominance,  when comparing each of 

the K paths’ ranges based upon the ‘extended Dubois’ dominance criterion.  Given a single 

origin-destination pair and departure time request and a value K of the parameter used in the 

k-heuristic(Range) algorithm, a k-least-time path algorithm is applied. The range of each of 

the K least-time paths is calculated. The range of the least-time path is compared with the 

range of the 2nd-least-time path for dominance. If one of these paths is dominated by the other 

then that path is discarded as it cannot dominate any of the remaining candidate paths. If 

neither of the paths dominate each other then both paths are kept. The search then continues to 

the 3rd-least-time path etc until the range of the least-time path has been compared with the 

range of the Kth-least-time path or until the least-time path is dominated. Following this, if the 

2nd-least-time path has not been dominated, then the range of the 2nd-least-time path is 

compared one by one for dominance with the ranges of each of the p-least-time paths (p>2 and 

p≤K), which have not been dominated. The above procedure continues for all of the K least-

time paths. On completion, those paths that have not been dominated are the optimal paths, 

based upon the ‘extended Dubois’ dominance criterion. At the end of the procedure the 

optimal paths and their corresponding ranges are outputted.  

The computational time of the above k-heuristic algorithms depends upon two 

parameters; the value of K and the employed optimization criterion. The applied k-least-time 

path algorithm is based upon Shier’s (1979) standard one to one label-setting k–least-time path 

algorithm, apart from being slightly modified in order to ensure that all K least-time paths are 

simple (i.e. do not contain a loop). Same as Shier’s k-least-time path algorithm, the applied k-

least-time path algorithm is valid only in the context of a deterministic and time-dependent 

FIFO network. In all cases the median value represents the links’ traversal times, for each 10-

second departure time interval (see section 4.6). Prior to the execution of the k-least-time path 

algorithm, the links’ traversal time values are checked and corrected in order to exhibit FIFO 

characteristics (see equation 4.1). The computational performance of the employed k-least-

time path algorithm is equivalent to the computational performance of the respective k-

shortest path algorithm (i.e. k-shortest path algorithm that outputs only simple paths).  

The basic advantage of the above proposed k-heuristic algorithms is that they are one 

to one and single departure time label-setting algorithms and therefore they are tailored to the 

needs of single origin-destination pair and single departure time requests. The dominance 

status of each path is established only for the requested departure time. Furthermore, the idea 

of searching amongst the potentially better paths instead of enumerating all alternative paths 
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between an origin-destination pair is intuitively appealing in the context of a realistic 

transportation network; where between any origin-destination pair only a handful of paths are 

far superior to the rest of the alternative paths and therefore are likely to be considered as 

realistic candidates by the driver. 

  

4.10 Extended Bellman’s Principle of Optimality in the context of a 

stochastic and time-dependent network 
Bellman’s (1958) Principle of Optimality states that all subpaths of an optimal path 

must themselves be optimal. Therefore, Bellman’s label-correcting deterministic and time 

independent ‘least-time’ path algorithm terminates when its principle of optimality has been 

satisfied. Bellman’s Principle of Optimality can also be applied directly to a deterministic and 

time-dependent FIFO network (Kaufman et al, 1993). However, it cannot be directly applied 

to a deterministic and time-dependent non-FIFO network (Ziliaskopoulos, 1994). Furthermore, 

Bellman’s Principle of Optimality cannot always be directly applied to stochastic networks, 

where more than one path may have some positive probability of exhibiting least-time for 

some realization of the network (Miller-Hooks, 1997; Mirchandani et al, 1985; Loui, 1983). If 

Bellman's Principle of Optimality is not valid then 'partial results' cannot be used and the 

calculation of the ‘least-time’ path between two nodes must consider all possible paths 

between them.   

Ziliaskopoulos (1994) extended Bellman’s Principle of Optimality in the context of a 

non-FIFO deterministic and time-dependent network and in the case of forbidden waiting at 

the nodes. Ziliaskopoulos’ extended Bellman’s Principle of Optimality states that all subpaths 

of a ‘least-time’ path with the same destination node as this path must themeselves be ‘least-

time’. The ‘least-time’ paths may contain a loop. Subsequently, and based upon Ziliskopoulos’ 

extended Bellman’s Principle of Optimality, Miller-Hooks(1997) extended Bellman’s 

Principle of Optimality in the context of both FIFO and non-FIFO stochastic and time-

dependent networks. Miller-Hooks’ extended Bellman’s Principle of Optimality states that all 

subpaths of an efficient path with the same destination node as this path must themselves be 

efficient, where an efficient path is a nondominated path (i.e. one that is not dominated by the 

employed dominance criterion (see equations 4.4 to 4.6)). According to Miller-Hooks’ 

extended Bellman’s Principle of Optimality, there cannot exist an efficient path Pi->N, from 

node i to destination node N, that contains an inefficient subpath Qh->N, from node h to 

destination node N. The above should be valid for both FIFO and non-FIFO stochastic and 
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time-dependent networks. All of Miller-Hooks’ STDLTP algorithms (sections 4.4.2 to 4.4.4) 

terminate when the extended Bellman’s Principle of Optimality has been satisfied. Again an 

efficient path may contain a loop. 

 

4.10.1 Shared links’ travel time values (Miller-Hooks, 1997) 

The extended Bellman’s Principle of Optimality, guarantees that upon termination of 

the STDLTP algorithms, all the nondominated paths will be generated. However, it cannot 

always guarantee that a dominated path will not be referred as a nondominated path at the end 

of the algorithm. The above scenario can only emerge when the deterministic dominance 

criterion has been employed. Miller-Hooks has extended the deterministic dominance criterion 

by applying conditions on the values of the shared links’ traversal times and the above 

problem has been alleviated. The deterministic dominance criterion is established by 

comparing specific travel time values of two paths. In particular, for a given departure time, 

the maximum possible realization of the first path’s traversal time is compared with the 

minimum possible realization of the second path’s traversal time (see equation 4.4). However, 

when these two paths share common links, it is essential to set conditions on the travel time 

values of shared links, in order to guarantee that mutually exclusive realizations of the shared 

links’ travel time values are not allowed to occur. This is not essential in the case of the 

expected value criterion, because specific values of the paths’ traversal times are not used in to 

order to compare the paths’ expected travel time values. (Miller-Hooks, 1997) 

Therefore, the extended Bellman’s Principle of Optimality is further extended, when 

the deterministic dominance criterion is employed, in the case of paths that share one or more 

consecutive links. The subpath Qj->N, from node j to destination node N, of an efficient path 

Pi->N, from node i to destination node N (that consists of the shared link i->j and the subpath 

Qj->N) must be nondominated for at least one of the departure time intervals that correspond to 

all possible arrival times at node j, for each departure time interval from node i. Applying 

conditions to the shared links’ travel time values therefore reduces the number of paths that 

can be efficient and  is essential in order for the STDLTP(DD) algorithm upon termination to 

contain only the a priori deterministically nondominated paths. It is important to notice that 

the above scenario is very unlikely to occur in the context of the Nottingham urban network. 

In the context of the Nottingham urban network the maximum value of the minimum possible 

realization of any link’s travel time was never found to exceed 30 seconds. It will be very 
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unlikely for any otherwise dominated subpath to be nondominated only for departure time 

intervals less than 30 seconds.  

As a direct consequence of the validity of the extended Bellman’s Principle of 

Optimality, Miller-Hooks (1997) has proved that (with some additional conditions) the final 

solution set of all the STDLTP algorithms include only all the a priori nondominaned paths. 

Secondly, all the STDLTP algorithms finish after a finite number of iterations. Thirdly, all the 

STDLTP algorithms have worst-case non-polynomial computational complexity, despite the 

validity of the extended Bellman’s Principle of Optimality.  

 

4.10.2 Proof of optimality for the implemented STDLTP algorithms  

Our implemented STDLTP algorithms are based upon Miller-Hooks STDLTP label-

correcting framework, but utilizing different dominance criteria (see sections 4.71 to 4.7.4). 

All the implemented STDLTP algorithms are optimal if and only if the final solution sets of 

the STDLTP algorithms only consist of the complete sets of a priori nondominated paths. First 

of all, in order for the final solution set of each of the implemented STDLTP algorithms to 

include all of the a priori nondominated paths, it is necessary to prove that the extended 

Bellman's Principle of Optimality is valid for each of the employed dominance criteria. 

Secondly, in order for the final solution set of  each of the implemented STDLTP algorithms 

to only include the a priori nondominated paths it may be necessary to apply conditions to the 

shared links’ travel time values. Similar steps to Miller-Hooks (1997) are followed.  

The extended Bellman’s Principle of Optimality states that all subpaths of an efficient 

path with the same destination node as this path must themselves be efficient, where an 

efficient path is a nondominated path (one that is not dominated by the selected dominance 

criterion (see equations 4.6, 4.8, 4.10 and 4.12)). The above should be valid in both FIFO and 

non-FIFO stochastic and time-dependent networks. For each of the implemented algorithms, 

in turn, it is proved that the extended Bellman’s Principle of Optimality is or is not valid. 

For each case, we assume that there exists an efficient path from node i to the 

destination node N, P(i->N) that contains a link (i->j) and an inefficient subpath from node j to 

the destination node N, Qineff 
(j->N). If Qineff 

(j->N) is inefficient then there must exist another 

subpath from node j to the destination node N that is efficient Qeff 
(j->N). Consequently, there 

exists another path from node i to the destination node N, Peff
(i->N)  that contains the link (i->j) 

and the efficient subpath from node j to the destination node N, Qeff 
(j->N). Let’s symbolize the 

path P(i->N)  as path p1, the path Peff
(i->N)  as path p2, the inefficient subpath Qineff 

(j->N) as 

subpath s1 and the efficient subpath Qeff 
(j->N) as subpath s2.  
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 The time period of interest is considered at a set S of discrete departure times (t0:tf). 

Let’s assume that tij1(t)<tij2(t),…<tijKij(t) ∈ Tij(t) are the possible realizations of the link’s 

(i→j)  travel time values for each departure time t ∈ S and  pij1(t),pij2(t),…pijKij(t) ∈ Pij(t) 

are the link’s (i→j) corresponding probability values for each departure time t ∈ S. Kij(t) is 

the number of possible travel time values, for each departure time t ∈ S. Let’s denote with 

tijmin(t)= tij1(t), the minimum possible realization of the link’s (i->j) travel time value for 

each departure time t ∈ S and let’s denote with tijmax(t)= tijKij(t), the maximum possible 

realization of the link’s (i->j) travel time value for each departure time t ∈ S. Therefore, for 

each departure time t ∈ S from node i, t+tijmin(t), t+tij2(t),…, t+tijk(t),…, t+tijmax(t) are the 

possible arrival times at node j and consequently, departure times from node j, which 

constitute the reduced time period of interest S’. Given that t0 is the earliest departure time 

from node i, as the reduced time of period is a subset of the whole time period of interest S, 

t0+tijmin(t) is the earliest possible departure time from node j and tf  is the latest possible 

departure time from node j. The reduced time period of interest extends over S’=( 

t0+tijmin(t):tf ).  

 

4.10.2.1 Proof of optimality for the implemented STDLTP(Range) algorithm 

Given that subpath s2 dominates subpath s1, based upon the 'extended Dubois' dominance 

criterion, over the time period of interest we have (see equation 4.8): 

For every t ∈ S: Xmins2(t)≤Xmins1(t) and Xmaxs2(t)≤Xmaxs1(t)                        

and for at least one t ∈ S:  Xmins2(t)<Xmins1(t) and/or Xmaxs2(t)<Xmaxs1(t)   (4.15) 

 

Where, 

Xmins2(t) and Xmaxs2(t) represent the minimum and maximum possible realizations of 

the subpath’s s2 traversal times, for each departure time interval within the time period of 

interest. Similarly, Xmins1(t) and Xmaxs1(t) represent the minimum and maximum possible 

realizations of the subpath’s s1 traversal times, for each departure time interval within the time 

period of interest.    

The subpath s2 dominates the subpath s1 over the time period of interest. We will show 

that the addition of the shared link (i->j) to the subpaths s1 and s2 does not alter the dominance 

status of the created paths. Therefore, we will show that the path p2 that consists of the shared 

link (i->j) and the efficient subpath s2 will dominate the path p1 that consists of the shared link 

(i->j) and the inefficient subpath s1. 
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In order to prove that path p2 dominates the path p1 over the time period of interest we have to 

prove that (see equation 4.8): 

For every t ∈ S: Xminp2(t)≤Xminp1(t) and Xmaxp2(t)≤Xmaxp1(t)                        

and for at least one t ∈ S:  Xminp2(t)<Xminp1(t) and/or Xmaxp2(t)<Xmaxp1(t)  (4.16) 

 

The subpath s2 either dominates or is equal to the subpath s1 for every departure time 

within the reduced time period of interest S’=( t0+tijmin(t):tf). Under a very unlikely to 

emerge scenario, the subpath s2 is equal to the subpath s2 over the reduced time period of 

interest S’=( t0+tijmin(t):tf). That is when, the strict inequality of relationship (4.15) holds for 

at least one t ∈ S where t < t0+tijmin(t). This unlikely to emerge scenario will not be further 

explored. 

Under the most likely to emerge scenario, the subpath s2 dominates (or is equal to) the 

subpath s1, over all possible arrival times at node j, for each departure time from node i (i.e. 

over the reduced time period of interest). Therefore, equation (4.15) gives: 

For every t ∈ S and every t+tijk(t)  ∈ S, where k=1… Kij(t)  

Xmins2(t+tijk(t))≤Xmins1(t+tijk(t))  and Xmaxs2(t+tijk(t))≤Xmaxs1(t+tijk(t))    (4.17) 

 

For any departure time t ∈ S from node i the minimum and maximum possible realizations of 

paths' p1 and p2 traversal times are given by the following relationships: 

For path p1: 

Xminp1(t)=min{ tijmin(t)+ Xmins1(t+ tijmin(t)),  tij2(t) +Xmins1(t+ tij2(t)),…, 

tijmax(t)+ Xmins1(t+ tijmax(t)) }        (4.18)                     

 

Xmaxp1(t)=max{ tijmin(t)+ Xmaxs1(t+ tijmin(t)),  tij2(t) +Xmaxs1(t+ tij2(t)),…, 

tijmax(t)+ Xmaxs1(t+ tijmax(t)) }        (4.19) 

 

For path p2: 

Xminp2(t)=min{ tijmin(t)+ Xmins2(t+ tijmin(t)),  tij2(t) +Xmins2(t+ tij2(t)),…, 

tijmax(t)+ Xmins2(t+ tijmax(t)) }        (4.20)  

 

Xmaxp2(t)=max{ tijmin(t)+ Xmaxs2(t+ tijmin(t)),  tij2(t) +Xmaxs2(t+ tij2(t)),…, 

tijmax(t)+ Xmaxs2(t+ tijmax(t)) }        (4.21) 
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In the case of a FIFO network the minimum (maximum) travel time values of the paths 

p1 and p2, for a given departure time, is the sum of the minimum (maximum) travel time value 

of the shared link (i->j) and the minimum (maximum) travel time values of the subpaths s1 

and s2 respectively, for the corresponding arrival time at the start of the subpaths. Therefore, 

relationships (4.18) to (4.21) are equivalent to: 

For path p1: 

Xminp1(t)=tijmin(t)+ Xmins1(t+ tijmin(t))        (4.22) 

Xmaxp1(t)=tijmax(t)+ Xmaxs1(t+ tijmax(t))       (4.23) 

 

For path p2: 

Xminp2(t)=tijmin(t)+ Xmins2(t+ tijmin(t))       (4.24) 

Xmaxp2(t)=tijmax(t)+ Xmaxs2(t+ tijmax(t))      (4.25) 

 

In a non-FIFO network the minimum (maximum) possible realization of the path’s p1 

traversal time may correspond to a different realization of the link’s (i->j) travel time value 

than the corresponding minimum (maximum) possible realization of the path’s p2 traversal 

time, for a given departure time interval. Although, in both paths p1 and p2, we depart from 

node i at the same departure time interval and mutually exclusive realizations of the link’s (i-

>j) traversal times are not possible, we will prove that the above dominance criterion is valid 

in the generalized case that we do not set conditions on the values of the shared link’s (i->j) 

traversal times. 

Without loss of generality, we assume that the minimum possible realization of the 

path’s p1 traversal time, for any departure time interval within the time period of interest, takes 

place when the share link’s (i->j) travel time value is equal to tij2(t). Similarly, the maximum  

possible realization of the path’s p1 traversal time, for any departure time interval within the 

time period of interest, takes place when the share link’s (i->j) travel time value is equal to 

tij3(t). The minimum possible realization of the path’s p2 traversal time, for any departure time 

interval within the time period of interest, takes place when the share link’s (i->j) travel time 

value is equal to tijmin(t). The maximum possible realization of the path’s p2 traversal time, 

for any departure time interval within the time period of interest, takes place when the share 

link’s (i->j) travel time value is equal to tijmax(t). 
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Therefore, relationships (4.18), (4.19), (4.20), (4.21) are equivalent to: 

For path p1: 

Xminp1(t)=tij2(t)+ Xmins1(t+ tij2(t))            (4.26) 

Xmaxp1(t)=tij3(t)+ Xmaxs1(t+ tij3(t))            (4.27) 

 

For path p2: 

Xminp2(t)=tijmin(t)+ Xmins2(t+ tijmin(t))       (4.28)    

Xmaxp2(t)=tijmax(t)+ Xmaxs2(t+ tijmax(t))       (4.29) 

 

The minimum possible realization of the path’s p2 travel time value will be smaller than (or at 

most equal to) any other possible realization of the path’s p2 travel time value, for a given 

departure time interval. Therefore relationship (4.28) gives  

For every t ∈ S: 

Xminp2(t)=tijmin(t)+ Xmins2(t+ tijmin(t)) ≤tij2(t)+ Xmins2(t+ tij2(t))     (4.30) 

 

But the dominance criterion for subpaths s1 and s2, according to relationship (4.17), for the 

specific case tijk(t)=tij2(t), gives 

For every t ∈ S and every t+tij2(t)  ∈ S: 

Xmins2(t+ tij2(t))≤Xmins1(t+tij2(t))        (4.31) 

 

Adding tij2(t) to both parts of the inequality gives: 

For every t ∈ S and every t+tij2(t)  ∈ S: 

tij2(t)+ Xmins2(t+ tij2(t))≤tij2(t)+ Xmins1(t+tij2(t))      (4.32) 

 

which, using relationships (4.26) and (4.30), is equivalent to: 

For every t ∈ S and every t+tij2(t)  ∈ S: 

Xminp2(t) ≤ tij2(t)+ Xmins2(t+ tij2(t))≤tij2(t)+ Xmins1(t+tij2(t)) =Xminp1(t)   (4.33) 

 

The maximum possible realization of the path’s p1 travel time value will be larger than (or at 

least equal to) any other possible realization of the path’s p1 travel time value for a given 

departure time interval. Therefore, relationship (4.27) gives 

For every t ∈ S : 

Xmaxp1(t)=tij3(t)+ Xmaxs1(t+ tij3(t)) ≥ tijmax(t)+ Xmaxs1(t+ tijmax(t))    (4.34) 



 133

Similarly, the dominance criterion for subpaths s1 and s2, according to relationship (4.17), for 

the specific case tijk(t)=tijmax(t), gives: 

For every t ∈ S and every t+tijmax(t)  ∈ S: 

Xmaxs1(t+ tijmax(t)) ≥ Xmaxs2(t+ tijmax(t))       (4.35) 

 

Adding tijmax(t) to both parts of the inequality gives: 

For every t ∈ S and every t+tijmax(t)  ∈ S: 

tijmax(t)+ Xmaxs1(t+ tijmax(t)) ≥ tijmax(t)+ Xmaxs2(t+ tijmax(t))    (4.36) 

 

which, using relationships (4.29) and (4.34), is equivalent to: 

For every t ∈ S and every t+tijmax(t)  ∈ S: 

Xmaxp1(t) ≥ tijmax(t)+ Xmaxs1(t+ tijmax(t)) ≥ tijmax(t)+ Xmaxs2(t+ tijmax(t)) =Xmaxp2(t)  

(4.37) 

 

Therefore combining (4.33) and (4.37) gives: 

For every t ∈ S: 

Xminp2(t) ≤ Xminp1(t) and  Xmaxp2(t) ≤ Xmaxp1(t)      (4.38) 

 

A strict inequality of the above relationship will hold, if a strict inequality of relationship 

(4.17) holds for any tijk(t)= tij2(t)  and/or for any tijk(t)= tijmax(t)   

 

If the following is true 

 For any t+tij2(t)  ∈ S:  

Xmins2(t+tij2(t))<Xmins1(t+tij2(t))  and/or 

For any t+tijmax(t) ∈ S : 

Xmaxs2(t+ tijmax(t)) <Xmaxs1(t+ tijmax(t))  

 

then for at least one t ∈ S : 

Xminp2(t) < Xminp1(t)  and/or  Xmaxp2(t) < Xmaxp1(t)     (4.39) 

 

Combining relationships (4.38) and (4.39) gives: 

For every t ∈ S: Xminp1(t)≤Xminp2(t) and Xmaxp1(t)≤Xmaxp2(t) 

and for at least one t ∈ S: Xminp1(t)<Xminp2(t) and/or  Xmaxp1(t)<Xmaxp2(t)  (4.40) 
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which is identical to relationship (4.16) 

 

Therefore, according to relationship (4.40), path p1 is dominated (inefficient) as by the 

definition of our dominance criterion the path p2 dominates the path p1 over the time period of 

interest. This contradicts the assumption that p1 is an efficient path and hence, an efficient path 

cannot contain an inefficient subpath with the same destination node as this path. Therefore, 

the extended Bellman’s Principle of Optimality is valid. Otherwise, path p2 is equal to path p1, 

that is the path p2 exhibits exactly the same ranges with path p1 for every departure time 

interval t ∈ S within the time period of interest. By definition of our dominance criterion both 

paths p1 and p2 are nondominated.   

The validity of the extended Bellman's Principle of Optimality in the context of a non-

FIFO network implies its validity in the more restrictive context of a FIFO network. To sum 

up, the extended Bellman’s Principle of Optimality was found to be valid for the ‘extended 

Dubois’ dominance criterion for both FIFO and non-FIFO networks. Furthermore, the 

extended Bellman’s Principle of Optimality was found to be valid when comparing the 

minimum (or maximum) values of two paths that their calculation was based upon mutually 

exclusive realizations of the shared link’s travel time values. Therefore, it was found that it is 

unnecessary to set conditions on the shared link's(s') travel time values in order to establish 

dominance based upon the ‘extended Dubois’ dominance criterion. The above simplifies 

greatly the implementation of the STDLTP(Range) algorithm, without compromising its 

optimality.  The final solution set of the STDLTP(Range) algorithm includes all (and only) the 

nondominated paths based upon the ‘extended Dubois’ dominance criterion. As has been 

mentioned above, under a very improbable scenario, paths that exhibit exactly the same ranges 

with a nondominated path but contain an inefficient subpath will never be constructed. 

However, the above problem does not compromise the optimality of the STDLTP(Range) 

algorithm, as nondominated paths with exactly the same ranges as the non-constructed paths 

will be part of the final solution set.  

 

4.10.2.2 Proof of optimality for the implemented STDLTP(EV) algorithm 

Given that subpath s2 dominates subpath s1, based upon the expected value criterion, over the 

time period of interest (see equation 4.6): 

For every t ∈ S: Es2(t)≤Es1(t) and  

for at least one t ∈ S: Es2(t)<Es1(t)        (4.41) 
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For any possible departure time t ∈ S from node j the subpath s2 dominates (or is equal 

to) the subpath s1 based upon the expected value dominance criterion. We will show that the 

addition of the shared link (i->j) to the subpaths s1 and s2 does not alter the dominance status 

of the created paths. Therefore, we will show that for any possible departure time t ∈ S from 

node i, the path p2 that consists of the shared link (i->j) and the efficient subpath s2 will 

dominate (or will be equal to) the path p1 that consists of the shared link (i->j) and the 

inefficient subpath s1.  

 

In order to prove that path p2 dominates path p1 over the time period of interest we have to 

prove that (see equation 4.6): 

For every t ∈ S: Ep2(t)≤Ep1(t) and  

for at least one t ∈ S: Ep2(t)<Ep1(t)        (4.42) 

 

The subpath s2 either dominates or is equal to the subpath s1 for every departure time within 

the reduced time period of interest S’=(t0+tijmin(t):tf). Under a very unlikely to emerge 

scenario, the subpath s2 is equal to the subpath s2 over the reduced time period of interest S’=( 

t0+tijmin(t):tf). That is when, the strict inequality of relationship (4.41) holds for at least one t 

∈ S where t < t0+tijmin(t). 

 

So, the subpath s2 dominates (or is equal to) the subpath s1, over all possible arrival times at 

node j, for each departure time from node i. Therefore, equation (4.41) gives: 

For every t∈ S and every t+tijk(t)  ∈ S, where k=1… Kij(t) 

Es2(t+tijk(t))≤Es1(t+tijk(t))          (4.43)   

 

The evaluation of a path’s expected travel time value is identical for both a FIFO and a 

non-FIFO network. Consequently, the proof of the validity of the extended Bellman’s 

Principle of Optimality, based upon the expected value criterion, is identical for both FIFO 

and non-FIFO networks.  

 

For any departure time t ∈ S from node i the expected values of paths' p1 and p2 are given by 

the following relationships (see section 4.4.3): 

Ep1(t)=( tij1(t)+Es1(t+ tij1(t)) )*pij1(t) + ( tij2(t)+Es1(t+ tij2(t)) )*pij2(t)+…+ 

(tijKij(t))+Es1(t+ tijKij(t)) )*pijKij(t)       (4.44)                         
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Ep2(t)=( tij1(t)+Es2(t+ tij1(t)) )*pij1(t) + ( tij2(t)+Es2(t+ tij2(t)) )*pij2(t)+…+ 

(tijKij(t))+Es2(t+ tijKij(t)) )*pijKij(t)                                                             (4.45) 

 

Combining relationships (4.43), (4.44) and (4.45) gives: 

For every t ∈ S: Ep2(t) ≤Ep1(t)        (4.46)                         

 

If at least one of the strict inequalities of relationship (4.43), between the expected 

values of the subpath s2 and the expected values of the subpath s1, holds for any t+tijk(t) ∈ S, 

where k=1… Kij(t),  then at least one strict inequality of relationship (4.46), between the 

expected values of the path p1 and  the expected values of the path p2, holds. Therefore, 

relationship (4.46) gives: 

For every t ∈ S: Ep2(t) ≤Ep1(t) and 

for at least one t ∈ S: Ep2(t) <Ep1(t)       (4.47) 

which is identical to relationship (4.42) 

 

Therefore, according to relationship (4.47), path p1 is dominated (inefficient) as by the 

definition of our dominance criterion the path p2 dominates the path p1 over the time period of 

interest. This contradicts the assumption that p1 is an efficient path and hence, an efficient path 

cannot contain an inefficient subpath with the same destination node as this path. Therefore, 

the extended Bellman’s Principle of Optimality is valid. Otherwise, path p2 is equal to path p1, 

that is the path p2 exhibits exactly the same expected values with path p1 for every departure 

time interval t ∈ S within the time period of interest. By definition of our dominance criterion 

both paths p1 and p2 are nondominated.   

To sum up, the extended Bellman’s Principle of Optimality was found to be valid for 

the expected value dominance criterion for both FIFO and non-FIFO networks. The final 

solution set of the STDLTP(EV) algorithm includes all (and only) the nondominated paths 

based upon the expected value dominance criterion. As has been mentioned above, under a 

very improbable scenario, paths that exhibit exactly the same expected values with a 

nondominated path but contain an inefficient subpath will never be constructed. However, the 

above problem does not compromise the optimality of the STDLTP(EV) algorithm, as 

nondominated paths with exactly the same expected values as the non-constructed paths will 

be part of the final solution set.  

 



 137

4.10.2.3 Counterexample of the extended Bellman's Principle of Optimality for the 

minimum ‘approximate variance’ value dominance criterion 

Given that subpath s2 dominates the subpath s1, based upon the minimum 'approximate 

variance' value dominance criterion, over the time period of interest (see equation 4.10): 

For every t ∈ S: {Xmaxs2(t)-Xmins2(t)}≤ {Xmaxs1(t)-Xmins1(t)} and  

for at least one t ∈ S: {Xmaxs2(t)-Xmins2(t)}< {Xmaxs1(t)-Xmins1(t)}    (4.48) 

 

For any possible departure time t ∈ S from node j the subpath s2 dominates (or is equal 

to) the subpath s1, based upon the minimum ‘approximate variance’ value dominance criterion. 

We need to prove that the addition of the shared link (i->j) to the subpaths s1 and s2 does not 

reverse the existing dominance status. Therefore, we need to prove that, for any possible 

departure time t ∈ S from node i, the path p2 that consists of the shared link (i->j) and the 

efficient subpath s2 will dominate (or will be equal to) the path p1 that consists of the shared 

link (i->j) and the inefficient subpath s1.  

 

In order to prove that path p2 dominates path p1, over the time period of interest, we have to 

prove that (see equation 4.10): 

For every t ∈ S: {Xmaxp2(t)-Xminp2(t)}≤ {Xmaxp1(t)-Xminp1(t)} and  

for at least one t ∈ S: {Xmaxp2(t)-Xminp2(t)}< {Xmaxp1(t)-Xminp1(t)}   (4.49) 

 

For any possible departure time from node i and any possible realization of the link's (i->j) 

traversal times and consequently any possible arrival time at node j, the subpath s2 dominates 

(or is equal to) the subpath s1. Therefore, relationship (4.48) gives: 

For every t ∈ S and every t+tijk(t)  ∈ S, where k=1… Kij(t) 

{ Xmaxs2(t+tijk(t))-Xmins2(t+tijk(t)) }≤{ Xmaxs1(t+tijk(t))-Xmins1(t+tijk(t)) }  (4.50) 

 

Without loss of generality we will show that the extended Bellman’s Principle of Optimality is 

not valid, under the minimum ‘approximate variance’ value dominance criterion, for a FIFO 

network. The violation of the extended Bellman's Principle of Optimality for a FIFO network 

implies its violation in the more generalized context of a non-FIFO network.   
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For every departure time t ∈ S, the minimum and maximum possible realizations of path’s p1 

and path’s p2 travel time values, in the case of a FIFO network, are given by relationships 

(4.22) to (4.25). Combining relationships (4.22) to (4.25), the ‘approximate variance’ values of 

path p1 and path p2, for every departure time t ∈ S, are given by the following relationships: 

{Xmaxp1(t)- Xminp1(t)}= {tijmax(t)+ Xmaxs1(t+ tijmax(t))- tijmin(t)- Xmins1(t+ tijmin(t)) }  

 (4.51) 

{Xmaxp2(t)-Xminp2(t)}= {tijmax(t)+ Xmaxs2(t+ tijmax(t))- tijmin(t)- Xmins2(t+ tijmin(t)) } 

              (4.52) 

 

In order to prove that path p2 dominates the path p1 over the time period of interest, we need to 

prove at least that (see relationship (4.49)): 

For every t ∈ S: 

{Xmaxp2(t)-Xminp2(t)} ≤{Xmaxp1(t)- Xminp1(t)}                       (4.53) 

 

which, utilizing relationships (4.51) and (4.52), is equivalent to proving that: 

For every t ∈ S: 

{ tijmax(t)+ Xmaxs2(t+ tijmax(t))- tijmin(t)- Xmins2(t+ tijmin(t)) } 

≤                                                             

{tijmax(t)+ Xmaxs1(t+ tijmax(t))- tijmin(t)- Xmins1(t+ tijmin(t))  }    (4.54) 

 

which may be simplified to: 

For every t ∈ S: 

{ Xmaxs2(t+ tijmax(t))- Xmins2(t+ tijmin(t)) } 

≤                                                                 

{Xmaxs1(t+ tijmax(t))- Xmins1(t+ tijmin(t))  }      (4.55) 

 

The fact that subpath s2 dominates subpath s1 does not have an impact on whether path p2 

dominates path p1 (because, for example, Xmaxs2(t+tijmax(t)) and Xmins2(t+tijmin(t)) 

correspond to different departure time intervals). We will demonstrate the above with a simple 

numerical example. 
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Let’s consider two subpaths s1=(2->3->5) and s2=(2->4->5) and two non-disjoint paths 

p1=(1->2->3->5) and p2=(1->2->4->5). Our network is FIFO (see equation 4.3). Let's consider 

the network for three departure time intervals t0=0, t1=5, t2=8.  

 

For each departure time interval (t0, t1 and t2), the minimum, maximum and 

‘approximate variance’ values associated with subpath’s s1 traversal times are given by the 

following table: 

Table 4.1: Travel time values for subpath s1 

Departure Time Xmaxs1(t) Xmins1(t) Xmaxs1(t)-Xmins1(t) 

t0=0 7 1 6 

t1=5 5 2 3 

t2=8 9 3 6 

 

Similarly, for each departure time interval (t0, t1 and t2), the minimum, maximum and 

‘approximate variance’ values associated with subpath’s s2 traversal times are given by the 

following table: 

Table 4.2: Travel time values for subpath s2 

Departure Time Xmaxs2(t) Xmins2(t) Xmaxs2(t)-Xmins2(t) 

t0=0 7 2 5 

t1=5 5 3 2 

t2=8 12 7 5 

 

According to the tables 4.1 and 4.2, subpath s2 dominates subpath s1 for all departure time 

intervals (t0, t1 and t2) as:  

{Xmaxs2(t0=0)-Xmins2(t0=0)}<{Xmaxs1(t0=0)-Xmins1(t0=0)}     (4.56) 

and 

{Xmaxs2(t1=5)-Xmins2(t1=5)}<{Xmaxs1(t1=5)-Xmins1(t1=5)}      (4.57)           

and 

{Xmaxs2(t2=8)-Xmins2(t2=8)}<{Xmaxs1(t2=8)-Xmins1(t2=8)}      (4.58) 

 

Let's assume that for departure time interval t0=0 there are two possible realizations of the 

shared link's (1->2) traversal times: 

t121(t0)=5 and  t122(t0)=8 
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Therefore, when departing from node 1 at departure time interval t0, the possible 

arrival times and consequently departure times from node 2 are (t1=5 or t2=8). According to 

relationships (4.57) and (4.58), subpath s2 dominates subpath s1 for both departure times, t=t1 

and t=t2. Therefore, if the extended Bellman’s Principle of Optimality is valid for the 

minimum ‘approximate variance’ value dominance criterion, then path p2 that consists of the 

shared link (1->2) and the dominant subpath s2=(2->4->5) will dominate path p1 that consists 

of the shared link (1->2) and the dominated subpath s1=(2->3->5), when departing from node 

1 at departure time interval t0.  

 

The maximum possible realization of path's p1=(1->2->3->5) traversal time, for departure time 

interval t0 is (see equation 4.23): 

 Xmaxp1(t0)=8+ Xmaxs1(8)=8+9=17         (4.59) 

 

The minimum possible realization of path's p1=(1->2->3->5) traversal time, for departure time 

interval t0 is (see equation 4.22): 

Xminp1(t0)=5+ Xmins1(5)=5+2=7            (4.60) 

 

Therefore, the value of ‘approximate variance’ associated with path's p1=(1->2->3->5) 

traversal time, for departure time interval t0 is: 

{Xmaxp1(t0)- Xminp1(t0)}=17-7=10           (4.61) 

 

Similarly: 

The maximum possible realization of path's p2=(1->2->4->5) traversal time, for departure time 

interval t0 is (see equation 4.25): 

 Xmaxp2(t0)=8+ Xmaxs2(8)=8+12=20          (4.62) 

 

The minimum possible realization of path's p2=(1->2->3->5) traversal time, for departure time 

interval t0 is (see equation 4.24): 

Xminp2(t0)=5+ Xmins2(5)=5+3=8              (4.63) 

 

Therefore, the value of ‘approximate variance’ associated with path's p2=(1->2->4->5) 

traversal time, for departure time interval t0 is: 

{Xmaxp2(t0)- Xminp2(t0)}=20-8=12                              (4.64) 

 



 141

Therefore, according to relationships (4.61) and (4.64), path p1 =(1->2->3->5) dominates path 

p2 =(1->2->4->5), for departure time interval t0 as: 

{Xmaxp1(t0)- Xminp1(t0)}<{Xmaxp2(t0)- Xminp2(t0)}      (4.65) 

 

The dominance status of the dominated subpath s1=(2->3->5) and the dominant 

subpath s2=(2->4->5) is reversed when attaching link (1->2) to the two subpaths and path 

p1=(1->2->3->5) dominates path p2=(1->2->4->5). Therefore, according to the above, an 

efficient path p1 can contain an inefficient subpath s1, which is a violation of the extended 

Bellman's Principle of Optimality. As a consequence of the violation of the extended 

Bellman’s Principle of Optimality for the minimum ‘approximate variance’ value dominance 

criterion, the implemented STDLTP(Var) algorithm is not optimal (i.e. there is no guarantee 

that the final solution set of the STDLTP(Var) will include any of the nondominated paths).  

 

4.10.2.4 Counterexample of the extended Bellman's Principle of Optimality for the 

minimum ‘weight’ value dominance criterion 

Given that subpath s2 dominates the subpath s1, based upon the minimum 'weight' value 

dominance criterion, over the time period of interest (see equations 4.11 and 4.12): 

For every t ∈ S: Weight_s2(t)≤ Weight_s1(t) and  

for at least one t ∈ S: Weight_s2(t)< Weight_s1(t)          (4.66)             

where,  

Weight_s2(t)=α* Es2(t)+β*(Xmaxs2(t)-Xmins2(t))      (4.67) 

and 

Weight_s1(t)=α* Es1(t)+β*(Xmaxs1(t)-Xmins1(t))      (4.68) 

 

For any possible departure time t ∈ S from node j the subpath s2 dominates (or is equal 

to) the subpath s1, based upon the minimum ‘weight’ value dominance criterion. We need to 

prove that the addition of the shared link (i->j) to the subpaths s1 and s2 does not reverse the 

existing dominance status. Therefore, we need to prove that, for any possible departure time t 

∈ S from node i, the path p2 that consists of the shared link (i->j) and the efficient subpath s2 

will dominate (or will be equal to) the path p1 that consists of the shared link (i->j) and the 

inefficient subpath s1.  
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For any possible departure time from node i and any possible realization of the link's (i->j) 

traversal times and consequently any possible arrival time at node j, the subpath s2 dominates 

(or is equal to) the subpath s1. Therefore, relationship (4.66) gives: 

For every t ∈ S and every t+tijk(t)  ∈ S, where k=1… Kij(t) 

Weight_s2(t+tijk(t))≤Weight_s1(t+tijk(t))       (4.69) 

 

In order to prove that path p2 dominates path p1 over the time period of interest we need to 

prove at least that (see equation (4.12)): 

For every t ∈ S: Weight_p2(t)≤ Weight_p1(t)      (4.70) 

 

which, combining relationships (4.9), (4.11) and (4.70), is equivalent to proving that: 

For every t ∈ S: 

 α* Ep2(t)+β*(Xmaxp2(t)-Xminp2(t)) ≤ α* Ep1(t)+β*(Xmaxp1(t)-Xminp1(t))   (4.71) 

 

Without loss of generality, we will show that the extended Bellman’s Principle of 

Optimality is not valid under the minimum ‘weight’ value dominance criterion, for a FIFO 

network. The violation of the extended Bellman’s Principle of Optimality for a FIFO network, 

implies its violation in the more generalized context of a non-FIFO network. 

 

For every departure time t ∈ S from node i, the ‘approximate variance’ values of path’s p1 and 

path’s p2 traversal times, in the context of a FIFO network, are given by relationships (4.51) 

and (4.52). For every departure time t ∈ S from node i, the expected values of path’s p1 and 

path’s p2 traversal times are given by relationships (4.44) and (4.45). Combining relationships 

(4.44), (4.45), (4.51) and (4.52), for every departure time t ∈ S from node i, the ‘weight' 

values of path’s p1 and path’s p2 traversal times are given by the following relationships: 

Weight_p1(t) =α* tij1(t) *pij1(t) +α* Es1(t+ tij1(t))*pij1(t) + α* tij2(t) *pij2(t) +α* Es1(t+ 

tij2(t))*pij2(t)+…+ α* tijKij(t)* pijKij(t)+α* Es1(t+ tijKij(t))*pijKij(t) + 

β*tijKij(t)+ β*Xmaxs1(t+ tijKij(t))- β*tij1(t)- β*Xmins1(t+ tij1(t))            (4.72) 

and 

Weight_p2(t)= α* tij1(t) *pij1(t) +α* Es2(t+ tij1(t))*pij1(t) + α* tij2(t) *pij2(t) +α* Es2(t+ 

tij2(t))*pij2(t)+…+ α* tijKij(t) pijKij(t) +α*Es2(t+ tijKij(t))*pijKij(t) + 

β*tijKij(t)+ β*Xmaxs2(t+ tijKij(t))- β*tij1(t)- β*Xmins2(t+ tij1(t))           (4.73) 
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In order to prove that path p2 dominates path p1 over the time period of interest we need to 

prove at least that (combining relationships (4.71), (4.72), (4.73)): 

For every t ∈ S: 

α* tij1(t) *pij1(t) +α* Es2(t+ tij1(t))*pij1(t) + α* tij2(t) *pij2(t) +α* Es2(t+ 

tij2(t))*pij2(t)+…+ α* tijKij(t) pijKij(t) +α*Es2(t+ tijKij(t))*pijKij(t) + 

β*tijKij(t)+ β*Xmaxs2(t+ tijKij(t))- β*tij1(t)- β*Xmins2(t+ tij1(t))      

≤                                                                                  

α* tij1(t) *pij1(t) +α* Es1(t+ tij1(t))*pij1(t) + α* tij2(t) *pij2(t) +α* Es1(t+ 

tij2(t))*pij2(t)+…+ α* tijKij(t)* pijKij(t)+α* Es1(t+ tijKij(t))*pijKij(t) + 

β*tijKij(t)+ β*Xmaxs1(t+ tijKij(t))- β*tij1(t)- β*Xmins1(t+ tij1(t))            (4.74) 

 

The fact that subpath s2 dominates subpath s1 does not have an impact on whether path p2 

dominates path p1 (as the ‘weight’ values of the subpaths s1 and s2 do not have an impact upon 

the ‘weight’ values of the corresponding paths p1 and p2). We will demonstrate the following 

with a simple numerical example. 

 

Let’s consider two subpaths: s1=(2->3->5) and s2=(2->4->5) and two non-disjoint 

paths: p1=(1->2->3->5) and p2=(1->2->4->5). Our network is FIFO (see equation 4.3). Let's 

consider the network for three departure time intervals t0=0, t1=5, t2=8.   

 

For each departure time interval (t0, t1 and t2), the expected, minimum, maximum 

and ‘weight’ (α=0.5, β=0.5) values associated with subpath’s s1=(2->3->5) traversal times are 

given by the following table: 

Table 4.3: Travel time values for subpath s1 

Departure 

Time 

Es1(t) Xmins1(t) 

 

Xmaxs1(t)  

 

Weight_s1(t) 

t0=0 4 2 6 4 

t1=5 3 2 5 3 

t2=8 6 3 9 6 
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Similarly, for each departure time interval (t0, t1 and t2), the expected, minimum, 

maximum and ‘weight’ (α=0.5, β=0.5) values associated with subpath’s s2=(2->4->5)  

traversal times are given by the following table: 

Table 4.4: Travel time values for subpath s2 

Departure 

Time 

Es2(t) Xmins2(t) 

 

Xmaxs2(t)  

 

Weight_s2(t) 

t0=0 4 2 4 3 

t1=5 3.8 3 5 2.9 

t2=8 8 7 10 5.5 

 

For all three considered departure time intervals, subpath s2 dominates subpath s1 as: 

Weight_s2(t0=0)<Weight_s1(t0=0)        (4.75) 

and 

Weight_s2(t1=5)<Weight_s2(t1=5)        (4.76) 

and 

Weight_s2(t2=8)<Weight_s1(t2=8)         (4.77) 

 

Let's assume that for departure time interval t0=0 there are two possible realizations of the 

shared link's (1->2) traversal times with equal probability of occurrence: 

(t121(t0)=5 and  t122(t0)=8 ) and (p121(t0)=0.5 and  p122(t0)=0.5 ) 

 

Therefore, when departing from node 1 at departure time interval t0, the possible 

arrival times and consequently departure times from node 2 are t1= 5 or t2= 8. According to 

relationships (4.76) and (4.77), subpath s2 dominates subpath s1 for both departure times, t=t1 

and t=t2. Therefore, if the extended Bellman’s Principle of Optimality is valid for the 

minimum ‘weight’ value dominance criterion, then path p2 that consists of the shared link (1-

>2) and the dominant subpath s2=(2->4->5) will dominate path p1 that consists of the shared 

link (1->2) and the dominated subpath s1=(2->3->5), when departing from node 1 at departure 

time interval t0.  

 

The maximum possible realization of path's p1=(1->2->3->5) traversal time, for departure time 

interval t0 is (see equation 4.23): 

Xmaxp1(t0)=t122(t0)+ Xmaxs1(t= t122(t0))=8+ Xmaxs1(8)=8+9=17       (4.78)        
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The minimum possible realization of path's p1=(1->2->3->5) traversal time, for departure time 

interval t0 is (see equation 4.22): 

Xminp1(t0)=t121(t0)+ Xmins1(t=t121(t0))= 5+ Xmins1(5)=5+2=7              (4.79) 

 

Therefore, the ‘approximate variance’ value associated with path's p1=(1->2->3->5) traversal 

time, for departure time interval t0 is: 

{Xmaxp1(t0)- Xminp1(t0)}=17-7=10           (4.80) 

 

The expected value of path's p1=(1->2->3->5) traversal time, for departure time interval t0 is 

(see equation 4.44): 

Ep1(t0)=(t121(t0)+Es1(t=t121(t0)))* p121(t0)+(t122(t0)+Es1(t=t122(t0)))* p 122(t0)= 

(5+3)*0.5+(8+6)*0.5=4+7=11        (4.81) 

 

The ‘weight’ value of path's p1=(1->2->3->5) traversal time, for departure time interval t0 is 

(combining (4.80) and (4.81)): 

Weight_p1(t0)=0.5*Ep1(t0)+0.5*{Xmaxp1(t0)- Xminp1(t0)}=0.5*11+0.5*10=5.5+5=10.5  

(4.82) 

 

The maximum possible realization of path's p2=(1->2->4->5) traversal time, for departure time 

interval t0 is (see equation 4.25): 

Xmaxp2(t0)=(t122(t0)+ Xmaxs2(t=(t122(t0))=8+ Xmaxs2(8)=8+10=18              (4.83) 

 

The minimum possible realization of path's p2=(1->2->4->5) traversal time, for departure time 

interval t0 is (see equation 4.24): 

Xminp2(t0)=t121(t0)+ Xmins2(t=t121(t0))=5+ Xmins2(5)=5+3=8    (4.84)               

      

Therefore, the value of ‘approximate variance’ associated with path's p2=(1->2->4->5) 

traversal time, for departure time interval t0 is: 

{Xmaxp2(t0)- Xminp2(t0)}=18-8=10            (4.85) 
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The expected value of path's p2=(1->2->4->5) traversal time, for departure time interval t0 is 

(see equation 4.45): 

Ep2(t0)=(t121(t0)+Es2(t=t121(t0)))* p 121(t0)+(t122(t0)+Es2(t=t122(t0)))* p 122(t0)= 

(5+Es2(5))*0.5+(8+Es2(8))*0.5=(5+3.8)*0.5+(8+8)*0.5=12.4           (4.86) 

 

The ‘weight’ value of path’s p2=(1->2->4->5) traversal time, for departure time interval t0 is 

(combining (4.85) and (4.86)): 

Weight_p2(t0)=0.5*Ep2(t0)+0.5*{Xmaxp2(t0)- Xminp2(t0)}=0.5*12.4+0.5*10=11.2   

(4.87) 

 

Therefore, according to relationships (4.82) and (4.87), path p1 =(1->2->3->5) dominates path 

p2 =(1->2->4->5), for departure time interval t0 as: 

Weight_p1(t0)<Weight_p2(t0)         (4.88)  

 

The dominance status of the dominated subpath s1=(2->3->5) and the dominant 

subpath s2=(2->4->5) is reversed when attaching link (1->2) to the two subpaths and path 

p1=(1->2->3->5) dominates path p2=(1->2->4->5). Therefore, according to the above an 

efficient path p1 can contain an inefficient subpath s1, which is a violation of the extended 

Bellman's Principle of Optimality. As a consequence of the violation of the extended 

Bellman’s Principle of Optimality for the minimum ‘weight’ value dominance criterion, the 

implemented STDLTP(Weight) algorithm is not optimal (i.e. there is no guarantee that the 

final solution set of the STDLTP(Weight) will include any of the nondominated paths). Here it 

is important to notice that if the 'weight' placed upon each path’s expected value and 

‘approximate variance’ value changes then the above results may change. Based upon the fact 

that the extended Bellman’s Principle of Optimality is valid for the expected value dominance 

criterion but is violated for the minimum ‘approximate variance’ value dominance criterion, it 

is anticipated that when the ‘weight’ placed upon the path’s expected value increases and 

consequently the ‘weight’ placed upon the path’s ‘approximate variance’ value decreases, it is 

less likely for the extended Bellman’s Principle of Optimality to be violated.  

 

4.10.2.5 Discussion of counterexamples 

The above counterexamples represent unlikely to occur scenarios in the context of a 

transportation network, as they were based upon hypothetical data. Furthermore, they were 

based upon the premise that the attached link’s travel time values exhibit a high variability for 
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the given departure time interval. Furthermore, they were based upon the premise that the 

attached link’s travel time values are comparable with the respective subpaths’ travel time 

values. Therefore each possible realization of the attached link’s travel time value is associated 

with substantially different travel time values of the respective subpaths. Taking into account 

that, in the context of the Nottingham urban network, the links’ travel time values change 

every 5 minutes and that the maximum possible realization of a link’s travel time value is less 

than 5 minutes, the probability distributions of the two subpaths for, at most,  two consecutive 

5-minute time intervals will be compared. The probability distribution of a subpath for two 

consecutive time intervals is not anticipated to change significantly. The minimum and 

maximum travel times of the subpath are also not anticipated to change abruptly for two 

consecutive time intervals. Consequently, the ‘approximate variance’ and the ‘weight’ values 

of the subpath are not anticipated to change abruptly for two consecutive time intervals. It is 

anticipated that if the link’s traversal times are represented via the interquartile range and the 

median value the extended Bellman’s Principle of Optimality is less likely to be violated than 

when the link’s traversal times are represented via the five percentile values. It should be 

noted that, according to the above the extended Bellman’s principle of Optimality is more 

likely to be violated under congested traffic conditions and when the rate of change of the 

link’s traversal times changes abruptly for consecutive 5-minute time intervals.  Experiments, 

in the next chapter, will explore whether the implemented STDLTP(Var) and 

STDLTP(Weight) algorithms provides us with the optimal and/or near to optimal solution in 

the context of the Nottingham urban network.  

Furthermore, the violation of the extended Bellman's Principle of Optimality for the 

minimum ‘approximate variance’ value dominance criterion and for the minimum ‘weight’ 

value dominance criterion demonstrates clearly the additional complexity added when both 

stochasticity and time-dependency are taken into account for the development of the 

respective algorithms. In the context of a stochastic and time independent network, both the 

‘approximate variance’ value of a path and the ‘weight’ value of a path are additive. So, the 

Bellman’s Principle of Optimality is valid for both the minimum ‘approximate variance’ value 

dominance criterion and for the minimum ‘weight’ value dominance criterion. Therefore, in 

the context of a stochastic and time independent network, optimal and efficient label-setting 

and/or label-correcting algorithms, with the same computational complexity as the standard 

Dijkstra’s and Bellman’s shortest path algorithms, can be constructed based upon the 

minimum ‘approximate variance’ value dominance criterion and the minimum ‘weight’ value 

dominance criterion.  
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4.10.3 Proof of optimality for the implemented forward (one to many and single 

departure time) STDLTP algorithms 

As we have demonstrated in section 4.10.2.1, the extended Bellman’s Principle of 

Optimality is valid for the STDLTP(Range) algorithm for both FIFO and non-FIFO networks. 

Consequently, it is not required to place restrictions upon the values of the links’ traversal 

times, in order for the STDLTP(Range) algorithm to operate optimally. However, in order to 

prove that the implemented forward STDLTP(Range) algorithm (see section 4.8.1) is optimal, 

restrictions need to be placed upon the values of the links’ traversal times. As we will 

demonstrate in the following sections, the forward extended Bellman’s Principle of Optimality 

is valid for the forward STDLTP(Range) algorithm only in the context of a FIFO (see equation 

4.3) or ‘relaxed’ FIFO network (see equation 4.7). On the other hand, the forward extended 

Bellman’s Principle of Optimality for a forward STDLTP(Range) algorithm, based upon the 

deterministic dominance criterion, is only  valid in the context of a FIFO network. Therefore, 

the restrictions imposed on the values of the links’ traversal times, in order for a forward 

implementation (origin based) of a STDLTP algorithm to be optimal, depends upon the 

employed optimization criterion. Furthermore, and for the sake of completeness, it is shown 

that for the implemented forward STDLTP(Var) algorithm (see section 4.8.2), the forward 

extended Bellman’s Principle of Optimality is not valid in the context of a ‘relaxed’ FIFO 

network. The above was anticipated, as the violation of the extended Bellman’s Principle of 

Optimality, for the minimum ‘approximate variance' value dominance criterion, in the context 

of a FIFO network (see section 4.10.2.3), implied the violation of the more restrictive forward 

extended Bellman’s Principle of Optimality. Finally, in the context of a FIFO and/or ‘relaxed’ 

FIFO network mutually exclusive realizations of the shared link's(s') travel time values are not 

possible (as the paths' minimum and maximum travel time values are additive). Therefore, it is 

unnecessary to set conditions on the shared link's(s') travel time values in order to establish 

dominance. 

The forward extended Bellman’s Principle of Optimality states that all subpaths of an 

efficient path with the same origin node as this path must themselves be efficient, where an 

efficient path is one that is not dominated by the selected dominance criterion, given a 

requested departure time from the origin node. The above should be always valid in the 

context of a stochastic and time-dependent FIFO network. For the ‘extended Dubois’ 

dominance criterion, the above should be valid in the context of a stochastic and time-

dependent ‘relaxed’ FIFO network.  
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For each case, we assume that dominance between paths, from the origin node O to 

any other node in the network, is established when departing from the origin node O at 

departure time td. Furthermore, for each case, we assume that there exists an efficient path 

from the origin node O to node j that contains an inefficient subpath from the origin node O to 

the intermediate node i, Sineff 
(S->i) and a link (i->j). If Sineff 

(S->i) is inefficient then there must 

exist another subpath from the origin node O to the intermediate node i that is efficient Seff 
(S-

>i). Consequently, there exists another path from the origin node O to node j, Pe
(S->j) that 

contains the efficient subpath from the origin node O to the intermediate node i, Seff 
(S>i) and 

the link (i->j). Lets’ symbolize the path P(S->j) as path p1, the path Pe
(S->j) as path p2, the 

inefficient subpath Sineff 
(S>i) as subpath s1 and the efficient subpath Seff 

(S->i) as subpath s2.  

 

4.10.3.1 Proof of optimality for the implemented forward version of the STDLTP(Range) 

algorithm 

As subpath s2 dominates the subpath s1, based upon the ‘extended Dubois’ dominance 

criterion, when departing from the origin node O at departure time td, we have (see equation 

4.13):   

Xmins2(td)≤Xmins1(td) and Xmaxs2(td)≤Xmaxs1(td)                        

and {Xmins2(td)<Xmins1(td) and/or Xmaxs2(td)<Xmaxs1(td)}     (4.89) 

where: 

Xminsi(td) and Xmaxsi(td) represent the minimum and maximum possible realizations of the 

subpath’s si traversal times when departing from the origin node O at departure time td.  

 

The subpath s2 dominates the subpath s1, based upon the ‘extended Dubois’ dominance 

criterion, when departing from the origin node O at departure time td. The addition of the link 

(i->j) to the end of the subpaths s1 and s2 does not alter the dominance status of the created 

paths. Therefore, the path p2 that consists of the efficient subpath s2 and the link (i->j) will 

dominate the path p1 that consists of the inefficient subpath s1 and the link (i->j).  

 

In order to prove that the path p2 dominates the path p1, based upon the ‘extended Dubois’ 

dominance criterion when departing from the origin node O at departure time td, we have to 

prove that (see equation 4.13): 

Xminp2(td)≤Xminp1(td) and Xmaxp2(td)≤Xmaxp1(td)                        

and {Xminp2(td)<Xminp1(td) and/or Xmaxp2(td)<Xmaxp1(td)}     (4.90) 
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Similarly with a FIFO network, in a ‘relaxed’ FIFO network, both the minimum and 

the maximum travel time values of a path are additive. Consequently, the minimum 

(maximum) possible realization of a path’s pi traversal time, that consists of a subpath si and a 

link (i->j), is the sum of the minimum (maximum) possible realization of the subpath’s si 

traversal time and the minimum (maximum) possible realization of the link’s (i->j) traversal 

time for the respective arrival time at the start of the link. Therefore, when departing from the 

origin node O at departure time td, the minimum and maximum possible realizations of path’s 

p1 and p2 traversal times are given by the following relationships: 

Xminp1(td)=Xmins1(td)+tijmin(td +Xmins1(td))       (4.91) 

 

Xmaxp1(td)= Xmaxs1(td)+tijmax(td+ Xmaxs1(td))      (4.92) 

 

Xminp2(td)=Xmins2(td)+tijmin(td +Xmins2(td))       (4.93) 

 

Xmaxp2(td)= Xmaxs2(td)+tijmax(td+ Xmaxs2(td))      (4.94) 

 

Adding td to both parts of relationship (4.89) (and ignoring the strict inequalities) gives: 

td +Xmins2(td)≤ td +Xmins1(td)  

and                                                        

td +Xmaxs2(td)≤ td +Xmaxs1(td)                     (4.95)         

 

Taking into account that our network is a ‘relaxed’ FIFO network, all the links of the network, 

including link (i->j), exhibit ‘relaxed’ FIFO characteristics (see equation 4.7). Consequently, 

for link (i->j) we've got: 

t1+tijmin(t1) ) ≤t2+ tijmin(t2), for every t1≤t2 

and                                                                    

t3+tijmax(t3) ) ≤t4+ tijmin(t4), for every t3≤t4        (4.96) 

 

Combining relationships (4.95) and (4.96) and setting t1= td +Xmins2(td), t2= td +Xmins1(td), t3= 

td +Xmaxs2(td) and t4= td +Xmaxs1(td),  we’ve got: 

td +Xmins2(td)+ tijmin(td +Xmins2(td))  ≤ td +Xmins1(td)+ tijmin(td +Xmins1(td)) 

and                                                                    

td +Xmaxs2(td)+ tijmax(td +Xmaxs2(td))  ≤ td +Xmaxs1(td)+ tijmax(td +Xmaxs1(td))  (4.97) 
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Using relationships (4.91), (4.92), (4.93), (4.94), relationship (4.97) becomes equivalent to: 

td +Xminp2(td) ≤ td +Xminp1(td) 

and          

td +Xmaxp2(td) ≤ td +Xmaxp1(td)        (4.98) 

 

Subtracting td from both parts of the inequalities (4.98) gives: 

Xminp2(td) ≤ Xminp1(td) 

and          

Xmaxp2(td) ≤ Xmaxp1(td)         (4.99) 

 

Provided that one of the strict inequalities holds, relationship (4.99) is identical with 

relationship (4.90).  

  

Therefore, when departing from the origin node O at departure time td, the path p2 that 

contains the efficient subpath s2 dominates, based upon the ‘extended Dubois’ dominance 

criterion, the path p1 that contains the inefficient subpath s1. Consequently, the forward 

extended Bellman’s Principle of Optimality is valid. Otherwise, the path p2 exhibits exactly 

the same ranges with path p1, when departing from the origin node O at departure time td.  By 

definition of the ‘extended Dubois’ dominance criterion both paths p1 and p2 are 

nondominated.   

The validity of the forward extended Bellman’s Principle of Optimality, for the 

‘extended Dubois’ dominance criterion, in the context of a ‘relaxed’ FIFO network implies its 

validity in the more restrictive context of a FIFO network. To sum up, the forward extended 

Bellman’s Principle of Optimality was found to be valid for the ‘extended Dubois’ dominance 

criterion for any departure time from the origin node, in the context of both a FIFO and a 

‘relaxed’ FIFO network. The final solution set of the forward STDLTP(Range) algorithm 

includes all (and only) the nondominated paths based upon the ‘extended Dubois’ dominance 

criterion. As has been mentioned above, paths that exhibit exactly the same ranges with a 

nondominated path for the requested departure time from the origin node, but contain an 

inefficient subpath, will never be constructed. However, the above problem does not 

compromise the optimality of the forward STDLTP(Range) algorithm, as nondominated paths 

with exactly the same ranges to those of the non-constructed paths will be part of the final 

solution set.  
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4.10.3.2 Counterexample of the forward extended Bellman's Principle of Optimality for 

the minimum ‘approximate variance’ value dominance criterion 

As subpath s2 dominates the subpath s1, based upon the minimum ‘approximate 

variance’ value dominance criterion, when departing from the origin node O at departure time 

td, we have (see equation 4.14):   

{Xmaxs2(td)-Xmins2(td)}≤{Xmaxs1(td) -Xmins1(td)}                        (4.100) 

 

We need to prove that the addition of the link (i->j) to the end of the subpaths s1 and s2 

does not alter the dominance status of the created paths. Therefore, we need to prove that the 

path p2 that consists of the efficient subpath s2 and the link (i->j) will dominate the path p1 that 

consists of the inefficient subpath s1 and the link (i->j).  

 

When departing from the origin node O at departure time td, the minimum and 

maximum possible realizations of path’s p1 and p2 traversal times are given by relationships 

(4.91) to (4.94). Therefore, the ‘approximate variance’ values associated with path’s p1 and p2 

traversal times when departing from the origin node O at departure time td, are given by the 

following relationships: 

{Xmaxp1(td)- Xminp1(td)}= {Xmaxs1(td)- Xmins1(td)}+ {tijmax(td+ Xmaxs1(td))- 

tijmin(td+Xmins1(td)) }                    (4.101) 

 

{Xmaxp2(td)- Xminp2(td)}= {Xmaxs2(td)- Xmins2(td)}+ {tijmax(td+ Xmaxs2(td))- 

tijmin(td+Xmins2(td)) }                    (4.102) 

 

 

In order to prove that path p2 dominates the path p1 based upon the minimum 

‘approximate variance’ value dominance criterion when departing from the origin node O at 

departure time td, we have to prove that:  

(Xmaxp2(t)-Xminp2(t)) ≤(Xmaxp1(t)- Xminp1(t))                       (4.103) 

 

which, using relationships (4.101) and (4.102), is equivalent to proving that: 

{Xmaxs2(td)- Xmins2(td)}+ {tijmax(td+ Xmaxs2(td))- tijmin(td+Xmins2(td)) }  

≤                                                             

{Xmaxs1(td)- Xmins1(td)}+ {tijmax(td+ Xmaxs1(td))- tijmin(td+Xmins1(td)) }   (4.104)            
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The fact that subpath s2 dominates subpath s1 does not have an impact on whether path 

p2 dominates path p1 (because, the link (i->j) can take ‘any values’, provided that the ‘relaxed’ 

FIFO principle is valid, at the respective arrival times at node i). We will demonstrate the 

above with a simple numerical example. 

 

Let’s consider two subpaths s1=(1->2->4) and s2=(1->3->4) and  two paths  p1=(1->2-

>4->5) and p2=(1->3->4->5) that consists of subpaths s1 and s2 and  shared link (4->5). Let's 

consider that dominance, based upon the minimum ‘approximate variance’ value criterion, is 

established when departing from the origin node O=1 at departure time td=0. Our network is 

‘relaxed’ FIFO.  

 

For subpath s1, when departing from the origin node O=1 at departure time td =0,  the 

minimum and maximum travel time values and the ‘approximate variance’ value are the 

following: 

Xmins1(td=0)=100 

Xmaxs1(td=0)=300 

{ Xmaxs1(td=0)-Xmins1(td=0)}={300-100}=200       (4.105) 

 

Similarly, for subpath s2, when departing from the origin node O=1 at departure time td 

=0, the minimum and maximum travel time values and the ‘approximate variance’ value are 

the following: 

Xmins2(td=0)=200                                               

Xmaxs2(td=0)=350                                               

{ Xmaxs2(td=0)-Xmins2(td=0)}={350-200}=150       (4.106) 

 

The minimum possible realization of link’s (4->5) travel time value, when departing 

from node 4 at departure time td =100, is equal to: 

 t45min(td=100)=50                                                          (4.107) 

The maximum possible realization of link’s (4->5) travel time value, when departing 

from node 4 at departure time td =300, is equal to: 

 t45max(td=300)=100                                                         (4.108) 

The minimum possible realization of link’s (4->5) travel time value, when departing 

from node 4 at departure time td =200, is equal to: 

 t45min(td=200)=20                                                          (4.109) 
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The maximum possible realization of link’s (4->5) travel time value, when departing 

from node 4 at departure time td =350, is equal to: 

 t45max(td=350)=150                                                         (4.110) 

 

According to relationships (4.105) and (4.106), subpath s2 dominates subpath s1, based 

upon the minimum 'approximate variance’ value criterion, when departing from the origin 

node O=1 at departure time td=0 as: 

{Xmaxs2(td=0)-Xmins2(td=0)}< {Xmaxs1(td=0)- Xmins1(td=0)}     (4.111) 

 

Therefore, if the forward extended Bellman’s Principle of Optimality is valid, for the 

minimum ‘approximate variance’ value dominance criterion, then path p2 that consists of the 

dominant subpath s2=(1->3->4) and the shared link (4->5) will dominate path p1 that consists 

of the dominated subpath s1=(1->2->4) and the shared link (4->5).  

 

When departing from origin node O=1 at departure time td=0 the earliest and latest 

possible arrival times and consequently departure times from node 4, via subpath s1, are 

t1=100 and t2=300 respectively. Therefore, the minimum and maximum possible travel time 

values for path p1, when departing from the origin node O=1 at departure time td =0, are given 

by the following relationships (see relationships (4.91) and (4.92)) in the context of a ‘relaxed’ 

FIFO network: 

Xminp1(td=0)= Xmins1(td=0)+ t45min(td=0+Xmins1(td=0))= 

100+ t45min(td=100)=100+50=150                                  (4.112) 

 

Xmaxp1(td=0)= Xmaxs1(td=0)+ t45max(td=0+Xmaxs1(td=0))= 

300+ t45max(td=300)=300+100=400                                  (4.113) 

 

Consequently, the ‘approximate variance’ value for path p1, when departing from the 

origin node O=1 at departure time td =0 is given by the following relationship: 

{Xmaxp1(td=0)-Xminp1(td=0)}={400-150}=250                   (4.114) 

 

Similarly, when departing from origin node O=1 at departure time td=0, the earliest 

and latest possible arrival times and consequently departure times from node 4, via subpath s2, 

are t3=200 and t4=350 respectively. Therefore, the minimum and maximum possible travel 

time values for path p2, when departing from the origin node O=1 at departure time td =0, are 
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given by the following relationship in the context of a ‘relaxed’ FIFO network (see 

relationships (4.93) and (4.94)): 

Xminp2(td=0)= Xmins2(td=0)+ t45min(td=0+Xmins2(td=0))= 

200+ t45min(td=200)=200+20=220                                  (4.115) 

 

Xmaxp2(td=0)= Xmaxs2(td=0)+ t45max(td=0+Xmaxs2(td=0))= 

350+ t45max(td=350)=350+150=500                                  (4.116) 

 

Consequently, the ‘approximate variance’ value for path p2, when departing from the 

origin node O=1 at departure time td=0, is given by the following relationship: 

{Xmaxp2(td=0)-Xminp2(td=0)}={500-220}=280                   (4.117) 

 

Therefore, according to relationships (4.114) and (4.117), path p1=(1->2->4->5) 

dominates path p2 =(1->3->4->5), when departing from the origin node at departure time td =0 

as: 

{Xmaxp1(td=0)- Xminp1(td=0)}<{Xmaxp2(td=0)-Xminp2(td=0)}     (4.118) 

 

The dominance status of the dominated subpath s1=(1->2->4) and the dominant 

subpath s2=(1->3->4) is reversed when attaching link (4->5) to the end of the two subpaths 

and path p1=(1->2->4->5) dominates path p2=(1->3->4->5). Therefore, according to the above 

an efficient path p1 can contain an inefficient subpath s1, which is a violation of the forward 

extended Bellman's Principle of Optimality. As a consequence of the violation of the forward 

extended Bellman’s principle of optimality for the minimum 'approximate variance' value 

dominance criterion, the implemented forward STDLTP(Var) algorithm is not optimal.  

 

4.10.3.3 Proof of optimality for the forward version of the STDLTP(DD) algorithm 

As subpath s2 deterministically dominates the subpath s1, when departing from the 

origin node O at departure time td, we have (see equation 4.4):   

Xmaxs2(td) <Xmins1(td)                            (4.119) 

 

The subpath s2 deterministically dominates the subpath s1, when departing from the 

origin node O at departure time td. The addition of the link (i->j) to the end of the subpaths s1 

and s2 does not alter the dominance status of the created paths. Therefore, the path p2 that 
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consists of the efficient subpath s2 and the link (i->j) will dominate the path p1 that consists of 

the inefficient subpath s1 and the link (i->j).  

According to relationship (4.119), and independent of the realization of the links’ 

traversal times, one will arrive always earlier at node i, via subpath s2 than via subpath s1, 

when departing from the origin node O at departure time td. Consequently, one will always 

depart earlier from node i, when subpath s2 is used, than when subpath s1 is used. Taking into 

account that our network is FIFO, one cannot depart later from node i and arrive earlier at 

node j, for any possible realization of the link’s (i->j) traversal time. Therefore, one will 

always arrive earlier at node j, via path p2 than via path p1, when departing from the origin 

node O at departure time td. Consequently, path p2 deterministically dominates path p1, when 

departing from the origin node O at departure time td. Therefore, a deterministically 

nondominated path from the origin node to the destination node can only contain 

deterministically nondominated subpaths with the same origin node, given a requested 

departure time from the origin node. We will demonstrate that in the following.  

 

In order to prove that the path p2 deterministically dominates the path p1, when 

departing from the origin node O at departure time td, we have to prove at least that (see 

relationship (4.119)): 

Xmaxp2(td) ≤ Xminp1(td)                            (4.120) 

 

When departing from the origin node O at departure time td, the minimum possible 

realization of path’s p1 traversal time is given by relationship (4.91). Similarly, when 

departing from the origin node O at departure time td, the maximum possible realization of 

path’s p2 traversal time is given by relationship (4.94). 

 

Adding td to both parts of the inequality (4.119) gives: 

td +Xmaxs2(td) < td +Xmins1(td)                            (4.121)  

 

Taking into account that our network is a FIFO network, all the links of the network, 

including link (i->j), exhibit FIFO characteristics (see equation 4.3):  

Consequently, for link (i->j) we've got: 

t1+tijmax(t1)  ≤  t2+ tijmin(t2), for every t1<t2                (4.122) 
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Combining relationships (4.121), (4.122) and setting t1= td +Xmaxs2(td) and t2= td +Xmins1(td) 

gives: 

{td +Xmaxs2(td)}+ tijmax(td +Xmaxs2(td))  ≤ {td +Xmins1(td)}+ tijmin(td +Xmins1(td))(4.123) 

 

Using relationships (4.91) and (4.94), relationship (4.123) becomes equivalent to: 

td +Xmaxp2(td) ≤ td +Xminp1(td)                       (4.124) 

 

Subtracting td from both parts of the inequality (4.124) gives: 

Xmaxp2(td) ≤ Xminp1(td)         (4.125) 

which is equivalent to relationship (4.120) 

  

Therefore, the path p2, that contains the deterministically-dominant subpath s2, 

deterministically dominates the path p1, that contains the deterministically dominated subpath 

s1, when departing from the origin node O at departure time td. Consequently, the forward 

extended Bellman’s Principle of Optimality is valid. To sum up, the forward extended 

Bellman’s Principle of Optimality was found to be valid for the deterministic dominance 

criterion for any departure time from the origin node, in the context of a FIFO network. The 

final solution set of the forward STDLTP(DD) algorithm includes all (and only) the 

deterministically nondominated paths. Therefore, an optimal forward (one to many and single 

departure time) STDLTP(DD) algorithm can be implemented in the context of a FIFO discrete 

stochastic and time-dependent network. However, the forward extended Bellman’s Principle 

of Optimality can be violated, for the deterministic dominance criterion, in the context of a 

‘relaxed’ FIFO network; where the rate of change of the link’s minimum travel time values is 

independent from the rate of change of the link’s maximum travel time values.   
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4.11 Conclusions 
Chapter 4 described and discussed the suitability of different types of routing 

algorithms and different types of ‘least-time’ path algorithms in the context of the Nottingham 

urban network. Following the conclusions of chapters 2 and 3, that the current and future 

links’ traversal times are best represented by a discrete time-varying probability distribution, 

particular emphasis was placed upon the Stochastic Time-Dependent Least-Time Path 

(STDLTP) algorithms. Furthermore, due to the lack of the required technology, adaptive 

routing strategies were not feasible in the context of the Nottingham urban network. 

Therefore, only STDLTP algorithms based upon a-priori optimization were considered.  

Using as a starting point Miller-Hooks’ many to one label-correcting STDLTP 

algorithms, but recognizing the limitations of the above algorithms in the context of the 

Nottingham urban network, several STDLTP aglorithms were developed and implemented 

based upon different optimization criteria. In particular, the following algorithms were 

implemented: a STDLTP(EV) algorithm, a STDLTP(Var) algorithm, a STDLTP(Weight) 

algorithm and a STDLTP(Range) algorithm. The implemented STDLTP(EV) algorithm was a 

direct extension of Miller-Hooks’ STDLTP(EV) algorithm, extended in order to ensure that 

the least-expected-time path did not contain a loop. The implemented STDLTP(Range) 

algorithm was based upon Miller-Hooks' STDLTP(Range) algorithm, employing the less 

conservative ‘extended Dubois’ dominance criterion instead of the deterministic dominance 

criterion. Furthermore, the STDLTP(Var) algorithm was developed, based upon the minimum 

‘approximate variance’ value dominance criterion, which was defined in this study. Similarly, 

the STDLTP(Weight) algorithm was developed, based upon the minimum ‘weight' value 

dominance criterion, which was a combination of the expected value and the ‘approximate 

variance’ value dominance criteria and was defined in this study.  The overall methodology of 

these algorithms is similar. All of the above algorithms are many to one and multiple departure 

time label-correcting algorithms. The main differences between these algorithms are in “the 

problems they address, the solutions they generate and the number and composition of their 

labels” (Miller-Hooks, 1997).  

As with Miller-Hooks’ STDLTP algorithms, the theoretical worst-case computational 

complexity of all of the implemented STDLTP algorithms was non-polynomial. The 

optimality of both the STDLTP(EV) and the STDLTP(Range) algorithms, in the context of 

both a FIFO and non-FIFO discrete stochastic and time-dependent network was proved; based 

upon Miller-Hooks’ extended Bellman’s Principle of Optimality. Counterexamples were 
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presented in order to demonstrate the violation of the extended Bellman’s Principle of 

Optimality for both the minimum ‘approximate variance’ value dominance criterion and the 

minimum ‘weight’ value dominance criterion in the context of a discrete stochastic time-

dependent network.  

The basic drawback associated with the implemented many to one label-correcting 

STDLTP algorithms, is that in order to identify the nondominated path(s), for a single origin-

destination pair and a single departure time request, they need to determine the nondominated 

path(s) for all nodes in the network to the requested destination node and for each departure 

time within the time period of interest. Subsequently, origin based (one to many) single 

departure time STDLTP algorithms (forward STDLTP) were, when possible, constructed. An 

optimal forward STDLTP(EV) algorithm was not able to be constructed, as previous studies 

have extensively demonstrated (Fu et al, 1998; Miller-Hooks, 1997; Hall, 1986). Furthermore, 

optimal forward STDLTP(Weight) and optimal forward STDLTP(Var) algorithms were not 

feasible; as both of the dominance criteria violated the less restrictive extended Bellman’s 

Principle of Optimality. The feasibility of an optimal origin based STDLTP(Range) algorithm 

was based upon a  more restrictive origin based variation of the extended Bellman’s Principle 

of Optimality (forward extended Bellman’s Principle of Optimality).  

It was proved that, in the context of a ‘relaxed’ FIFO discrete stochastic and time-

dependent network, which was less restrictive on the links’ travel time values than Miller-

Hooks’ defined FIFO network, the respective forward extended Bellman’s Principle of 

Optimality, based upon the ‘extended Dubois’ dominance criterion, was valid. Therefore, an 

optimal forward STDLTP(Range) algorithm was developed; which was more appropriate for 

single origin-destination pair and single departure time requests. The theoretical worst-case 

computational complexity of the forward STDLTP(Range) algorithm was again non-

polynomial. However, it was anticipated that the forward STDLTP(Range) algorithm would 

be much more computationally efficient than the respective STDLTP(Range) algorithm. 

Furthermore, due to the efficient way that a path’s ‘approximate variance’ value was 

calculated in the context of a ‘relaxed’ FIFO network, a non-optimal forward STDLTP(Var) 

algorithm was developed. The forward STDLTP(Var) algorithm exhibited similar 

computational complexity to the standard deterministic one to many label-correcting shortest 

path algorithms (i.e. polynomial complexity).  

Due to the non-polynomial complexity of all developed STDLTP algorithms, with the 

exception of the forward STDLTP(Var) algorithm, several heuristic STDLTP algorithms were 

developed. The first group of heuristic STDLTP algorithms were based upon Miller-Hooks’ 
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heuristic STDLTP algorithms. In particular, by placing an upper limit upon the number of p-

optimal paths that could be stored per node, at any intermediate stage of the algorithm, a 

heuristic version of the STDLTP(EV), the STDLTP(Weight) and the forward 

STDLTP(Range) algorithms were developed. These were expected to be computationally 

efficient but would not be guaranteed to identify any of the nondominated path(s). 

Modifications on Miller-Hooks’ proposed replacement strategy were performed; taking into 

account that  we were only interested for the developed heuristic algorithms to provide an 

optimal and/or near to optimal solution for the specific origin-destination pair and single 

departure time request. The developed heuristic STDLTP(EV) and heuristic STDLTP(Weight) 

algorithms were direct extensions of the corresponding optimal STDLTP(EV) and optimal 

STDLTP(Weight) algorithms and therefore they carried the same limitations and constraints 

(albeit at a lesser scale) as the optimal many to one and multiple departure time label-

correcting STDLTP algorithms.  

Taking into account the drawbacks associated with the above heuristic algorithms, a 

conceptually different heuristic algorithm was developed that was free from the constraints 

imposed upon by the multiple departure time STDLTP algorithms. The second group of 

heuristic algorithms was based upon the k-least-time path algorithm. In particular, the search 

for the nondominated paths was reduced to the first K least-time paths as determined by the k-

least-time path algorithm. For the sake of completeness and in order to explore the effects on 

the heuristic algorithm’s performance dependent upon the optimization criterion, heuristic 

versions of all implemented STDLTP algorithms were developed. In particular, a k-

heuristic(EV) algorithm, a k-heuristic(Var) algorithm, a k-heuristic(Weight) algorithm and a 

k-heuristic(Range) algorithm, were developed. Subsequently, dependent upon the employed 

optimization criterion, the K least-time paths were evaluated in the context of the discrete 

stochastic and time-dependent network. The basic advantage of the above heuristic algorithms 

was that they were one to one, single departure time algorithms. Therefore, they were tailored 

to single origin-destination pairs and single departure time requests. 

To sum up, this chapter illustrated the additional complexity added when both 

stochasticity and time dependency were taken into account as well as when different 

optimization criteria were employed for the development of the ‘least-time’ path algorithms. 

Therefore, less complicated heuristic algorithms were developed. The theoretical analysis of 

the worst-case computational complexity of the developed STDLTP algorithms was based 

upon a hypothesized network. Furthermore, the theoretical analysis of the optimality of the 

developed STDLTP algorithms was based upon hypothesized links’ traversal times. It is 
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anticipated that both the computational performance as well as the solution quality of the 

developed STDLTP algorithms will be better in the context of a realistic transportation 

network. The next chapter will evaluate the performance of the developed STDLTP 

algorithms and their respective heuristic versions in terms of their computational efficiency as 

well as in terms of their solution quality, in the context of the Nottingham urban network.   
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CHAPTER 5 

 

EXPERIMENTAL RESULTS 
 

5.1 Introduction 
In this chapter the performance, in terms of computational efficiency as well as in 

terms of solution quality, of all the developed STDLTP algorithms and their respective 

heuristic versions, is evaluated in the context of the Nottingham urban network. In section 5.2, 

the Nottingham urban network is described and the decisions being made with respect to the 

representation of the non-detectorized links’ traversal times are presented. Furthermore, the 

parameters that are anticipated to affect the performance of the algorithms are discussed. In 

sections 5.3, 5.4 and 5.5, the results of the performance of the optimal and respective heuristic 

algorithms, based upon the expected value criterion, are presented, compared and analyzed. In 

sections 5.6 and 5.7, the results of the performance of the optimal and respective heuristic 

algorithms, based upon the minimum ‘approximate variance’ value dominance criterion, are 

presented, compared and analyzed. In sections 5.8, 5.9 and 5.10, the results of the performance 

of the optimal and respective heuristic algorithms, based upon the minimum ‘weight’ value 

dominance criterion, are presented, compared and analyzed. In sections 5.11, 5.12 and 5.13, 

the results of the performance of the optimal and respective heuristic algorithms, based upon 

the ‘extended Dubois’ dominance criterion, are presented, compared and analyzed. In section 

5.14, some limitations associated with the experimental findings are discussed. Finally, 

concluding remarks are given in section 5.15.      

 

5.2 Our network 
The experiments are tested on the Nottingham urban network. The graph consists of 

787 nodes and 2054 links. The links’ traversal times are uniformly represented by a discrete 

time-varying probability distribution. Five percentile values (5%, 25%, median, 75%, 95%) 

with five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) represent the link’s possible 

traversal times, for each departure time interval. The values of each link’s traversal times are 

represented with 10-seconds accuracy. For the forward STDLTP(Range) and for the forward 

STDLTP(Var) algorithms, the links’ traversal times are represented by time-varying 
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confidence intervals. The [5%:95%] range represents the links’ traversal times, for each 

departure time interval. The size of each departure time interval is equal to 10 seconds and 

remains unaltered in all experiments. The size of the time period of interest is at least equal to 

the maximum duration of the anticipated journey time between the origin-destination pair 

under normal traffic conditions. Furthermore, it is assumed that the values of the links’ 

traversal times for departure time intervals outside the time period of interest remain constant 

and equal to the values of the links’ traversal times for the last departure time interval within 

the time period of interest. 

In all experiments, historical information is used for the representation of the links’ 

traversal times (instead of real time and predicted information) in order to eliminate the effects 

that different daily profiles may have upon the algorithm’s performance. The use of historical 

information maximizes the uncertainty associated with the links’ traversal times (see section 

3.5) and is anticipated to provide an upper bound on the algorithm’s computational 

performance. All links’ historical percentile travel time values have been smoothed, so that 

each of the links’ percentile values cannot change by more than 10 seconds, for consecutive 

10-second time intervals. A network, which consists of links’ whose percentile travel time 

values cannot decrease by more than 10 seconds, for consecutive 10-second time intervals, is 

referred to as extended ‘relaxed’ FIFO network. Therefore, the links’ historical percentile 

travel time values exhibit extended ‘relaxed’ FIFO characteristics in the context of the discrete 

stochastic and time-dependent network. Consequently, the links’ historical [5% 95%] ranges 

exhibit ‘relaxed’ FIFO characteristics in the context of the discrete stochastic and time-

dependent network (see equation 4.7). Furthermore, the links’ median values exhibit FIFO 

characteristics in the context of the discrete deterministic and time-dependent network (see 

equation 4.1).  

 

5.2.1 Representation of the non-detectorized links’ traversal times 

The only characteristic, which differentiates between the non-detectorized links in the 

network, is their proximity to a SCOOT-monitored region and/or a flow-detectorized link. 

However, the results obtained on the correlation of consecutive links’ traversal times were 

discouraging (see section 2.5.2). So, we assume that the traffic characteristics of the 

neighboring detectorized links are not representative of the traffic characteristics of the non-

detectorized links in the network. Therefore, all of the non-detectorized links are treated in a 

homogeneous way. 
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Based upon the individual daily profiles of all the SCOOT-detectorized links, a 

historical profile for all the non-detectorized links is constructed. Following the same 

procedure as that used in constructing the historical percentile travel time values for the 

SCOOT-detectorized links (see section 3.5.1), the five percentile speed values for the non-

detectorized links were constructed. Based upon the above five percentile speed values, the 

respective five percentile travel time values of any of the non-detectorized links can be 

derived. The above approach is based upon the premise that similarly with the SCOOT-

detectorized links the non-detectorized links exhibit higher travel time values and higher 

uncertainty associated with the links’ traversal times during the peak-periods. Contrary to the 

SCOOT-detectorized links, all non-detectorized links are assumed to exhibit both morning and 

afternoon peak-periods. The uncertainty (i.e. ‘approximate variance’ value) associated with a 

non-detectorized link’s traversal time increases proportionally with the length of the non-

detectorized link. In the majority of cases, the uncertainty associated with a non-detectorized 

link’s traversal times exceeds the historical uncertainty associated with an ‘equivalent’ (i.e. of 

equal length) detectorized link’s traversal times. To sum up, five percentile values (5%, 25%, 

median, 75%, 95%) and five attached probability values (0.05, 0.2, 0.5, 0.2, 0.05) represent a 

non-detectorized link’s traversal times, for each 5-minute time interval. Therefore, the non-

detectorized links’ traversal times are represented by discrete time-varying probability 

distributions.   

 

5.2.2 Parameter setting 

The performance of all implemented algorithms (described in chapter 4) is tested in 

terms of both computational efficiency and solution quality. Different indexes of performance 

are employed, for different types of algorithms. The first set of experiments consists of 27 

SCOOT origin-destination pairs (22 of them corresponding to a SCOOT-monitored region and 

5 of them covering a combination of SCOOT-monitored regions, flow-detectors and non-

detectorized regions) and the second set of experiments consists of 30 randomly generated 

origin-destination pairs. Unless stated otherwise, the afternoon peak time is selected as the 

study period (first departure time 16.30). The time period of interest extends over a two hour 

period. Consequently, 720 10-second departure time intervals exist within the time period of 

interest.    

The computational performance of all algorithms is considered for single origin-

destination pair and single departure time requests. Two parameters are anticipated to affect 

the computational performance of all implemented many to one STDLTP algorithms: the 
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distance between the origin-destination pair and the departure time from the origin node (i.e. 

peak, off-peak). Adjusting the size of the time period of interest based upon the single origin-

destination pair and single departure time requests is anticipated to reduce the STDLTP 

algorithms’ computational times. The performance of the implemented STDLTP algorithms 

will be tested upon five different sizes of the time period of interest (15 minutes, 30 minutes, 

60 minutes, 90 minutes, 120 minutes) each of them reflecting the different types of origin-

destination pairs and single departure time requests (e.g. small distance origin-destination pair 

request when departing during the off-peak period, small distance origin-destination pair 

request when departing during the peak period, big distance origin-destination pair request 

when departing during the off-peak period and big distance origin-destination pair request 

when departing during the peak period, respectively). We need to explore whether, under the 

worst case scenario each of the implemented STDLTP algorithms and their corresponding 

heuristic algorithms are computationally efficient in the context of the Nottingham urban 

network.  

In this study it is arbitrarily assumed that an algorithm whose computational time does 

not exceed 0.3 seconds exhibits real-time characteristics. Furthermore, in this study it is 

assumed that the k-heuristic algorithm, for a given value of K, outperforms the respective 

many to one (or one to many) STDLTP algorithm (optimal or heuristic), if the maximum 

computational time of the k-heuristic algorithm is lower than or equal to the minimum 

computational time of the corresponding STDLTP algorithm. 

The forward STDLTP(Range) algorithm and the forward STDLTP(Var) algorithm 

require a ‘relaxed’ FIFO network (see sections 4.8.1 and 4.8.2). The k-least-time path 

algorithm requires a deterministic and time-dependent FIFO network (see section 4.9.2). 

Additionally, for the efficient evaluation of a path’s ‘approximate variance’ and range values 

(see sections 5.6 and 5.13), the k-heuristic(Var) and k-heuristic(Range) algorithms require a 

‘relaxed’ FIFO network. Moreover, for the efficient evaluation of a path’s expected and 

‘weight’ values (see sections 5.5 and 5.9), the k-heuristic(EV) and k-heuristic(Weight) 

algorithms require an extended ‘relaxed’ FIFO network. As only historical information is 

used, the smoothing of all links’ historical percentile values was performed off line. Therefore, 

this study is not concerned with the computational time required for checking and imposing 

FIFO (see equation 4.1), ‘relaxed’ FIFO (see equation 4.7) and extended ‘relaxed’ FIFO 

characteristics on the detectorized links’ traversal times. 
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5.3 Results for STDLTP(EV) algorithm 
The first index of performance measures the computational time of the implemented 

STDLTP(EV) algorithm (section 4.7.1). The theoretical worst-case computational complexity 

of the STDLTP(EV) algorithm is non-polynomial. The second index of performance measures 

the average and maximum number of nondominated paths for every node of the network to the 

destination node. The third index of performance explores the robustness of STDLTP(EV) 

algorithm. Thus it measures the average number of time intervals for which a nondominated 

path is optimal (i.e. exhibits least-expected-time). The performance of the STDLTP(EV) 

algorithm is tested as a function of the size of the time period of interest and consequently 

number of departure time intervals within the time period of interest, and the type of the time 

period of interest (morning peak, afternoon peak, evening off-peak). Each index of 

performance is measured for every parameter set.  

 

Table 5.1: Performance of the STDLTP(EV) algorithm, for different times of the 

day  

CPU time (sec)- 
mean(min,max)  

No.of 
nondominated 
paths 
max(mean) 

No.of time intervals 
when a nondominated 
path is optimal 
mean (%) 

Time 
Period 

SCOOT Random SCOOT Random SCOOT Random 
Morning 
peak 

72(51,107) 81(50,190) 10(2) 12(2) 528(73%) 501(70%) 

Afternoon 
peak 

84(54,113) 94(49,241) 16(3) 18(3) 414(58%) 439(61%) 

Evening 
off-peak 

72(56,87) 74(45,127) 11(2) 10(2) 509(71%) 516(72%) 

 

Table 5.1 explores the performance of the STDLTP(EV) algorithm, when departing the 

origin node during different times of the day. During the evening off-peak period, the 

computational time of STDLTP(EV) algorithm is lower. It is interesting to notice that the 

average and especially the maximum number of nondominated paths exhibit lower values 

during the off-peak period. Again the average number of time intervals for which a 

nondominated path is optimal (i.e. has the least-expected-time) increases during the off-peak 

period. Consequently, the STDLTP(EV) algorithm is more robust during the off-peak period. 

This was anticipated as during free flow traffic conditions one path is expected to be optimal 

independent of the departure time interval. On the other hand, during the afternoon period that 

includes pre-peak, peak and post peak traffic conditions, because of the high time-dependency 
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of the links’ traversal times, different paths may be optimal for different departure time 

intervals. Contrary to our expectations, the performance of the STDLTP(EV) algorithm was 

only slightly worse during the morning peak period than during the evening off-peak period, 

for both the SCOOT and random pairs. The above, is attributed to the random selection of the 

origin-destination pairs and to the fact that the majority of the SCOOT-controlled areas exhibit 

afternoon peak times.  

The average and especially the maximum computational time of the STDLTP(EV) 

algorithm is higher when tested upon the random pairs than when tested upon the SCOOT 

pairs. The above is attributed to the location of the respective destination nodes, which can 

have a major impact on the computational performance of any many to one shortest path 

algorithm. The randomly selected destination nodes are distributed around the network. On the 

other hand, the SCOOT based destination nodes are mainly located at the centre of the 

network, which reduces the computational time of the many to one STDLTP(EV) algorithm. 

 

Table 5.2: Performance of the STDLTP(EV) algorithm, as a function of the  size of the 

time period of interest 

CPU time (sec)- 
mean(min-max)  

No.of nondominated 
paths-max(mean) 

No.of time intervals when a 
nondominated path is optimal-
mean (%) 

No. of time 
intervals (size of 
the time period 
of interest) SCOOT Random SCOOT Random SCOOT Random 
90 (15 minutes) 5(4,6) 5(4,7) 3(1) 3(1) 84(93%) 83(92%) 
180 (30 minutes) 12(10,14) 13(10,21) 4(1) 4(1) 158(82%) 161(89%) 
360 (60 minutes) 31(22,41) 32(21,58) 10(2) 8(2) 260(72%) 279(78%) 
540 (90 minutes) 52(34,70) 57(34,115) 11(2) 12(2) 361(67%) 370(69%) 
720 (120 
minutes) 

84(54,113) 94(49,241) 16(3) 18(3) 414(58%) 439(61%) 

 

According to table 5.2 the computational time of STDLTP(EV) algorithm increases 

slightly more than linearly with an increase in the number of time intervals. Thus the 

computational performance of STDLTP(EV) algorithm is much better than predicted via the 

worst-case computational complexity. Furthermore, according to table 5.2, the average 

number of nondominated paths is between 1 and 3. The maximum number of nondominated 

paths is relatively low (maximum value of 18). Increasing the size of the time period of 

interest and consequently the number of departure time intervals means that more paths will 

appear between an origin-destination pair. However, the increase in the average number of 

nondominated paths with increasing number of time intervals is moderate. Several, if not 

most, of the paths for the additional time intervals are most probably the same as those of the 
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existing time intervals. Finally, according to table 5.2, the STDLTP(EV) algorithm exhibits 

robust performance. In particular, each of the nondominated paths has the least-expected-time 

for at least 58% of the time intervals. The average number of time intervals for which a 

nondominated path has the least-expected-time decreases with an increase in the number of 

time intervals.  

Therefore, it was experimentally verified that the STDLTP(EV) algorithm performs 

much better than worst-case analysis predicts, when applied to the Nottingham urban network. 

This can be attributed to the fact that the computational performance of STDLTP(EV) 

algorithm is tested in the context of the Nottingham urban network, which is sparse with an 

average in and out degree smaller than three.  Furthermore, in contrast to a network based 

upon hypothesized links’ traversal times, for the Nottingham urban network, at any point in 

time and for any origin-destination pair, only a handful of paths or sub paths are far superior to 

the rest of the alternative paths. If a path is optimal for a particular departure time it is likely to 

be optimal for consecutive departure times. This has further reduced the computational time 

and has improved the performance of STDLTP(EV) algorithm.  

To sum up, despite the fact that the STDLTP(EV) algorithm performs better than 

predicted, via the worst-case computational complexity, with an increase in the size of the 

time period of interest, there is a significant difference between the computational times of the 

STDLTP(EV) algorithm for small sizes and big sizes of the time period of interest. For the 

optimal evaluation of the expected traversal time of a path for a single departure time, the time 

period of interest should cover at least the maximum duration of the journey time between the 

origin-destination pair, for the requested departure time (see section 4.4.3). Otherwise, 

consecutive links are reached outside the time period of interest and their traversal times are 

assumed to remain stationary (see section 5.2.3). Therefore, small sizes of the time period of 

interest run the risk of incorrectly evaluating the paths’ expected traversal times. Incorrect 

evaluation of the paths’ expected traversal times, by the respective STDLTP(EV) algorithm, 

may compromise the ability of the algorithm to identify the actual nondominated paths. 

 The following experiments explore the solution quality of the STDLTP(EV) 

algorithms, for different sizes of the time period of interest. Following a conservative 

approach, it is assumed that the STDLTP(EV) algorithm with a time period of interest that 

extends over 120 minutes (720 departure time intervals) provide us with the optimal path for 

any requested origin-destination pair and any departure time. This will be referred to as the 

optimal STDLTP(EV) algorithm. The least-expected-time paths, as identified by the optimal 

STDLTP(EV) algorithm, will be referred to as STDLTP(EV) paths. Three indexes of 
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performance are employed. The first index of performance calculates the percentage of 

number of origin-destination pairs, for which the STDLTP(EV) algorithm with a  time period 

of interest smaller than 120 minutes identifies the STDLTP(EV) path. The second index of 

performance measures the % mean absolute relative error (equation 5.2). The third index of 

performance measures the mean absolute error and the maximum absolute error (equations 5.4 

and 5.5).   

 

i
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i
heur

i
opti

EV
EV

EVEV
ERR

−
=        (5.1) 

 

Where, 

 EVi
opt is the expected value of the least-expected-time path, for measurement i, as outputted 

by the optimal STDLTP(EV) algorithm (referred to as the STDLTP(EV) path).  

EVi
heur is the expected value of the least-expected-time path, for measurement i, as outputted 

by the STDLTP(EV) algorithm with a time period of interest smaller than 120 minutes.  

ERRi
EV is the absolute relative error for measurement i.  
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Where, 
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EV is the mean absolute relative error, over all n measurements 
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Where, 

MERi
EV is the mean absolute error, over all n measurements 

 

Max_ERi
EV= )ER(Max i

EV
i

        (5.5) 

 

Where, 

Max_ERi
EV is the maximum absolute error, over all measurements 

 

Table 5.3: Solution quality of the STDLTP(EV) algorithm, as a function of the size of the 

time period of interest 

Percentage of times 
that the 
STDLTP(EV) path 
was identified 

%Mean absolute 
relative error 

Mean(Maximum) 
absolute error(sec) 

No. of time 
intervals (size of 
the time period of 
interest) 

SCOOT Random SCOOT Random SCOOT Random 
90(15 minutes) 93% 97% 0.06 0.17 0.74(10) 2.8(17) 
180(30 minutes) 100% 97% 0 0.002 0(0) 0.03(1) 
>360(60 minutes) 100% 100% 0 0 0(0) 0(0) 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=404 (1548) seconds  

Maximum value of the maximum possible times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=3350 seconds 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all random 

origin-destination pairs=946 (2081) seconds  

Maximum value of the maximum possible times of all STDLTP(EV) paths, for all random 

origin-destination pairs=6110 seconds 

 

According to table 5.3, the STDLTP(EV) path is identified for all SCOOT origin-

destination pairs when the size of the time period of interest extends over 30 minutes. 

Similarly, the STDLTP(EV) path is identified for all random origin-destination pairs when the 

time period of interest extends over 60 minutes. When the size of the time period of interest 

extends over 15 minutes, then there is a 7% chance and a 3% chance that the STDLTP(EV) 

algorithm will not identify the STDLTP(EV) path for the SCOOT pairs and for the random 

pairs respectively.  

Furthermore, when the STDLTP(EV) path is not identified or when the STDLTP(EV) 

path is not correctly evaluated, both the value of the % mean absolute relative error and the 
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values of the mean absolute and the maximum absolute errors are very small. For a 15-minute 

time period of interest, for the SCOOT pairs, the % mean absolute relative error is equal to 

0.06. The corresponding value of the mean absolute error is less than a second and the value of 

the maximum absolute error is equal to 10 seconds. The value of the maximum absolute error 

is associated with a STDLTP(EV) path with expected travel time value of 1548 seconds (over 

25 minutes) and maximum possible travel time value of 3350 seconds (over 55 minutes). 

Similarly, for a 15-minute time period of interest, for the random pairs, the % mean absolute 

relative error is equal to 0.17. The corresponding value of the mean absolute error is equal to 

2.8 seconds with a maximum error of 17 seconds. The value of the maximum absolute error is 

associated with a STDLTP(EV) path with expected travel time value of 2081 seconds (over 35 

minutes) and maximum possible travel time value of the STDLTP(EV) path of 6610 seconds 

(over 110 minutes). Therefore, for both the SCOOT and the random pairs some of the links’ of 

the least-expected-time paths, as identified by the STDLTP(EV) algorithm with a time period 

of interest of 15 minutes, were reached outside the time period of interest. This indicates that 

the rate of change of the links’ traversal times for consecutive 5-minute time intervals is 

moderate. Furthermore, this indicates that the links’ maximum possible travel time values 

have a small impact on the optimal evaluation of the respective path’s expected travel time 

value.  

It is important to notice that the results on the solution quality of the STDLTP(EV) 

algorithm, when tested upon the SCOOT pairs, are more reliable than the results on the 

solution quality of the STDLTP(EV) algorithm, when tested upon the random pairs. Both the 

expected and maximum values of the STDLTP(EV) paths, for the random pairs, are higher 

than the respective expected and maximum values of the STDLTP(EV) paths for the SCOOT 

pairs. The higher expected travel time values, for the random pairs, are attributed to the fact 

that the randomly selected origin-destination pairs are further apart than the SCOOT based 

origin-destination pairs. Furthermore, the higher maximum travel time values, for the random 

pairs, are attributed to the fact that the non-detectorized links exhibit, most of the time, higher 

maximum travel time values than their ‘equivalent’ (i.e. of equal length)  SCOOT-detectorized 

links (see section 5.2.1).   

To sum up, the sub optimality introduced when the size of the time period of interest is 

as small as 15 minutes is negligible. Furthermore, the trade off between a marginal increase in 

the STDLTP(EV) algorithm’s accuracy (maximum of 17 seconds), with an increasing size of 

the time period of interest, and the increase in the algorithm’s computational time (minimum 

increase of 6 seconds) favours the use of a small time period of interest. However, the 



 172

minimum possible computational time of the STDLTP(EV) algorithm (i.e. time period of 

interest of 15 minutes) was found to be equal to 4 seconds. Therefore, the STDLTP(EV) 

algorithm cannot be considered to have real-time characteristics.  

 

5.4 Results for heuristic STDLTP(EV) algorithm 
Following the conclusions on the performance of the STDLTP(EV) algorithm, the 

following experiments will explore the performance of the respective heuristic STDLTP(EV) 

algorithm, in terms of computational efficiency as well as in terms of quality of the obtainable 

solution. As mentioned in section 4.9.1, the heuristic version of the STDLTP(EV) algorithm 

places a limit upon the maximum number of p-optimal paths that can be stored per node, at 

any stage of the algorithm.  

The heuristic STDLTP(EV) algorithm carries the same limitations and constraints 

(albeit at a lesser scale) as the optimal STDLTP(EV) algorithm. Therefore, its performance is 

anticipated to be dependent upon the size of the time period of interest. For a given size of the 

time period of interest, two parameters are anticipated to affect the performance of the 

heuristic STDLTP(EV) algorithm. The first parameter is the value of the maximum permitted 

number of p-optimal (potentially optimal) paths that can be stored per node. It is anticipated 

that the smaller the number of p-optimal paths that can be stored per node the more 

computationally efficient the heuristic STDLTP(EV) algorithm is, but the less likely it is that 

the heuristic STDLTP(EV) algorithm will identify the optimal solution. The second parameter 

is the employed replacement strategy. As mentioned in section 4.9.1, a replacement strategy is 

invoked, when a new p-optimal path has been constructed, but the number of p-optimal paths 

stored at the node has reached the maximum permitted limit. The replacement strategy decides 

the labels of the p-optimal paths that should remain. Two replacement strategies are tested: a 

random replacement strategy, which randomly selects the label of the path that should be 

discarded; a more ‘intelligent’ replacement strategy that never replaces the path that exhibits 

least-expected-time, for the given origin-destination pair and departure time request. Amongst 

the remaining paths the ‘intelligent’ replacement strategy replaces the path that exhibits 

optimal performance for the least number of departure time intervals. It is anticipated that the 

heuristic STDLTP(EV) algorithm based upon the ‘intelligent’ replacement strategy will 

outperform, in terms of quality of the obtainable solution, the ‘equivalent’ heuristic 

STDLTP(EV) algorithm that is based upon the random replacement strategy, at the expense 

though of increased computational time.  
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The first index of performance measures the computational time of the heuristic 

STDLTP(EV) algorithm, as a function of the number of p-optimal paths that can be stored per 

node, as a function of the employed replacement strategy and as a function of the size of the 

time period of interest. The second index of performance measures the average and maximum 

number of nondominated paths for every node of the network to the destination node. The 

third index of performance explores the robustness of the heuristic STDLTP(EV) algorithm. 

Thus it measures the average number of time intervals for which a nondominated path is 

optimal. The second and third indexes of performance are only tested as a function of the size 

of the time period of interest.  

The next three indexes of performance measure the solution quality of the heuristic 

STDLTP(EV) algorithm as a function of the number of p-optimal paths that can be stored per 

node and as a function of the employed replacement strategy. To demonstrate the solution 

quality of the heuristic STDLTP(EV) algorithm a comparison is made with the STDLTP(EV) 

path, that is the solution obtained by the optimal STDLTP(EV) algorithm (no restriction on the 

number of p-optimal paths that can be stored per node and size of the time period of interest 

extends over 120 minutes). Three indexes of performance are employed. The first index of 

performance calculates the percentage of number of origin-destination pairs for which the 

heuristic algorithm identifies the STDLTP(EV) path. The second index of performance 

measures the % mean absolute relative error. The third index of performance measures the 

mean and maximum absolute errors.  

When testing the performance of the algorithm, as a function of the number of p-

optimal paths that can be stored per node, the time period of interest extends over 120 minutes. 

When testing the performance of the algorithm, as a function of the employed replacement 

strategy or as a function of the size of the time period of interest, the maximum permitted 

number of p-optimal paths that can be stored per node is assumed to be equal to three. Taking 

into account that the size of the time period of interest is expected to have a big impact on the 

heuristic STDLTP(EV) algorithm’s performance, the performance of the heuristic 

STDLTP(EV) algorithm, when only one p-optimal path can be stored per node and when the 

time period of interest extends over 15 minutes, will be also explored.  

Contrary to our expectations, according to table 5.4, the computational time of the 

heuristic STDLTP(EV) algorithm, which employs the ‘intelligent’ replacement strategy, is 

marginally lower, for the bigger sizes of the time period of interest, than the respective 

computational time of the heuristic STDLTP(EV) algorithm, which employs the random 

replacement strategy. In terms of solution quality, the performance of the heuristic 
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STDLTP(EV) algorithm, which employs the ‘intelligent’ replacement strategy, is marginally 

better than the respective performance of the heuristic STDLTP(EV) algorithm, which 

employs the random replacement strategy (i.e. as indicated by the values of the maximum 

absolute error). Therefore, taking into account that the choice between the use of the random 

replacement strategy and the ‘intelligent’ replacement strategy does not have an impact upon 

the algorithm’s computational performance, the ‘intelligent’ replacement strategy is employed, 

in the following experiments.  

 

Table 5.4: Performance of the heuristic STDLTP(EV) algorithm, for different 

replacement strategies, Random pairs only 
No. of time 
intervals (size 
of the time 
period of 
interest) 

CPU time (sec)- 
Mean(min-max) 

Percentage of times 
that the 
STDLTP(EV) path 
was identified 

%Mean absolute  
relative error 

Mean(Max) absolute 
error 

 Intelligent Random Intelligent Random Intelligent Random Intelligent Random 
90   
(15 minutes) 

3(2,5) 3(2,4) - - - - - - 

180 
(30 minutes) 

8(5,13) 8(5,12) - - - - - - 

360 
(60 minutes) 

19(12,28) 19(12,30) - - - - - - 

540 
(90 minutes) 

32(20,48)  33(20,52) - - - - - - 

720 
(120 minutes) 

45(28,67) 48(28,70) 93% 93% 0.057% 0.055% 0.83(24) 0.80(80) 

 

Table 5.5: Performance of the heuristic STDLTP(EV) algorithm, as a function of the  
size of the time period of interest 

CPU time (sec)- 
mean(min-max) 

No.of 
nondominated 
paths-max(mean) 

No.of time intervals 
when a nondominated 
path is optimal-mean 
(%) 

No. of time 
intervals (size of 
the time period of 
interest) 

SCOOT Random SCOOT  Random SCOOT Random 
90(15 minutes) 3(2,3) 3(2,5) 3(1) 3(1) 84 (93%) 84(93%) 
180(30 minutes) 7(6,8) 8(5,13) 3(1) 3(1) 159(88%) 161(89%) 
360(60 minutes) 18(12,25) 19(12,28) 3(2) 3(2) 265(74%) 284(79%) 
540(90 minutes) 29(20,40) 32(20,48) 3(2) 3(2) 373(69%) 386(71%) 
720(120 minutes) 42(30,59) 45(28,67) 3(2) 3(2) 448(62%) 465(65%) 

 

Table 5.5 confirms our expectations that the heuristic STDLTP(EV) algorithm exhibits 

exactly the same characteristics with its corresponding optimal STDLTP(EV) algorithm (see 

table 5.2). In particular, the computational time of the heuristic STDLTP(EV) algorithm 

increases slightly more than linearly (albeit at a lesser rate than the optimal STDLTP(EV) 
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algorithm) with an increase in the number of departure time intervals. For any number of 

departure time intervals, the computational time of the heuristic STDLTP(EV) algorithm is 

approximately half the computational time of the optimal STDLTP(EV) algorithm. However, 

the benefits of the improvements on the heuristic STDLTP(EV) algorithm’s computational 

performance are better manifested for bigger sizes of the time period of interest. The 

maximum number of nondominated paths at each node remains constant and equal to three 

(i.e. maximum permitted number of p-optimal paths that can be stored per node) independent 

of the number of departure time intervals. On the other hand, the average number of 

nondominated paths per node slightly increases with an increase in the number of departure 

time intervals. It is interesting to notice that the increase in the actual value and the value of 

the average number of nondominated paths per node as a function of the number of departure 

time intervals is almost identical for both the heuristic and the optimal STDLTP(EV) 

algorithms. Finally, the heuristic STDLTP(EV) algorithm exhibits robust performance. In 

particular, each of the nondominated paths has the least-expected-time for at least 62% of the 

departure time intervals. Again the average number of time intervals for which a 

nondominated path has the least-expected-time decreases with an increase in the number of 

departure time intervals.  

 

Table 5.6: Performance of the heuristic STDLTP(EV) algorithm, as a function of the 

number of p-optimal paths (labels) that can be stored per node 
No. of 
Labels 

CPU time (sec)- 
Mean(min-max) 

Percentage of times 
that the  
STDLTP(EV) path 
was identified 

%Mean absolute  
Relative error 

Mean(Max) 
absolute error 
(sec) 

 SCOOT Random SCOOT Random SCOOT Random SCOOT Random 
Optimal 84(54,113) 94(49,241) 100% 100% 0% 0% 0(0) 0(0) 
50 72(42,99) 84(38,229) 100% 100% 0% 0% 0(0) 0(0) 
40 71(40,99) 81(37,221) 100% 100% 0% 0% 0(0) 0(0) 
30 68(38,95) 78(35,204) 100% 100% 0% 0% 0(0) 0(0) 
20 67(36,95) 76(33,180) 100% 100% 0% 0% 0(0) 0(0) 
10 61(34,91) 68(31,118) 100% 100% 0% 0% 0(0) 0(0) 
5 53(34,74) 58(30,89) 96% 100% 0.005% 0% 0.07(2) 0(0) 
4 49(33,67) 53(29,80) 93% 100% 0.03% 0% 0.4(10) 0(0) 
3 42(30,59) 45(28,67) 93% 93% 0.12% 0.057% 1.67(35) 0.83(24) 
2 32(27,44) 37(25,48) 93% 87% 0.14% 0.087% 1.89(41) 1.23(31) 
1 18(14,22) 21(15,28) 89% 70% 0.25% 0.32% 3.51(71) 3.63(36) 
1  
(15 minutes) 

2(1,3) 3(1,4) 89% 87% 0.16% 0.47% 2(34) 6(33) 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=404 (1548) seconds  
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Maximum value of the maximum possible times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=3350 seconds 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all random 

origin-destination pairs=946 (2081) seconds  

Maximum value of the maximum possible times of all STDLTP(EV) paths, for all random 

origin-destination pairs=6110 seconds 

 

As anticipated, according to table 5.6, the computational time of the heuristic 

STDLTP(EV) algorithm increases as the value of the maximum permitted number of p-

optimal paths that can be stored per node increases. When only one path can be stored per 

node, the computational time of the heuristic STDLTP(EV) algorithm is more than four times 

lower than the computational time of the ‘equivalent’ (i.e. size of the time period of interest 

extends over 120 minutes) optimal STDLTP(EV) algorithm. However, even when only one 

path can be stored per node, the computational time of the heuristic algorithm is high (21 

seconds). The above indicates that other parameters, such as the size of the time period of 

interest, have a greater impact on the STDLTP(EV) algorithm’s computational performance 

than the number of paths that can be stored per node. In particular, the computational time of 

the optimal STDLTP(EV) algorithm, with a time period of interest  of 15 minutes, is at least 

three times lower than the minimum possible computational time of the heuristic 

STDLTP(EV) algorithm (i.e. when only one p-optimal path can be stored per node), with a 

time period of interest of 120 minutes (see table 5.2 and 5.6). Furthermore, according to table 

5.6, the minimum possible computational time of the heuristic STDLTP(EV) algorithm, with a 

time period of interest of 15 minutes, is at least seven times lower than minimum possible 

computational time of the heuristic STDLTP(EV) algorithm, with a time period of interest of 

120 minutes.  

As anticipated, according to the table 5.6, the performance of the heuristic 

STDLTP(EV) algorithm, in terms of solution quality, improves as the value of the maximum 

permitted number of p-optimal paths that can be stored per node increases. When the 

maximum number of p-optimal paths that can be stored per node is equal to one, then there is 

a 11% chance that the STDLTP(EV) path would not be identified, for the SCOOT pairs and a 

30% chance that the STDLTP(EV) path would not be identified, for the random pairs. When 

the maximum number of p-optimal paths that can be stored per node increases to four, the 

heuristic STDLTP(EV) algorithm exhibits virtually optimal performance; at a cost of an 

increase in computational time. However, the sub optimality introduced, when only one p-
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optimal path can be stored per node, is insignificant in comparison with the optimal solution. 

In particular, when the STDLTP(EV) path is not identified, both the value of the % mean 

absolute relative error and the values of the mean and maximum absolute errors are very 

small. Under the worst case scenario (SCOOT pairs), the % mean absolute relative error is 

equal to 0.25%. The corresponding values of the mean and maximum absolute errors are equal 

to 3.51 seconds and 71 seconds respectively. The maximum value of the absolute error 

corresponds to a STDLTP(EV) path  with expected travel time value of 1367 seconds (over 22 

minutes).  

Tables 5.3 and 5.6 indicate that the reduction on the number of p-optimal paths that 

can be stored per node has a greater impact on the solution quality of the heuristic 

STDLTP(EV) algorithm than the size of the time period of interest parameter. The 

STDLTP(EV) algorithm with a time period of interest of 15 minutes outperforms the heuristic 

STDLTP(EV) algorithm with a time period of interest of 120 minutes, when up to 3 p-optimal 

paths can be stored per node (see tables 5.3 and 5.6). Most importantly, the solution quality of 

the heuristic STDLTP(EV) algorithm, when only one p-optimal path can be stored per node, 

does not change significantly, as the size of the time period of interest decreases from 120 

minutes to 15 minutes (see table 5.6).   

To sum up, the heuristic STDLTP(EV) algorithm as a direct extension of the 

corresponding optimal STDLTP(EV) algorithm, carries the same limitations and constraints 

(albeit at a lesser scale) as the optimal STDLTP(EV) algorithm Therefore, in order for the 

heuristic STDLTP(EV) algorithm to calculate the least-expected-time path for only one origin-

destination pair and only one departure time, it needs to calculate the least-expected-time paths 

of every other node in the network and every departure time within the time period of interest.  

Consequently, the computational performance of the heuristic STDLTP(EV) algorithm 

depends upon the size of the time period of interest. The above, imposes a lower bound on the 

reduction on the computational time of the heuristic STDLTP(EV) algorithm that can be 

achieved by reducing the value of the maximum permitted number of p-optimal paths that can 

be stored per node. In particular, the minimum possible computational time of the heuristic 

STDLTP(EV) algorithm (i.e. when only one p-optimal path can be stored per node), with a 

time period of interest of 15 minutes, was found to be equal to 1 second. Therefore, the 

heuristic STDLTP(EV) algorithm cannot be considered to have real-time characteristics.  
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5.5 Results for k-heuristic(EV) algorithm 
Taking into account the drawbacks associated with the above heuristic STDLTP(EV) 

algorithm, the following experiments explore the performance of the k-heuristic(EV) 

algorithm (see section 4.9.2), in terms of computational efficiency as well as in terms of 

quality of the obtainable solution. The major parameter that is expected to affect the 

performance of the k-heuristic(EV) algorithm is the value of the parameter K used in the 

algorithm. It is anticipated that the smaller the value of the parameter K used in the algorithm 

is, the more computationally efficient the k-heuristic(EV) algorithm is, but the less likely it is 

that the k-heuristic(EV) algorithm will identify the STDLTP(EV) path. The computational 

time of the k-heuristic(EV) algorithm, with K=1, will be slightly higher than the respective 

computational time of the standard Dijkstra’s one to one label-setting shortest path algorithm 

(due to the additional time required in order to calculate the expected value of the path in the 

context of a discrete stochastic and time-dependent network).  

For the optimal evaluation of the expected traversal time of a path for a single 

departure time, the expected traversal time of each of its subpaths (with the same destination 

node) need only be evaluated for every departure time, for which the subpaths can be possibly 

reached. This guarantees the efficient evaluation of a path’s expected traversal time for a 

single departure time, in the context of an extended ‘relaxed’ FIFO network. For the reasons 

stated above, the computational performance of the k-heuristic(EV) algorithm is anticipated to 

be origin-destination node specific (i.e dependent upon the minimum and maximum 

anticipated duration of the journey between the origin-destination pair for the requested 

departure time).  

The first index of performance measures the computational time of the k-heuristic(EV) 

algorithm as a function of the value of the parameter K used in the algorithm. The next three 

indexes of performance measure the solution quality of the k-heuristic(EV) algorithm as a 

function of the value of the parameter K used in the algorithm. To demonstrate the solution 

quality of the k-heuristic(EV) algorithm, a comparison is made with the STDLTP(EV) path, 

that is the solution obtained by the optimal STDLTP(EV) algorithm (time period of interest 

extends over 120 minutes). The first index of performance calculates the percentage of times 

for which the k-heuristic(EV) algorithm identifies the STDLTP(EV) path. The second index of 

performance measures the % mean absolute relative error. The third index of performance 

measures the mean and maximum absolute errors.  
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As anticipated, according to table 5.7, the computational time of the k-heuristic(EV) 

algorithm decreases as the value of  the parameter K used in the algorithm decreases. The 

computational time of the k-heuristic(EV) algorithm is very small when the value of the K 

parameter is less than or equal to 5 (i.e. maximum computational time<0.3 seconds). 

Furthermore, the computational time of the k-heuristic(EV) algorithm, with K=1, is slightly 

higher than the computational time of the standard Dijkstra’s one to one label-setting shortest 

path algorithm. In comparison with the computational time of the STDLTP(EV) algorithm, the 

maximum computational time of the k-heuristic(EV) algorithm, with the value of the K 

parameter as high as 50, is lower than the minimum possible computational time of the 

STDLTP(EV) algorithm (i.e. with a time period of interest of 15 minutes) (see table 5.2). 

Moreover, when the value of the parameter K is less than or equal to 20, the maximum 

computational time of the k-heuristic(EV) algorithm is lower than or equal to the minimum 

possible computational time of the heuristic STDLTP(EV) algorithm (i.e. when only one p-

optimal path can be stored per node and with a time period of interest of 15 minutes) (see table 

5.6).  

 

Table 5.7: Performance of the k-heuristic(EV) algorithm, as a function of the value of the 

parameter K 
CPU time (sec)- mean(min,max) Percentage of 

times that the 
STDLTP(EV) path 
was identified 

%Mean absolute 
relative error 

Mean(Maximum) 
absolute error 

K 
value  

SCOOT Random SCOOT Random SCOOT Random SCOOT Random 
2000 162(42,360) 189(22,445) 100% 100% 0 0 0(0) 0(0) 
500 11(3,28) 16(3,44) 100% 100% 0 0 0(0) 0(0) 
400 7(2,19) 11(2,33) 100% 100% 0 0 0(0) 0(0) 
300 5(1,13) 8(2,23) 100% 100% 0 0 0(0) 0(0) 
200 3(0.63,7) 4(0.84,14) 100% 100% 0 0 0(0) 0(0) 
100 0.9(0.23,3) 2(0.31,6) 100% 100% 0 0 0(0) 0(0) 
50 0.36(0.1,1) 0.83(0.12,3) 100% 100% 0 0 0(0) 0(0) 
40 0.27(0.07,1) 0.6(0.09,2) 100% 100% 0 0 0(0) 0(0) 
30 0.18(0.05,0.72) 0.5(0.07,2) 100% 100% 0 0 0(0) 0(0) 
20 0.11(0.03,0.47) 0.3(0.03,1) 100% 100% 0 0 0(0) 0(0) 
10 0.05(0.01,0.23) 0.14(0.02,0.52) 100% 100% 0 0 0(0) 0(0) 
5 0.02(<0.01,0.11) 0.07(<0.01,0.26) 96% 97% 0.005% 0.007% 0.07(2) 0.1(3) 
4 0.02(<0.01,0.09) 0.06(<0.01,0.20) 93% 97% 0.33% 0.007% 1.81(47) 0.1(3) 
3 0.01(<0.01,0.07) 0.04(<0.01,0.15) 89% 90% 0.49% 0.02% 3.03(47) 0.3(6) 
2 <0.01(<0.01,0.04) 0.03(<0.01,0.1) 78% 90% 0.58% 0.07% 3.37(47) 0.93(15) 
1 <0.01(<0.01,0.03) 0.01(<0.01,0.05) 70% 70% 0.98% 0.12% 5.03(47) 1.5(15) 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=404 (1548) seconds  

Maximum value of the maximum possible times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=3350 seconds 
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Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all random 

origin-destination pairs=946 (2081) seconds  

Maximum value of the maximum possible times of all STDLTP(EV) paths, for all random 

origin-destination pairs=6110 seconds 

 

It is important to notice that, according to table 5.7, the average and the maximum 

computational times of the k-heuristic(EV) algorithm are higher when tested upon the random 

pairs than when tested upon the SCOOT pairs. The above is attributed to fact that the 

randomly selected origin-destination pairs are further apart than the origin-destination pairs 

that are associated with a SCOOT-controlled area. The computational time of the one to one k-

least-time path algorithm depends upon the distance between the origin-destination pair 

request. Furthermore, the computational time required for the evaluation of each of the K 

least-time paths’ expected travel time values, in the context of an extended ‘relaxed’ FIFO 

discrete stochastic and time-dependent network, depends upon the length of the path (i.e. 

dependent upon the minimum and maximum anticipated duration of the journey between the 

origin-destination pair for the requested departure time). For the reasons stated above, there is 

a big difference between the minimum and maximum computational times of the k-

heuristic(EV) algorithm, for a given value of K. 

As anticipated, according to table 5.7, the performance of the k-heuristic(EV) 

algorithm, in terms of solution quality, improves as the value of K increases. The k-

heuristic(EV) algorithm, with K=10, exhibits always optimal performance. Most importantly, 

the k-heuristic(EV) algorithm, with K=5, exhibits effectively optimal performance; as when 

the STDLTP(EV) path is not identified, both the value of the % mean absolute relative error 

and the values of the mean and maximum absolute errors are negligible. In the following, we 

will explore the deterioration of the k-heuristic(EV) algorithm’s performance, in terms of the 

solution quality, when the K value decreases from five to one.  

The biggest improvement in the k-heuristic(EV) algorithm’s performance occurs when 

the K value increases from one to two and when the K value increases from four to five. 

However, even when K=1 and under the worst case scenario (SCOOT pairs), the % mean 

absolute relative error is equal to 0.98% and the corresponding values of the mean and 

maximum absolute errors are equal to 5.03 seconds and 47 seconds respectively. The 

maximum value of the absolute error corresponds to a STDLTP(EV) path with expected travel 

time value of 530 seconds (over 8 minutes). The above results indicate that there exists a good 

correlation between the expected travel time values of a path, in the context of a deterministic 



 181

and time-dependent network and the respective expected travel time values of the path in the 

context of a stochastic and time-dependent network.   

It is important to notice that the results on the solution quality of the k-heuristic(EV) 

algorithm, when tested upon the SCOOT pairs, are more reliable than the results on the 

solution quality of the k-heuristic(EV) algorithm, when tested upon the random pairs. That is 

because the STDLTP(EV) path, of a randomly selected origin-destination pair, is likely to 

consist of a big number of non-detectorized links. Due to the homogeneous representation of 

the non-detectorized links’ traversal times (see section 5.2.1), the least-expected-time path 

problem, in the context of a stochastic and time-dependent network, reduces to the shortest 

path problem, if all links are non-detectorized. The above biased the performance, in terms of 

solution quality, of the k-heuristic(EV) algorithm, when tested above the random pairs.  

To sum up, the above results emphasize clearly the benefits of the k-heuristic(EV) 

algorithm as opposed to the corresponding heuristic STDLTP(EV) algorithm. The k-

heuristic(EV) algorithm, with K=5, was found to exhibit optimal performance within very 

small computational time (<0.3 seconds). Moreover, for applications with very strict real-time 

characteristics (i.e. required computational times close to those of the standard shortest path 

algorithms), the k-heuristic(EV) algorithm, with K=1, was found to exhibit nearly optimal 

performance.  

 

5.6 Results for STDLTP(Var) algorithms 
As mentioned in sections 4.7.3 and 4.8.2, a forward version and a backward (many to 

one) version of the STDLTP(Var) algorithm have been implemented. The disadvantage of the 

backward STDLTP(Var) algorithm is that in order to provide the minimum ‘approximate 

variance’ value path for only one origin-destination pair and only one departure time, it needs 

to calculate the minimum ‘approximate variance’ value path of every other node in the 

network to the destination node and every departure time within the time period of interest. 

Thus it appears to spend a lot of time in unnecessary computations. Furthermore, the 

theoretical inefficiency of the backward STDLTP(Var) algorithm is due to the fact that for the 

algorithm to identify the minimum ‘approximate variance’ value path, for an origin-

destination pair, a very big number of p-optimal paths may need to be stored per node at any 

intermediate stage of the algorithm.  

Both of the above problems are resolved by the forward version of the STDLTP(Var) 

algorithm. The ‘approximate variance’ value of each constructed path is calculated only for a 
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single departure time. Most importantly, the dominance status between paths is established 

over a single departure time rather than over every departure time within the time period of 

interest. This implies that at any intermediate stage of the algorithm only one p-optimal path 

needs to be stored per node, in order for the forward STDLTP(Var) algorithm to identify the 

minimum ‘approximate variance’ value path. The forward STDLTP(Var) algorithm is 

anticipated to be slightly less computationally efficient than Bellman’s standard one to many, 

label-correcting shortest path algorithm; due to the additional time required to evaluate the 

paths’ ‘approximate variance’ values and due to the additional time required to check if a 

newly constructed nondominated path contains a loop and/or if it is  deterministically 

dominated (see section 4.8.2). Consequently, the computational time of the forward 

STDLTP(Var) algorithm will be significantly lower than the computational time of the 

backward STDLTP(Var) algorithm.  

The extended Bellman’s Principle of Optimality is not valid in the context of a 

stochastic and time-dependent network for either the forward or the backward STDLTP(Var) 

algorithms (see sections 4.10.2.3 and 4.10.3.2). Therefore, the STDLTP(Var) algorithms do 

not guarantee to provide us with an optimal solution. As the optimal solution is not known, it 

is assumed that  the smaller ‘approximate variance’ value of the minimum ‘approximate 

variance’ value paths, outputted by the backward and forward STDLTP(Var) algorithms 

respectively (referred to as STDLTP(Var) path and forward STDLTP(Var) path), is the 

‘optimal’ solution. Two indexes of performance are employed. The first index of performance 

calculates the percentage of times for which both of the algorithms identify the ‘optimal’ 

solution as well as the percentage of times for which just one of the STDLTP(Var) algorithms 

identifies the ‘optimal’ solution (defined above). The second index of performance measures 

the mean and the maximum absolute errors between the ‘optimal’ solution and the solution 

identified by the other algorithm.  

The performance of the forward STDLTP(Var) algorithm and the backward 

STDLTP(Var) algorithm were compared for SCOOT pairs only. When comparing the 

performance of the forward STDLTP(Var) and backward STDLTP(Var) algorithms the time 

period of interest extends over 90 minutes. Due to the excessive computational requirements 

of the backward STDLTP(Var) algorithm, when run with a two hour time period of interest, 

we decided to reduce the size of the time period of interest to 90 minutes. The mean CPU time 

of the backward algorithm was 314 seconds compared with 0.02 seconds for the forward 

algorithm. Therefore, as anticipated, the computational time of the forward STDLTP(Var) 

algorithm is slightly higher than the corresponding computational time of the standard 
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Bellman’s label-correcting one to many shortest path algorithm. According to table 5.2, the 

computational time of the backward STDLTP(Var) algorithm is about six times higher than 

the computational time of the ‘equivalent’ STDLTP(EV) algorithm. This indicates that the 

performance of the backward STDLTP algorithms depends upon the employed optimization 

criterion.  

Most importantly, the performance of the forward and backward STDLTP(Var) 

algorithms, in terms of solution quality,  is effectively identical. The forward STDLTP(Var) 

path coincided with the STDLTP(Var) path 96% of the time. The forward algorithm never 

identified a path with a smaller ‘approximate variance’ value. However, the backward 

algorithm identified a path with a smaller ‘approximate variance’ value 4% of the time (i.e. 

only for one of the 27 tested SCOOT origin-destination pairs). For this origin-destination pair, 

the difference between the ‘approximate variance’ values of the forward STDLTP(Var) path 

and the STDLTP(Var) path is equal to 20 seconds, with respect to the ‘approximate variance’ 

value of the STDLTP(Var) path of 1790 seconds (over 29 minutes).       

The performance of the backward STDLTP(Var) algorithm, as a many to one and 

multiple departure time algorithm, is anticipated to exhibit similar characteristics with the 

performance of the respective many to one and multiple departure time STDLTP(EV) 

algorithm (see tables 5.1 to 5.3). Given that the computational performance of the forward 

STDLTP(Var) algorithm is much smaller than the computational performance of the backward 

STDLTP(Var) algorithm, we will further explore the performance of the forward 

STDLTP(Var) algorithm. The next set of experiments explore the performance of the forward 

STDLTP(Var) algorithm, in terms of computational efficiency as well as solution quality, as a 

function of the size of the time period of interest.  

As mentioned in section 4.8.2, the forward STDLTP(Var) algorithm is a single 

departure time algorithm and therefore its computational performance is independent of the 

size of the time period of interest. However, the solution quality of the forward STDLTP(Var) 

algorithm is anticipated to be affected by the size of the time period of interest. For the optimal 

evaluation of a path’s ‘approximate variance’ value, the time period of interest should cover at 

least the maximum duration of the journey between the origin-destination pair, for the 

requested departure time; as the optimal evaluation of a path’s ‘approximate variance’ value 

depends upon the optimal evaluation of a path’s maximum possible travel time value. 

Therefore, small sizes of the time period of interest run the risk of incorrectly evaluating the 

paths’ ‘approximate variance’ values. Incorrect evaluation of the paths’ ‘approximate 
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variance’ values, by the respective forward STDLTP(Var) algorithm, may compromise the 

ability of the algorithm to identify the actual ‘optimal’ path. 

Following a conservative approach, it is assumed that the forward STDLTP(Var) 

algorithm with a time period of interest that extends over 120 minutes will provide us with the 

optimal path (referred to as forward STDLTP(Var) path). Three indexes of performance are 

employed. The first index of performance calculates the percentage of times for which the 

forward STDLTP(Var) algorithm with a  time period of interest smaller than 120 minutes 

identifies the forward STDLTP(Var) path (i.e. topological identical path). The second index of 

performance measures the % mean absolute relative error. The third index of performance 

measures the mean and maximum absolute errors.  

 

Table 5.8: Performance of the forward STDLTP(Var) algorithm, as a function of the  

size of the time period of interest 
CPU time (sec)- 
Mean(min-max) 

Percentage of times 
that the forward 
STDLTP(Var) path 
was identified 

%Mean absolute  
relative error 

Mean (Max) 
Absolute error(sec) 

No. of time 
intervals  
(size of the time 
period of 
interest) SCOOT Random SCOOT Random SCOOT Random SCOOT Random 

90  
(15 minutes) 

0.02 ( 
0.01-0.03) 

0.02 ( 
0.01-0.04) 

100% 77% 0.006 3.16 8(80) 68(300) 

180 
(30 minutes) 

0.02 ( 
0.01-0.02) 

0.02 ( 
0.01-0.04) 

100% 87% 0.43 3.42 7(180) 95(400) 

360 
(60 minutes) 

0.02 ( 
0.01-0.02) 

0.02 ( 
0.01-0.04) 

100% 97% 0 0.21 0(0) 9(250) 

540 
(90 minutes) 

0.02 ( 
0.01-0.04) 

0.02 ( 
0.01-0.04) 

100% 100% 0 0.04 0(0) 2(60) 

720 
(120 minutes) 

0.02 ( 
0.01-0.02) 

0.02 ( 
0.01-0.03) 

100% 100% 0 0 0(0) 0(0) 

Mean (Maximum) ‘approximate variance’ value of all forward STDLTP(Var) paths, for all 

SCOOT pairs=481(1810) seconds  

Maximum value of the maximum possible traversal time of all forward STDLTP(Var) paths, 

for all SCOOT pairs=3290 seconds 

Mean (Maximum) ‘approximate variance’ value of all forward STDLTP(Var) paths, for all 

random pairs=1822(4480) seconds  

Maximum value of the maximum possible traversal time of all forward STDLTP(Var) paths, 

for all random pairs=5730 seconds 
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As anticipated, according to table 5.8, the computational time of the forward 

STDLTP(Var) algorithm, as a single departure time algorithm, is independent of the size of 

the time period of interest. However, small sizes of the time period of interest have an impact 

upon the solution quality of the algorithm.  

According to table 5.8, the forward STDLTP(Var) algorithm always identifies the 

forward STDLTP(Var) path, when tested upon the SCOOT pairs, independent of the size of 

the time period of interest. Furthermore, the forward STDLTP(Var) algorithm evaluates 

correctly the ‘approximate variance’ values of all forward STDLTP(Var) paths, for a time 

period of interest of at least 60 minutes. However, for small sizes of the time period of interest 

(i.e. 15 minutes and 30 minutes) the ‘approximate variance’ value of the forward 

STDLTP(Var) path is not always correctly evaluated. This indicates that the incorrect 

evaluation of the paths’ ‘approximate variance’ values does not compromise the ability of the 

forward STDLTP(Var) algorithm to identify the forward STDLTP(Var) path.  Under the worst 

case scenario (30 minutes), for the SCOOT pairs, the % mean absolute relative error is equal 

to 0.43. The corresponding value of the mean absolute error is equal to 7 seconds with a 

maximum error of 180 seconds. The value of the maximum absolute error is associated with a 

forward STDLTP(Var) path with ‘approximate variance’ value of 1810 seconds (over 30 

minutes) and maximum possible travel time value of 3290 seconds (over 54 minutes). The 

maximum possible travel time value of the forward STDLTP(Var) path (over 54 minutes), 

exceeds the size of the time period of interest (30 minutes). Therefore, some of the links’ of 

the forward STDLTP(Var) path were reached outside the time period of interest. This 

indicates that the size of the time period of interest should be at least equal to the maximum 

possible traversal time of the path, in order for the path’s ‘approximate variance’ value to be 

optimally evaluated. Furthermore, it indicates that the rate of change of the SCOOT-

detectorized links’ maximum possible travel times for consecutive 5-minute time intervals can 

be big. Finally, it is interesting to notice that the solution quality of the forward STDLTP(Var) 

algorithm (i.e. accuracy in the evaluation of the paths’ ‘approximate variance’ values) does not 

always improve with an  increase in the size of the time period of interest. For example, both 

of the values of the % mean absolute relative error and the maximum absolute error increase, 

as the size of the time period of interest increases from 15 minutes to 30 minutes. The above is 

attributed to chance. To sum up, the forward STDLTP(Var) algorithm, when tested upon the 

SCOOT pairs, exhibits optimal performance, when the size of the time period of interest is at 

least equal to 60 minutes.  
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According to table 5.8, the forward STDLTP(Var) algorithm always identifies the 

forward STDLTP(Var) path, when tested upon the random pairs, for a time period of interest 

of at least 90 minutes. However, for one of the tested random pairs and with a time period of 

interest of 90 minutes, the forward STDLTP(Var) algorithm does not evaluate optimally the 

path’s ‘approximate variance’ value. The value of maximum error of 60 seconds is associated 

with a forward STDLTP(Var) path with maximum value of 5730 seconds (over 95 minutes). 

This indicates that the size of the time period of interest should be at least equal to the 

maximum possible traversal time of the path, in order for the path’s ‘approximate variance’ 

value to be optimally evaluated. Furthermore, the performance of the forward STDLTP(Var) 

algorithm deteriorates as the size of the time period of interest decreases. For small sizes of the 

time period of interest (15 minutes and 30 minutes) the forward STDLTP(Var) algorithm fails 

to identify the forward STDLTP(Var) path for 23% and 13% of the times respectively. This 

indicates that the incorrect evaluation of the paths’ ‘approximate variance’ values 

compromises the ability of the forward STDLTP(Var) algorithm to identify the forward 

STDLTP(Var) path (i.e. which contradicts the conclusion drawn when the algorithm was 

tested upon the SCOOT pairs). It is interesting to notice that all of the values of the errors 

increase, as the size of the time period of interest increases from 15 minutes to 30 minutes. 

The above is attributed to chance. However, in general the values of all errors are very high 

for small sizes of the time period of interest. Under the worst case scenario (30 minutes), for 

the random pairs, the % mean absolute relative error is equal to 3.42. The corresponding value 

of the mean absolute error is equal to 95 seconds with a maximum error of 400 seconds (over 

6 minutes). The value of the maximum absolute error is associated with a forward 

STDLTP(Var) path with ‘approximate variance’ value of 3220 seconds (over 53 minutes) and 

maximum possible travel time value of 4450 seconds (over 74 minutes). Finally, it is 

interesting to notice that the size of the time period of interest, has a greater impact on the 

performance of the forward STDLTP(Var) algorithm, when tested upon the random pairs than 

when tested upon the SCOOT pairs. This is attributed to the fact that the maximum possible 

travel time values of the forward STDLTP(Var) paths, for the random pairs, are higher than 

the respective maximum possible travel time values of the forward STDLTP(Var) paths for 

the SCOOT pairs.  

To sum up, the optimal evaluation of a path’s ‘approximate variance’ value and 

consequently the solution quality of the forward STDLTP(Var) algorithm depends greatly 

upon the size of the time period of interest. Furthermore, the size of the time period of interest 

required for the optimal evaluation of a path’s ‘approximate variance’ value is always greater 
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than the size of the time period of interest required for the optimal evaluation of a path’s 

expected value (see tables 5.3 and 5.8). The above was anticipated, as the optimal evaluation 

of the path’s ‘approximate variance’ value is very much dependent upon the optimal 

evaluation of the path’s maximum possible travel time value. Therefore, in order to guarantee 

that the ‘approximate variance’ value of any path is evaluated optimally, under any 

circumstances, the size of the time period of interest should always extend over the maximum 

possible travel time value of any path in the network (over 95 minutes, for our experiment). 

The above demonstrates clearly the advantages of the forward STDLTP(Var) algorithm - a 

single departure time algorithm whose computational performance is independent of the size 

of the time period of interest, as opposed to the backward STDLTP(Var) algorithm - a 

multiple departure time algorithm whose computational performance is mainly dependent 

upon the size of the time period of interest.  

The heuristic version of the backward STDLTP(Var) algorithm places a limit upon the 

maximum number of p-optimal paths that can be stored per node, at any stage of the 

algorithm. Similar to the heuristic STDLTP(EV) algorithm (see table 5.6), the minimum 

possible computational time of the heuristic STDLTP(Var) algorithm (when only one p-

optimal path is stored per node and for a time period of interest of 15 minutes) would always 

be much higher than the corresponding computational time of the forward STDLTP(Var) 

algorithm and it would be associated with a degrading performance in terms of the solution 

quality.  Hence, we would not explore the performance of a heuristic backward STDLTP(Var) 

algorithm, as it would carry exactly the same limitations as the ‘optimal’ backward 

STDLTP(Var) algorithm.  

To sum up, the very small computational time of the forward STDLTP(Var) algorithm, 

without compromising the solution quality, does not provide any incentive for the 

development of the heuristic backward STDLTP(Var) algorithm and/or any other heuristic 

version of the STDLTP(Var) algorithm. However, due to the theoretical non-optimality of the 

forward STDLTP(Var) algorithm it is important to further evaluate the solution quality of the 

algorithm.  

 

5.7 Results for k-heuristic(Var) algorithm 
The k-heuristic(Var)  algorithm is used as a benchmark in order to assess the solution 

quality of the forward STDLTP(Var) algorithm. In particular, when the value of the parameter 

K is very high, the k-heuristic(Var) algorithm becomes closer to the enumeration technique 
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and consequently it is anticipated to identify the actual minimum ‘approximate variance’ value 

path. The following experiments explore the performance of the k-heuristic(Var) algorithm in 

terms of computational efficiency as well as in terms of quality of the obtainable solution. The 

major parameter, that is anticipated to affect the performance of the k-heuristic(Var) algorithm 

is the value of K. It is anticipated that the smaller the value of the parameter K, the more 

computationally efficient the k-heuristic(Var) algorithm is, but the less likely it is that k-

heuristic(Var) algorithm will identify the optimal solution.  

The ‘approximate variance’ value of a path, for a requested departure time, can be 

evaluated correctly in a forward way, in the context of a ‘relaxed’ FIFO network (see section 

4.8.2). Therefore, the computational overhead added when evaluating a path’s ‘approximate 

variance’ value, in the context of a ‘relaxed’ FIFO network, will be lower than the 

computational overhead added when evaluating a path’s expected value, in the context of an 

extended ‘relaxed’ FIFO network. Furthermore, the computational performance of the k-

heuristic(Var) algorithm will be less dependent upon the distance of an origin-destination pair 

(i.e. dependent upon the minimum and maximum anticipated duration of the journey between 

the origin-destination pair for the requested departure time) than the computational 

performance of the corresponding k-heuristic(EV) algorithm. Consequently, the computational 

time of the k-heuristic(Var) algorithm is anticipated to be lower than the corresponding 

computational time of the k-heuristic(EV) algorithm; despite the fact that the k-heuristic(Var) 

algorithm performs additional comparisons in order to discard the paths amongst the K that are 

found to be deterministically dominated (see section 4.9.2). The above hypotheses will be 

tested in the following experiments.  

The first index of performance measures the computational time of the k-heuristic(Var) 

algorithm as a function of the value of the parameter K used in the algorithm. To demonstrate 

the solution quality of the k-heuristic(Var) algorithm a comparison is made with the solution 

obtained by the forward STDLTP(Var) algorithm. However, the forward STDLTP(Var) 

algorithm and the k-heuristic(Var) algorithm do not guarantee to provide us with an optimal 

solution. As the optimal solution is not known, it is assumed that  the smaller ‘approximate 

variance’ value of the minimum ‘approximate variance’ value paths, outputted by the forward 

STDLTP(Var) algorithm and the k-heuristic(Var) algorithm respectively (referred to as 

forward STDLTP(Var) path and k-heuristic(Var) path), is the ‘optimal’ solution. Three 

indexes of performance are employed. The first index of performance calculates the 

percentage of times for which both of the algorithms identify the ‘optimal’ solution as well as 

the percentage of times for which just one of the algorithms identifies the ‘optimal’ solution 
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(defined above). The second and third indexes of performance measure the difference between 

the ‘optimal’ solution and the solution identified by the other algorithm. The second index of 

performance measures the % mean absolute relative error. The third index of performance 

measures the mean and maximum absolute error.  

 

Table 5.9: Performance of the k-heuristic(Var) algorithm, as a function of the value of 

the parameter K 
CPU time (sec) – mean (min,max) Percentage of 

times that the 
‘optimal’ path was 
identified 

%Mean absolute  
Relative error 

Mean (Maximum) 
absolute error (sec)  

K 
value 

SCOOT Random SCOOT Random SCOOT Random SCOOT Random 
2000 153(35,335) 165(12,378) 81% 53% 3.18% 7.22% 39(420) 170(1610) 
1000 33(4,76) 38(4,84) 78% 50% 3.57% 8.18% 42(420) 191(1610) 
500 8(0.87,20) 10(1,22) 78% 47% 3.60% 9.30% 42(430) 212(1960) 
400 6(0.60,14) 7(0.82,15) 78% 47% 3.73% 9.77% 44(470) 228(1960) 
300 3(0.40,8) 4(0.53,9) 78% 47% 3.73% 10.05% 44(470) 233(1960) 
200 2(0.18,4) 2(0.31,5) 78% 47% 4.20% 10.10% 49(470) 234(1960) 
100 0.57(0.08,1) 0.74(0.14,2) 74% 47% 4.34% 10.34% 51(470) 240(1960) 
50 0.21(0.03,0.55) 0.28(0.05,0.63) 74% 47% 4.53% 11.57% 52(470) 263(1960) 
40 0.15(0.02,0.44) 0.21(0.05,0.46) 74% 43% 4.53% 12.37% 52(470) 274(1960) 
30 0.10(0.02,0.29) 0.14(0.03,32) 74% 43% 4.53% 12.42% 52(470) 276(1960) 
20 0.06(0.01,0.17) 0.09(0.02,0.20) 74% 43% 5.45% 12.43% 69(470) 277(1970) 
10 0.03(<0.01,0.08) 0.04(0.01,0.09) 70% 43% 6.00% 12.60% 71(470) 279(1970) 
5 0.01(<0.01,0.04) 0.02(<0.01,0.04) 67% 40% 16.58% 15.76% 86(470) 323(1980) 
4 <0.01(<0.01,0.03) 0.01(<0.01,0.04) 67% 40% 17.60% 15.97% 97(470) 328(1980) 
3 <0.01(<0.01,0.02)  0.01(<0.01,0.04) 63% 37% 25.26% 16.46% 137(750) 337(1990) 
2 <0.01(<0.01,0.02) <0.01(<0.01,0.02) 59% 37% 26.18% 16.80% 139(750) 344(2010) 
1 <0.01(<0.01,0.01) <0.01(<0.01,0.01) 48% 30% 33.17% 17.40% 187(1240) 356(2020) 

Mean (Maximum) ‘approximate variance’ value of all forward STDLTP(Var) paths, for all 

SCOOT pairs=481(1810) seconds  

Maximum value of the maximum possible traversal time of all forward STDLTP(Var) paths, 

for all SCOOT pairs=3290 seconds 

Mean (Maximum) ‘approximate variance’ value of all forward STDLTP(Var) paths, for all 

random pairs=1822(4480) seconds  

Maximum value of the maximum possible traversal time of all forward STDLTP(Var) paths, 

for all random pairs=5730 seconds 

 

As anticipated, according to table 5.9, the computational time of the k-heuristic(Var) 

algorithm decreases as the value of the K parameter used in the algorithm decreases. The 

average computational time of the k-heuristic(Var) algorithm is lower than the average 

computational time of the forward STDLTP(Var) algorithm when the value of the K 

parameter is less than 5. However, there is a big difference between the minimum and 



 190

maximum computational times of the k-heuristic(Var) algorithm, for a given value of K. The 

maximum computational time of the k-heuristic(Var) algorithm is lower than or equal to the 

minimum computational time of the forward STDLTP(Var) algorithm, only when K=1.   

Furthermore, the computational time of the k-heuristic(Var) algorithm is lower than the 

computational time of the corresponding k-heuristic(EV) algorithm (see table 5.7). For 

example, when K=5, the average computational time of the k-heuristic(Var) algorithm is at 

least two times lower than the average computational time of the corresponding k-

heuristic(EV) algorithm. Moreover, the maximum computational time of the k-heuristic(Var) 

algorithm, with K=5, is at least three times lower than the maximum computational time of the 

k-heuristic(EV) algorithm, with K=5. The absolute difference, between the computational 

times of the two algorithms increases, as the value of K increases. Furthermore, as anticipated, 

the difference between the minimum and maximum computational times of the k-

heuristic(Var) algorithm is lower than the difference between the minimum and maximum 

computational times of the corresponding k-heuristic(EV) algorithm. Therefore, as anticipated 

the computational time of the k-heuristic(Var) algorithm is less origin-destination pair specific 

than the computational time of the corresponding k-heuristic(EV) algorithm. The above 

demonstrates clearly the benefits that the forward evaluation of the optimization criterion has 

on the k-heuristic algorithm’s computational performance.  

The solution quality of the k-heuristic(Var) algorithm is poor, for some of the tested 

pairs, even when K takes its highest value (K=2000). For the SCOOT pairs (K=2000), there is 

a 19% chance that the k-heuristic(Var) path will not coincide with the forward STDLTP(Var) 

path. Similarly, for the random pairs (K=2000), there is a 47% chance that the k-heuristic(Var) 

path will not coincide with the forward STDLTP(Var) path. For all the tested origin-

destination pairs that the k-heuristic(Var) path does not coincide with the forward 

STDLTP(Var) path, the solution identified by the k-heuristic(Var) algorithm was found to be 

inferior to the solution identified by the forward STDLTP(Var) algorithm.  

As the ‘approximate variance’ values of the forward STDLTP(Var) paths are always 

lower than or equal to the ‘approximate variance’ values of the k-heuristic(Var) paths; all the 

values of errors measure the sub optimality of the k-heuristic(Var) algorithm. When K=2000, 

the values of the maximum absolute errors, for both the SCOOT and the random pairs, are 

high. When both of the algorithms are tested upon the SCOOT pairs, the ‘approximate 

variance’ values of the k-heuristic(Var) paths (when K=2000) is on average 39 seconds higher 

and at maximum 420 seconds (7 minutes) higher than the corresponding ‘approximate 

variance’ values of the forward STDLTP(Var) paths; with respect to the average and 
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maximum ‘approximate variance’ value of all forward STDLTP(Var) paths of 481 seconds ( 

over 8 minutes) and 1810 seconds (over 30 minutes) respectively. The sub optimality of the k-

heuristic(Var) algorithm is even greater when both of the algorithms are tested upon the 

random pairs. When both of the algorithms are tested upon the random pairs, the ‘approximate 

variance’ values of the k-heuristic(Var) paths (when K=2000) is on average 170 seconds 

higher and at maximum 1610 seconds (over 26 minutes) higher than the corresponding 

‘approximate variance’ values of the forward STDLTP(Var) paths; with respect to the average 

and maximum ‘approximate variance’ value of all forward STDLTP(Var) paths of 1822 

seconds (over 30 minutes) and 4480 seconds (over 74 minutes) respectively.  

According to the above, despite the fact that the forward STDLTP(Var) algorithm is 

not in theory optimal, the solutions provided by the forward STDLTP(Var) algorithm are 

better than the corresponding solutions provided by the k-heuristic(Var) algorithm. The above 

results were contrary to our expectations. It was anticipated that the k-heuristic(Var) algorithm 

with a high value of K (K=2000) will outperform the forward STDLTP(Var) algorithm, in 

terms of solution quality, as it would resemble a brute force enumeration. Consequently, the 

above results demonstrate clearly that the solution quality of the forward STDLTP(Var) is 

satisfactory.  

As anticipated, according to table 5.9, the performance of the k-heuristic(Var) 

algorithm, in terms of solution quality, improves as the value of K increases. The biggest 

improvements in the k-heuristic(Var) algorithm’s performance occur for small values of K ( 

i.e. as the value of K increases from one to five). However, the relative improvement in the 

solution quality of the k-heuristic(Var) algorithm is not substantial for bigger values of K (i.e. 

when K>10). The solution quality of the k-heuristic(Var) algorithm, when K=5, is not 

significantly worse than the respective solution quality of the k-heuristic(Var) algorithm, when 

K=2000. The tradeoff between computational efficiency and solution quality, favours the use 

of the k-heuristic(Var) algorithm with K=5. It is interesting to notice the small reduction on 

the value of the maximum absolute error as the value of K increases from 5 to 2000 (i.e. for 

the SCOOT pairs the maximum absolute error changes from 470 seconds to 420 seconds). 

This indicates that for one of the tested SCOOT origin-destination pairs, the solution quality of 

the k-heuristic(Var) algorithm does not improve as the value of K increases from 5 to 2000.  

The very high values of the maximum absolute error and the relatively high values of 

the mean absolute error and the % mean absolute relative error, demonstrate clearly that for 

some of the tested origin-destination pairs the degree of sub optimality introduced by the k-

heuristic(Var) algorithm is unacceptable. The above indicates clearly that the appropriateness 
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of the k-heuristic algorithm depends upon the employed optimization criterion. In particular, 

the appropriateness of the k-heuristic algorithm depends upon the correlation between a path’s 

expected traversal time, in the context of a deterministic and time-dependent network and a 

path’s value, based upon the employed optimization criterion, in the context of a stochastic 

and time-dependent network. The sub optimality of the k-heuristic(Var) algorithm indicates 

that, for some of the origin-destination pairs,  there is no correlation between a path’s traversal 

time and a path’s ‘approximate variance’ value. As the experiments above have demonstrated, 

for some of the origin-destination pairs, a search space of the first 2000 least-time paths cannot 

always identify the forward STDLTP(Var) path. The above observation indicates the 

inappropriateness of the ‘approximate variance’ value criterion, when used on its own, as it 

can lead to paths with minimum uncertainty but with high travel time values.   

To sum up, taking into account the trade off between computational efficiency and 

solution quality, the forward STDLTP(Var) algorithm is always preferred over the k-

heuristic(Var) algorithm. The sub optimality introduced by the k-heuristic(Var) algorithm, 

with K=5, is substantial for some of the tested origin-destination pairs. Therefore, the k-

heuristic(Var) paths, with K=5, may exhibit high levels of uncertainty; which negates the 

nature of the minimum ‘approximate variance’ value dominance criterion.      

 

5.8 Results of STDLTP(Weight) algorithm 
The following experiments will evaluate the performance of the STDLTP(Weight) 

algorithm (see section 4.7.4) in terms of computational efficiency and solution quality and will 

compare it with the performance of the STDLTP(EV) algorithm. The theoretical worst-case 

computational complexity of the STDLTP(Weight) algorithm is non-polynomial. Furthermore, 

the extended Bellman’s Principle of Optimality is not valid for the minimum ‘weight’ value 

dominance criterion and consequently the STDLTP(Weight) algorithm is not in theory optimal 

(se section 4.10.2.4).  

The STDLTP(Weight) algorithm is similar (in terms of implementation) to the 

STDLTP(EV) algorithm (see section 4.7.4). However, the evaluation of a path’s ‘weight’ 

value is more time consuming than the evaluation of a path’s expected value. Furthermore, as 

the ‘weight’ value is effectively an ‘average’ of a path’s expected value and a path’s 

‘approximate variance’ value; a bigger number of paths are anticipated to be nondominated, 

based upon the minimum ‘weight’ value dominance criterion, than when only the expected 

value dominance criterion is taken into account. Moreover, the STDLTP(Weight) algorithm 
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performs an additional check in order to ensure that a newly constructed nondominated path is 

not deterministically dominated. Most importantly, the initialization process of the 

STDLTP(Weight) algorithm is much more time consuming than the initialization process of 

the STDLTP(EV) algorithm. That is because the STDLTP(Weight) algorithm initializes all 

labels associated with the expected, minimum, maximum and ‘weight’ values for every node 

of the network to the destination node and every departure time, within the time period of 

interest, as opposed to the STDLTP(EV) algorithm that initializes only the labels associated 

with the expected values for every node of the network to the destination node and every 

departure time, within the time period of interest. For the reasons stated above, the 

STDLTP(Weight) algorithm is anticipated to be less computationally efficient than the 

STDLTP(EV) algorithm. The above hypotheses will be tested in the following experiments.      

The first index of performance measures the computational time of the 

STDLTP(Weight) algorithm as a function of the size of the time period of interest and as a 

function of the pair of values of the ‘weight’ parameters. In particular, 6 pairs of values of the 

‘weight’ parameters are tested ((1,0), (0.8,0.2), (0.6,0.4), (0.4,0.6), (0.2,0.8), (0,1)), where the 

first value represents the ‘weight’ placed upon the path’s expected value and the second value 

represents the ‘weight’ placed upon the path’s ‘approximate variance’ value. The second index 

of performance measures the average and maximum number of nondominated paths for every 

node of the network to the destination node, as a function of the size of the time period of 

interest. The third index of performance explores the robustness of the STDLTP(Weight) 

algorithm, as a function of the size of the time period of interest. Thus it measures the average 

number of time intervals for which a nondominated path exhibits minimum ‘weight’ value.  

When measuring the performance of the STDLTP(Weight) algorithm as a function of 

the size of the time period of interest, the (0.6,0.4) pair of values of the ‘weight’ parameters is 

employed. When measuring the performance of the algorithm as a function of the pair of 

values of the ‘weight’ parameters, the size of the time period of interest extends over 90 

minutes (it was too computationally inefficient to run the STDLTP(Weight) algorithm for a 2 

hour time period of interest). Furthermore, in terms of implementation, the ‘relaxed’ FIFO 

characteristics of the network are taken into account when evaluating the paths’  ‘approximate 

variance’ values.  

According to table 5.10, the computational time of the STDLTP(Weight) algorithm 

increases worse than linearly with an increase in the number of time intervals. However, the 

computational performance of the STDLTP(Weight) algorithm is much better than predicted 

via the worst-case computational complexity. The computational time of the 
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STDLTP(Weight) algorithm is significantly higher than the computational time of the 

‘equivalent’ STDLTP(EV) algorithm (see table 5.2). Furthermore, the difference between the 

computational times of the two algorithms increases as the size of the time period of interest 

increases. The rate of change of the STDLTP(Weight) algorithm’s average computational time 

as a function of the size of the time period of interest is steeper than the rate of change of the 

STDLTP(EV) algorithm’s average computational time as a function of the size of the time 

period of interest. For example, the computational time of the STDLTP(EV) algorithm, of a 

time period of interest of 60 minutes, is 2.6 times higher than the computational time of the 

STDLTP(EV) algorithm, of  a time period of interest of 30 minutes. On the other hand, the 

computational time of the STDLTP(Weight) algorithm, of a time period of interest of 60 

minutes, is 3.3 times higher than the computational time of the STDLTP(Weight) algorithm, 

of  a time period of interest of 30 minutes. Therefore, an increase in the time period of interest, 

has a bigger impact upon the computational performance of the STDLTP(Weight) algorithm 

as opposed to the computational performance of the STDLTP(EV) algorithm.  

 
Table 5.10: Performance of the STDLTP(Weight) algorithm, as a function of the  size of 

the time period of interest 
CPU time (sec)- 
mean(min-max) 

No.of nondominated 
paths-max(mean) 

No.of time intervals when 
a nondominated path is 
optimal-mean (%) 

No. of time 
intervals 
(size of the 
time period 
of interest) 

SCOOT Random SCOOT Random SCOOT Random 

90  
(15 minutes) 

14(12,17) 14(12,18) 4(1) 5(1) 83(92%) 82(91%) 

180  
(30 minutes) 

41(36,54) 43(36,62) 9(2) 10(2) 136(76%) 133(74%) 

360  
(60 minutes) 

134(111,195) 141(106,205) 24(4) 25(4) 193(54%) 194(54%) 

540  
(90 minutes) 

253(207,370) 273(183,912) 29(4) 35(4) 275(51%) 272(50%) 

 

According to table 5.10, the average number of nondominated paths per node is 

between 1 and 4. The maximum number of nondominated paths per node is equal to 35. The 

average and maximum number of nondominated paths increases, as the size of the time period 

of interest increases. Both of the values of the average and maximum number of 

nondominated paths per node for the STDLTP(Weight) algorithm are higher than the values of 

the average and maximum number of nondominated paths per node for the ‘equivalent’ 

STDLTP(EV) algorithm. Furthermore, the difference between the average and maximum 

number of nondominated paths per node of the two algorithms increases as the size of the time 

period of interest increases. This confirmed our expectation that a bigger number of paths are 
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likely to be nondominated based upon the minimum ‘weight’ value criterion rather than based 

upon the expected value criterion.   

According to table 5.10, the STDLTP(Weight) algorithm exhibits robust performance. 

In particular, each of the nondominated paths exhibits minimum ‘weight’ value for at least 

50% of the time intervals. The average number of time intervals for which a nondominated 

path exhibits minimum ‘weight’ value decreases with an increase in the number of time 

intervals. Again, as anticipated the STDLTP(Weight) algorithm is less robust than the 

‘equivalent’ STDLTP(EV) algorithm (see table 5.2). An increase in the size of the time period 

of interest has a greater impact upon the robustness of the STDLTP(Weight) algorithm as 

opposed to the robustness of the STDLTP(EV) algorithm. The above was anticipated, as a 

bigger number of paths are nondominated for the STDLTP(Weight) algorithm than for the 

STDLTP(EV) algorithm, and consequently each of them is likely to exhibit minimum ‘weight’ 

value for a number of departure time intervals.  

To sum up, despite the fact that the STDLTP(Weight) algorithm performs better than 

predicted, via the worst-case computational complexity, with an increase in the size of the 

time period of interest, there is a significant difference between the computational time of the 

STDLTP(Weight) algorithm for small sizes and big sizes of the time period of interest. 

According to table 5.10, the computational time of the STDLTP(Weight) algorithm, ranges 

from 14 to 273 seconds for different sizes of the time period of interest (i.e. from 15 to 90 

minutes).  However, the STDLTP(Weight) algorithm exhibits optimal performance only when 

the ‘weight’ values of all paths have been correctly evaluated. The correct evaluation of a 

path’s ‘weight’ value depends upon the correct evaluation of the path’s expected and 

‘approximate variance’ values. As we’ve seen in tables 5.3 and 5.8, the correct evaluation of a 

path’s expected and ‘approximate variance’ values depends upon the size of the time period of 

interest. Therefore, small sizes of the time period of interest run the risk of incorrectly 

evaluating the paths’ ‘weight’ values. Incorrect evaluation of the paths’ ‘weight’ values, by the 

respective STDLTP(Weight) algorithm, may compromise the ability of the algorithm to 

identify the actual optimal path. 

The following experiments explore the solution quality of the STDLTP(Weight) 

algorithm for different sizes of the time period of interest in comparison with the ‘optimal’ 

solution. As mention in section 4.7.4, ties are not arbitrarily broken for the STDLTP(Weight) 

algorithm and therefore more than one paths may exhibit minimum ‘weight’ value, for a single 

origin-destination pair and departure time request. However, for all tested origin-destination 

pairs, only one path was found to exhibit minimum ‘weight’ value for each request. This was 
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attributed to the fact that the ‘weight’ values of the paths were calculated in seconds’ accuracy. 

It is assumed that the STDLTP(Weight) algorithm with a time period of interest that extends 

over 90 minutes provides us with the optimal solution for any requested origin-destination pair 

and any departure time. The above will be referred to as optimal STDLTP(Weight) algorithm. 

The minimum ‘weight’ value paths, as identified by the optimal STDLTP(Weight) algorithm 

will be referred to as STDLTP(Weight) paths. Three indexes of performance are employed. 

The first index of performance calculates the percentage of times for which the 

STDLTP(Weight) algorithm with a  time period of interest smaller than 90 minutes identifies 

the STDLTP(Weight) path. The second index of performance measures the % mean absolute 

relative error. The third index of performance measures the mean and maximum absolute 

errors. In particular, the second and third indexes of performance measure the absolute 

deviations between the STDLTP(Weight) path’s expected and ‘approximate variance’ values, 

and the respective minimum ‘weight’ value path’s expected  and ‘approximate variance’ 

values, as identified by the STDLTP(Weight) algorithm with a time period of interest smaller 

than 90 minutes.  

 

Table 5.11: Solution quality of the STDLTP(Weight) algorithm, as a functions of the size 

of the time period of interest 
Percentage of 
times that the 
STDLTP(Weight) 
path was identified 

%Mean absolute 
relative error, for 
expected value 

Mean(Maximum) 
absolute error, for 
expected value 

%Mean absolute 
relative error, for 
‘approximate 
variance’ values 

Mean(Maximum) 
absolute error, for 
‘approximate 
variance’ values 

No. of 
time 

intervals 
(size of 

the time 
period 

of 
interest) 

SCOOT Random SCOOT Random SCOOT Random SCOOT Random SCOOT Random 

90  
(15 

minutes) 

93% 83% 0.1% 0.45% 1(15) 23(111) 0.94% 2.74% 14(160) 64(440) 

180  
(30 

minutes) 

96% 93% 0% 0.1% 0(0) 14(41) 0.15% 2.71% 2(30) 84(440) 

360  
(60 

minutes) 

100% 100% 0% 0% 0(0) 0(0) 0% 0.15% 0(0) 7(190) 

540  
(90 

minutes) 

100% 100% 0% 0% 0(0) 0(0) 0 0 0(0) 0(0) 

Mean (Maximum) expected value of all STDLTP(Weight) paths, for SCOOT pairs=417 

(1561) seconds 

Mean (Maximum) expected value of all STDLTP(Weight) paths, for random pairs=1003 

(2273) seconds 
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Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for SCOOT 

pairs=513 (1820) seconds 

Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for random 

pairs=1865 (4540) seconds 

 

According to table 5.11, the size of the time period of interest has a bigger impact upon 

the performance of the STDLTP(Weight) algorithm, when tested upon the random pairs, than 

upon the performance of the STDLTP(Weight) algorithm, when tested upon the SCOOT pairs. 

This is because, both the mean and maximum expected and ‘approximate variance’ values of 

the STDLTP(Weight) paths, for the random pairs, are higher than the respective  mean and 

maximum expected and ‘approximate variance’ values of the STDLTP(Weight) paths, for the 

SCOOT pairs. The STDLTP(Weight) path is always identified, when the size of the time 

period of interest extends over 60 minutes. However, even when the size of the time period of 

interest extends over 60 minutes, the ‘approximate variance’ value of the STDLTP(Weight) 

path is not evaluated correctly (i.e. random pairs). For small sizes of the time period of interest 

(15 minutes and 30 minutes) the STDLTP(Weight) path is not always identified. 

According to table 5.11, for the SCOOT pairs, the STDLTP(Weight) algorithm, with a 

time period of interest of 30 minutes, exhibits effectively optimal performance. The size of the 

time period of interest has a bigger effect upon the ‘approximate variance’ values of the 

STDLTP(Weight) paths than upon the expected values of the STDLTP(Weight) paths.  Under 

the worst case scenario, for the expected values of the STDLTP(Weight) paths, the % mean 

absolute relative error is equal to 0.45. The corresponding value of the mean absolute error is 

equal to 23 seconds with a maximum error of 111 seconds. The value of the maximum 

absolute error is associated with a STDLTP(Weight) path with expected travel time value of 

1781 seconds (over 29 minutes). On the other hand, under the worst case scenario for the 

‘approximate variance’ values of the STDLTP(Weight) paths, the % mean absolute relative 

error is equal to 2.71. The corresponding value of the mean absolute error is equal to 84 

seconds with a maximum error of 440 seconds. The value of the maximum absolute error is 

associated with a STDLTP(Weight) path with ‘approximate variance’ value of 3210 seconds 

(over 53 minutes).  

The size of the time period of interest has a bigger impact upon the solution quality of 

the STDLTP(Weight) algorithm, as opposed to the solution quality of the STDLTP(EV) 

algorithm (see table 5.3). For small sizes of the time period of interest and under the worst 

case scenario, there is a 17% chance that the STDLTP(Weight) path will not be identified by 
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the STDLTP(Weight) algorithm; on the other hand, there is a 7% chance that the 

STDLTP(EV) path will not be identified by the ‘equivalent’ STDLTP(EV) algorithm. On the 

other hand, the size of the time period of interest has a smaller impact upon the solution 

quality of the STDLTP(Weight) algorithm, as opposed to the solution quality of the forward 

STDLTP(Var) algorithm (see table 5.8). Under the worst case scenario, there is a 23% chance 

that the forward STDLTP(Var) path will not be identified by the ‘equivalent’ forward 

STDLTP(Var) algorithm.  

To sum up, a decrease in the time period of interest, has a bigger impact upon the 

solution quality of the STDLTP(Weight) algorithm as opposed to the solution quality of the 

STDLTP(EV) algorithm. This was anticipated as the size of the time period of interest 

required for the optimal evaluation of a path’s ‘weight’ value is always greater than the size of 

the time period of interest required for the optimal evaluation of a path’s expected value; as 

the optimal evaluation of a path’s ‘weight’ value is partly dependent upon the optimal 

evaluation of a path’s ‘approximate variance’ value. Taking into account the fact that the 

STDLTP(Weight) algorithm is significantly less computationally efficient than the 

‘equivalent’ STDLTP(EV) algorithm; the difference in computational time between an 

‘optimal’ STDLTP(Weight) algorithm and an optimal STDLTP(EV) algorithm is even greater. 

However, the sub optimality introduced by the STDLTP(Weight) algorithm, when the size of 

the time period of interest is as small as 15 minutes is acceptable, taking into account the big 

reduction on the algorithm’s computational time (i.e. at least three times lower than the 

computational time of STDLTP(Weight) algorithm with a bigger size period of interest) .  

The following experiment explores the effect that the ‘weight’ placed upon the path’s 

expected and ‘approximate variance’ value has upon the performance of the STDLTP(Weight) 

algorithm in terms of both computational efficiency and solution quality. When no ‘weight’ is 

placed upon the ‘approximate variance’ value of a path, the minimum ‘weight’ value 

optimization criterion reduces to the expected value optimization criterion. Therefore, the 

STDLTP(Weight) algorithm, when run with the (1,0) pair of values, will always identify the 

STDLTP(EV) path (i.e. note that the STDLTP(EV) algorithm with a time period of interest of 

90 minutes always identifies the STDLTP(EV) path, see table 5.3). Similarly, when no 

‘weight’ is placed upon the expected value of a path, the minimum ‘weight’ value 

optimization criterion reduces to the minimum ‘approximate variance’ value optimization 

criterion. Therefore, the STDLTP(Weight) algorithm, when run with the (0,1) pair of values, 

will always identify the STDLTP(Var) path (i.e. path identified by the backward 

STDLTP(Var) algorithm). Even when the STDLTP(Weight) algorithm is based solely upon 
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the expected value criterion or the ‘approximate variance’ value criterion, all of the expected, 

‘approximate variance’ and ‘weight’ values of each newly constructed path are calculated. 

Furthermore, the subroutine that checks whether a newly constructed nondominated path is 

deterministically dominated is always invoked, independent of the pair of values of the 

‘weight’ parameters. Moreover, the same initialization process is performed (i.e. all labels 

associated with the expected, minimum, maximum and ‘weight’ values for all nodes of the 

network to the destination node and every departure time, within the time period of interest, 

are initialized), independent of the pair of values of the ‘weight’ parameters. The above 

guarantees that the difference in computational time of the STDLTP(Weight) algorithm, when 

run for different pairs of ‘weight’ values, depends solely upon the pair of values of the 

‘weight’ parameters.   

 

Table 5.12: Performance of the STDLTP(Weight) algorithm, as a function of the  value 

of the ‘weight’ parameters,  SCOOT pairs only 

 (EV_Weight,Var_Weight) CPU time (sec) 
Mean(min,max) 

No.of 
nondominated 
paths-
max(mean) 

No. of time intervals 
when a nondominated 
path is optimal- 
mean (%) 

(1.0,0.0) 206(183,237) 11(2) 361(67%) 
(0.8,0.2) 229(196,334) 21(3) 309(57%) 
(0.6,0.4) 252(207,370) 29(4) 275(51%) 
(0.4,0.6) 256(187,332) 33(4) 264(49%) 
(0.2,0.8) 294(199,386) 45(5) 246(46%) 
(0.0,1.0) 314(225,502) 45(6) 238(44%) 

 

According to table 5.12, the computational time of the STDLTP(Weight) algorithm 

increases as  the ‘weight’ placed upon the path’s ‘approximate variance’ value increases. The 

above is attributed to the fact that the maximum and average number of nondominated paths 

per node increases as the ‘weight’ placed upon the path’s ‘approximate variance’ value 

increases. This indicates that a bigger number of paths exhibit comparable ‘approximate 

variance’ values as opposed to the number of paths that exhibit comparable expected values. 

As anticipated, according to table 5.12, the robustness of the STDLTP(Weight) algorithm 

degrades as the ‘weight’ placed upon the path’s ‘approximate variance’ value increases. The 

big difference in computational times between the STDLTP(Weight) algorithm (when run 

with the (1,0) pair of values) and the ‘equivalent’ STDLTP(EV) algorithm (see tables 5.2 and 

5.12) is mainly attributed to the difference in computational times between the initialization 
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process of the STDLTP(Weight) algorithm and the initialization process of the ‘equivalent’ 

STDLTP(EV) algorithm.  

The following experiments explore the solution quality of the STDLTP(Weight) 

algorithm for different pairs of values of the ‘weight’ parameters. These experiments aim at 

exploring the correlation between a path’s expected travel time value and a path’s 

‘approximate variance’ value. It would have been ideal if the two values were positively 

correlated. However, that is not always the case. Through these experiments we aim at 

heuristically identifying the pair of values of the ‘weight’ parameters, for the 

STDLTP(Weight) algorithm, that lead to the best compromise path. This was a challenge as a 

path’s expected travel time value and a path’s ‘approximate variance’ value are not directly 

comparable quantities (i.e. do not take the same range of values). We define as the best 

compromise path, the STDLTP(Weight) path whose expected travel time value does not 

deviate significantly from the corresponding expected travel time value of the STDLTP(EV) 

path and similarly its ‘approximate variance’ value does not deviate significantly from the 

corresponding ‘approximate variance’ value of the STDLTP(Var) path. In particular, the 

following experiments will assess the solution quality of the STDLTP(Weight) algorithm, 

when run for different pairs of values of the ‘weight’ parameters, in terms of the 

STDLTP(Weight) path’s expected travel time value as well as in terms of the 

STDLTP(Weight) path’s ‘approximate variance’ value. As a point of reference the expected 

travel time value of the STDLTP(EV) path and  the ‘approximate variance’ value of the 

STDLTP(Var) path will be used (i.e. note that the solution quality of the STDLTP(Var) path 

was effectively the same as the solution quality of the forward STDLTP(Var) path, see section 

5.6).  

It is anticipated that the ‘optimal’ pair of values of the ‘weight’ parameters will depend 

amongst other factors upon the origin-destination pair and time of the day request and the 

available data sources. This is because the ‘optimal’ pair of values of the ‘weight’ parameters 

will be dependent upon the distribution of the paths’ expected and ‘approximate variance’ 

values. The STDLTP(Weight) algorithm may lead to STDLTP(Weight) paths with high 

expected travel time values and high minimum and maximum travel time values but very low 

‘approximate variance’ values, when big ‘weight’ is placed upon the path’s ‘approximate 

variance’ values. As a rule of thumb, in order to avoid the above scenario, the ‘weight’ placed 

upon the path’s expected travel time value should always be greater than the ‘weight’ placed 

upon the path’s ‘approximate variance’ value.  
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Three indexes of performance are employed. The first index of performance calculates 

the percentage of times for which the STDLTP(Weight) algorithm identifies the STDLTP(EV) 

path and the percentage of times for which the STDLTP(Weight) algorithm identifies the 

STDLTP(Var) path. The second index of performance measures the % mean absolute relative 

error (equations 5.7 and 5.9). The third index of performance measures the mean and 

maximum absolute errors (equations 5.11, 5.12 and 5.14, 5.15).  

 

For the expected value criterion: 
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Where, 

EVi
opt is the expected value, for measurement i, of the STDLTP(EV) path.  

EVi
STDLTP(Weight) is the expected value, for measurement i, of the STDLTP(Weight) path.  

ERRi
EV is the absolute relative expected value error for measurement i.  
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Where, 

MERRi
EV  is the mean absolute relative error, over all n measurements 

 

For the ‘approximate variance’ value criterion: 
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Where,  

Vari
opt is the ‘approximate variance’ value, for measurement i, for the STDLTP(Var) path.  

Vari
STDLTP(Weight) is the ‘approximate variance’ value, for measurement i, for the 

STDLTP(Weight) path 

ERRi
Var is the absolute relative ‘approximate variance’ value error for measurement i.  
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Where, 

MERRi
Var  is the mean absolute relative error, over all n measurements 

 

For the expected value criterion: 
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Where, 

 ERi
EV is the value of the absolute expected value error for measurement i 
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Where, 

MERi
EV is the mean absolute error, over all n measurements 
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Where, 

Max_ERi
EV is the maximum absolute error, over all measurements 

 

For the ‘approximate variance’ value criterion: 
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Where,  

ERi
Var is the value of the absolute ‘approximate variance’ value error for measurement i 
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Where, 

MERi
Var is the mean absolute error, over all n measurements 
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Where, 

Max_ERi
Var is the maximum absolute error, over all measurements 

 

According to table 5.13, as the ‘weight’ placed upon the path’s expected travel time 

value decreases, then the percentage of times that the STDLTP(Weight) algorithm identifies 

the STDLTP(EV) path decreases. When no ‘weight’ is placed upon the path’s expected travel 

time value, there is a 52% chance that the STDLTP(Weight) algorithm will not identify the 

STDLTP(EV) path. Therefore, for 52% of the tested pairs, the STDLTP(Var) path does not 

coincide with the STDLTP(EV) path.  

 

Table 5.13: Solution quality (expected value of the STDLTP(Weight) paths) of the 

STDLTP(Weight) algorithm, as a function of the value of the ‘weight’ parameters, 

SCOOT pairs only 

(EV_Weight,Var_Weight) Percentage of times 
that the 
STDLTP(EV) path 
was identified 

%Mean 
absolute 
relative 
error 

Mean(Maximum) 
absolute error 
(sec) 

(1.0,0.0) 100% 0 0(0) 
(0.8,0.2) 70% 1.10% 4(24) 
(0.6,0.4) 67% 2.04% 13(140) 
(0.4,0.6) 56% 10.55% 41(231) 
(0.2,0.8) 48% 14.28% 57(231) 
(0.0,1.0) 48% 17.90% 97(879) 

Mean (Maximum) value of the expected times of all STDLTP(EV) paths, for all SCOOT 

origin-destination pairs=404 (1548) seconds  
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The values of all errors follow the same trends. Table 5.13 is roughly separated into 

two groups. When the ‘weight’ placed upon the path’s expected travel time value exceeds the 

‘weight’ placed upon the path’s ‘approximate variance’ value, all errors take relatively low 

values. Under the worst case scenario (i.e. for the (0.6,0.4) pair of values) the value of the 

maximum absolute error is equal to 140 seconds with respect to the expected travel time value 

of  the STDLTP(EV) path of 1548 seconds (over 25 minutes). On the other hand, when the 

‘weight’ placed upon the path’s ‘approximate variance’ value exceeds the ‘weight’ placed 

upon the path’s expected value, then all errors take relatively high values. Under the worst 

case scenario (i.e. for the (0,1) pair of values) the value of the maximum absolute error, 

corresponding to a STDLTP(Var) path, is equal to 879 seconds (over 14 minutes) with respect 

to the expected travel time value of  the STDLTP(EV) path of 1548 seconds (over 25 

minutes). In general the big values of all errors, for the expected travel time values of the 

STDLTP(Var) paths that do not coincide with the STDLTP(EV) paths, indicate that a path’s  

‘approximate variance’ value and a path’s expected travel time value are not always positively 

correlated.  

According to the experiments above, the STDLTP(Weight) algorithm when run for the 

pair of ‘weight’ values of (0.8,0.2), exhibits near to optimal performance. Furthermore, the 

STDLTP(Weight) algorithm when run for the pair of ‘weight’ values of (0.6,0.4) exhibits 

acceptable performance. The pair of  values (0.4,0.6) and (0.2,0.8) cannot possibly lead to the 

best compromise path as when the STDLTP(Weight) algorithm is run with any of the above 

pair of values it can generate STDLTP(Weight) paths with relatively high expected travel time 

values (i.e. as indicated by the high values of the maximum absolute error). The following set 

of experiments will explore which of the acceptable pairs of values ((0.8,0.2),(0.6,0.4) ) can 

lead to STDLTP(Weight)  paths with acceptable ‘approximate variance’ values. 

  

Table 5.14: Solution quality (‘approximate variance’ value of the STDLTP(Weight) 

paths) of the STDLTP(Weight) algorithm, as a function of the value of the ‘weight’ 

parameters, SCOOT pairs only 

(EV_Weight, Var_Weight) Percentage of times 
that the STDLTP(Var) 
path was identified 

%Mean 
absolute 
relative 
error 

Mean(Maximum) 
absolute error 

(1.0,0.0) 48.14% 59.50% 119(480) 
(0.8,0.2) 63% 40.54% 64(470) 
(0.6,0.4) 70% 38.36% 39(280) 
(0.0,1.0) 100% 0 0(0) 
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Mean (Maximum) ‘approximate variance’ value of all STDLTP(Var) paths, for the SCOOT 

pairs=474 (1810) seconds 

 

According to table 5.14, as the ‘weight’ placed upon the path’s  ‘approximate variance’ 

value decreases, then the percentage of times that the STDLTP(Weight) algorithm identifies 

the STDLTP(Var) path decreases. In particular, there is a 52% chance that the STDLTP(EV) 

path (i.e. for the (1,0) pair of values)  will not coincide with the STDLTP(Var) path (which 

was anticipated from table 5.13). The high values of all errors, associated with the 

‘approximate variance’ values of the STDLTP(EV) paths that do not coincide with the 

STDLTP(Var) paths, re-emphasize the fact that a path’s expected travel time value and a 

path’s ‘approximate variance’ value are not necessarily positively correlated. Most 

importantly, the solution quality of the (0.6,0.4) pair of values is better than the solution 

quality of the (0.8, 0.2) pair of values; as both the values of the mean and maximum absolute 

errors are over 1.5 times lower for the (0.6,0.4) pair of values.  

It is important to notice that even the (0.6,0.4) pair of values can generate 

STDLTP(Weight) paths with relatively high ‘approximate variance’ values with a maximum 

deviation of 280 seconds (over 4 minutes), with respect to the maximum ‘approximate 

variance’ value of the STDLTP(Var) paths of 1810 seconds (over 30 minutes). The solution 

quality, in terms of the ‘approximate variance’ values, of the STDLTP(Weight) paths for the 

(0.6,0.4) pair of values is comparable with the solution quality, in terms of the expected 

values, of the STDLTP(Weight) paths for the (0.4,0.6) pair of values (see table 5.13). The 

above illustrates that for some origin-destination pairs, they do not exist paths that exhibit both 

low expected travel time values and low ‘approximate variance’ values. However, when it is 

not possible, for the STDLTP(Weight) algorithm to identify paths with both low expected 

travel time values and low levels of uncertainty, this study prioritizes paths with lower 

expected travel time values and acceptable levels of uncertainty over paths with lower levels 

of uncertainty but higher expected travel time values. Therefore, the (0.6,0.4) pair of values is 

considered to exhibit the best performance.  

To sum up, the expected value criterion should not be used on its own, as it can lead to 

STDLTP(EV) paths with high levels of uncertainty. Similarly, the minimum ‘approximate 

variance’ value criterion should not be used on its own, as it can lead to STDLTP(Var) paths 

with high expected travel time values. Taking into account that, in most of the cases a 

reduction in a path’s expected travel time comes at the cost of an increase in the path’s 

‘approximate variance’ value a trade off is sought between the two values. The above 
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demonstrates the benefits of the minimum ‘weight’ value criterion. Therefore, whenever a 

combination of optimization criteria need to be taken into account, that are not positively 

correlated,  the minimum ‘weight’ value criterion should be employed. The minimum ‘weight’ 

value criterion that places a slightly bigger ‘weight’ upon the path’s expected travel time value 

as opposed to the path’s ‘approximate variance’ value, (based upon the (0.6,0.4) pair of 

values), was found to exhibit the best performance, as most of the time, it led to 

STDLTP(Weight) paths with low expected travel time values and acceptable ‘approximate 

variance’ values.  

Note that the above results are not open to generalizations. A different definition of the 

uncertainty associated with a path’s traversal time and/or a different representation of the 

links’ traversal times (e.g. make use of different percentile values) and/or an increase in the 

number of available data sources may lead to a different set of best pair of values of the 

‘weight’ parameters; as the nature of the relationship between a path’s expected value and a 

path’s uncertainty may change. However, as it is conceptually difficult and not always 

desirable to choose between different single optimization criterion, the above results 

demonstrate clearly the benefits of an optimization criterion that combines different not 

positively correlated optimization criteria.  

 

5.9 Results for heuristic STDLTP(Weight) algorithm 
The heuristic version of the STDLTP(Weight) algorithm places a limit upon the 

maximum number of p-optimal paths that can be stored per node, at any stage of the algorithm 

(see section 4.9.1). The following experiments explore the performance of the heuristic 

STDLTP(Weight) algorithm in terms of computational efficiency as well as in terms of quality 

of the obtainable solution. The heuristic STDLTP(Weight) algorithm is anticipated to exhibit 

similar trends to the heuristic STDLTP(EV) algorithm. There are three parameters that are 

anticipated to affect the performance of the heuristic STDLTP(Weight) algorithm; the value of 

the maximum permitted number of p-optimal paths that can be stored per node, the employed 

replacement strategy and the size of the time period of interest. It was experimentally verified 

(see table 5.4), that the computational performance of the heuristic STDLTP(EV) algorithm 

was only marginally affected by the employed replacement strategy. Therefore, the 

‘intelligent’ replacement strategy will always be employed for the heuristic STDLTP(Weight) 

algorithm. Similar to the heuristic STDLTP(EV) algorithm (see table 5.6), the computational 

time of the heuristic STDLTP(Weight) algorithm, as a function of the size of the time period 
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of interest, will exhibit similar trends to the computational time of the respective ‘optimal’ 

STDLTP(Weight) algorithm and therefore it will not be tested.  

The first index of performance measures the computational time of the heuristic 

STDLTP(Weight) algorithm, with a time period of interest of 90 minutes,  as a function of the 

maximum permitted number of p-optimal paths that can be stored per node. The next three 

indexes of performance measure the solution quality of the heuristic STDLTP(Weight) 

algorithm as a function of the number of p-optimal paths that can be stored per node. To 

demonstrate the solution quality of the heuristic STDLTP(Weight) algorithm a comparison is 

made with the ‘optimal’ solution, that is the solution obtained by the STDLTP(Weight) 

algorithm (no restriction on the number of p-optimal paths that can be stored per node) with 

the same parameter set (size of the time period of interest extends over 90 minutes and 

(0.6,0.4) pair of values). This will be referred to as the optimal STDLTP(Weight) algorithm. 

Again the minimum ‘weight’ value paths, as identified by the optimal STDLTP(Weight) 

algorithm, will be referred to as STDLTP(Weight) paths. Three indexes of performance are 

employed. The first index of performance calculates the percentage of number of origin-

destination pairs for which the heuristic algorithm identifies the STDLTP(Weight) path. The 

second index of performance measures the % mean absolute relative error. The third index of 

performance measures the mean and maximum absolute errors. Furthermore, taking into 

account that the size of the time period of interest is expected to have a big impact on the 

heuristic STDLTP(Weight) algorithm’s performance, the performance of the heuristic 

STDLTP(Weight) algorithm, when only one p-optimal path can be stored per node and when 

the time period of interest extends over 15 minutes, will be also explored.  

As anticipated, according to table 5.15, the computational time of the heuristic 

STDLTP(Weight) algorithm increases as the value of the maximum permitted number of p-

optimal paths that can be stored per node increases. When only one path can be stored per 

node, the computational time of the heuristic STDLTP(Weight) algorithm is more than eleven 

times lower than the computational time of the optimal STDLTP(Weight) algorithm (see 

tables 5.10 and 5.15). However, even when only one path can be stored per node, the 

computational time of the heuristic algorithm is high (23 seconds). The above indicates that 

other parameters, such as the size of the time period of interest, have a greater impact on the 

STDLTP(Weight)  algorithm’s computational performance than the number of paths that can 

be stored per node. In particular, the computational time of the optimal STDLTP(Weight) 

algorithm, with a time period of interest  of 15 minutes, is lower than the minimum possible 

computational time of the heuristic STDLTP(Weight) algorithm (i.e. when only one p-optimal 
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path can be stored per node), with a time period of interest of 90 minutes (see tables 5.10 and 

5.15). Furthermore, according to table 5.15, the minimum possible computational time of the 

heuristic STDLTP(Weight) algorithm (i.e. when only one p-optimal path can be stored per 

node), with a time period of interest of 15 minutes, is at least fives times lower than the 

respective minimum possible computational time of the heuristic STDLTP(Weight) algorithm, 

with a time period of interest of 90 minutes.  

 

Table 5.15: Performance of the heuristic STDLTP(Weight) algorithm, as a 

function of the number of p-optimal paths (labels) that can be stored per node 
No. of 
labels 

CPU time (sec)- 
mean(min-max) 

Percentage of 
times that the  
STDLTP(Weight) 
path was 
identified 

%Mean 
absolute  
relative error, 
for expected 
value 

Mean(Maximum) 
absolute error, 
for expected 
value 

%Mean 
absolute  
relative error, 
for 
‘approximate 
variance’ 
values 

Mean(Maximum) 
absolute error, for 
‘approximate 
variance’ values 

 SCOOT Random SCOOT Random SCOOT Random SCOOT Random SCOOT Random SCOOT Random 
Optimal 253 

(207,370) 
273 
(183,912) 

100% 100% 0% 0% 0(0) 0(0) 0% 0% 0(0) 0(0) 

50 174 
(124,300)- 

211 
(115,826) 

96% 100% 0% 0% 0(1) 0(0) 0% 0% 0(0) 0(0) 

40 162 
(110,292) 

198 
(101,797) 

96% 100% 0% 0% 0(1) 0(0) 0% 0% 0(0) 0(0) 

30 137 
(90,259) 

168 
(81,648) 

96% 100% 0% 0% 0(1) 0(0) 0% 0% 0(0) 0(0) 

20 123 
(79,237) 

148 
(71,530) 

96% 100% 0% 0% 0(1) 0(0) 0% 0% 0(0) 0(0) 

10 108 
(71,202) 

121 
(63,330) 

96% 97% 0% 0% 0(1) 0(0) 0% 0.07% 0(0) 1(40) 

5 80 
(54,134) 

86 
(51,184) 

93% 97% 0% 0.06% 0(1) 1(25) 0.03% 0.03% 0(10) 1(20) 

4 70 
(48,117) 

75 
(46,155) 

93% 97% 0% 0.06% 0(1) 1(25) 0.03% 0.67% 0(10) 1(20) 

3 57 
(40,91) 

61 
(41,110) 

96% 93% 0% 0.39% 0(0) 6(102) 0.09% 0.59% 1(30) 13(290) 

2 43 
(34,64) 

44 
(32,69) 

93% 90% 0% 0.31% 0(1) 4(65) 0.09% 0.67% 1(30) 12(290) 

1 23 
(18,30) 

24 
(18,34) 

81% 73% 1.97% 0.69% 9(83) 11(102) 3.1% 1% 24(290) 26(230) 

1 
(15 

min) 

4 
(3,5) 

4 
(2,6) 

89% 83% 0.47% 0.5% 6(90) 7(88) 1.6% 3.22% 24(250) 65(180) 

 Mean (Maximum) expected value of all STDLTP(Weight) paths, for SCOOT pairs=417 

(1561) seconds 

Mean (Maximum) expected value of all STDLTP(Weight) paths, for random pairs=1003 

(2273) seconds 

Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for SCOOT 

pairs=513 (1820) seconds 

Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for random 

pairs=1865 (4540) seconds 
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As anticipated, according to the table 5.15, the performance of the heuristic 

STDLTP(Weight) algorithm, in terms of solution quality, improves as the value of the 

maximum permitted number of p-optimal paths that can be stored per node increases. The 

biggest improvements in the heuristic STDLTP(Weight) algorithm’s performance occur when 

the maximum number of p-optimal paths that can be stored per node increases from one to 

two, at the cost of a two times increase on the heuristic STDLTP(Weight) algorithm’s 

computational time. When the maximum number of p-optimal paths that can be stored per 

node increases to four, the heuristic STDLTP(Weight) algorithm exhibits virtually optimal 

performance; at a cost of a three times increase in computational time. Taking into account the 

tradeoff between computational efficiency and solution quality, the heuristic 

STDLTP(Weight) algorithm, when only one p-optimal path can be stored per node, is 

preferred. When the maximum number of p-optimal paths that can be stored per node is equal 

to one, then there is a 18% chance that the STDLTP(Weight) path would not be identified, for 

the SCOOT pairs and a 26% chance that the STDLTP(Weight) path would not be identified, 

for the random pairs. However, the sub optimality introduced, when only one p-optimal path 

can be stored per node, in terms of both the expected travel time values and the ‘approximate 

variance’ values of the heuristic STDLTP(Weight) paths, is acceptable. In particular, the 

values of both the mean absolute relative error and the mean absolute error are very low. 

Under the worst case scenario (random pairs), the value of the maximum absolute error is 

equal to 102 seconds with respect to the expected travel time value of the STDLTP(Weight) 

path of 1497 seconds (over 24 minutes). Furthermore, under the worst case scenario (SCOOT 

pairs), the value of the maximum absolute error is equal to 290 seconds (less than 5 minutes) 

with respect to the ‘approximate variance’ value of the STDLTP(Weight) path of 1820 

seconds (over 30 minutes). Finally, contrary to our expectations, the solution quality of the 

heuristic STDLTP(Weight) algorithm, when only one p-optimal path can be stored per node, 

improves when the size of the time period of interest  decreases from 90 minutes to 15 

minutes. The above is attributed to chance.  

To sum up, the heuristic STDLTP(Weight) algorithm as a direct extension of the 

corresponding optimal STDLTP(Weight) algorithm, carries the same limitations and 

constraints (albeit at a lesser scale) as the optimal STDLTP(Weight) algorithm. Consequently, 

the computational performance of the heuristic STDLTP(Weight) algorithm depends upon the 

size of the time period of interest. The above, imposes a lower bound on the reduction on the 

computational time of the heuristic STDLTP(Weight) algorithm that can be achieved by 

reducing the value of the maximum permitted number of p-optimal paths that can be stored 
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per node. In particular, the minimum possible computational time of the heuristic 

STDLTP(Weight) algorithm (i.e. when only one p-optimal path can be stored per node and 

when the size of the time period of interest is equal to 15 minutes) was found to be equal to 2 

seconds. Therefore, the heuristic STDLTP(Weight) algorithm cannot be considered to have 

real-time characteristics. When much lower computational times are required alternative 

heuristic algorithms, based upon the minimum ‘weight’ value dominance criterion, should be 

developed.   

 

5.10 Results for k-heuristic(Weight) algorithm 
Taking into account the drawbacks associated with the above heuristic 

STDLTP(Weight) algorithm, the following experiments explore the performance of the k-

heuristic(Weight) algorithm (see section 4.9.2), in terms of computational efficiency as well as 

in terms of quality of the obtainable solution. The performance of the heuristic 

STDLTP(Weight) algorithm (i.e. when only one p-optimal path can be stored per node and 

when the size of the time period of interest is equal to 15 minutes) will be used as a point of 

reference when evaluating the performance of the k-heuristic(Weight) algorithm. Furthermore, 

the k-heuristic(Weight)  algorithm is used as a benchmark in order to assess the solution 

quality of the STDLTP(Weight) algorithm. In particular, when the value of the parameter K is 

very high, the k-heuristic(Weight) algorithm becomes closer to the enumeration technique and 

consequently it is anticipated to identify the actual minimum ‘weight’ value path. The major 

parameter, that is anticipated to affect the performance of the k-heuristic(Weight) algorithm is 

the value of the parameter  K used in the algorithm. It is anticipated that the smaller the value 

of K, the more computationally efficient the k-heuristic(Weight) algorithm is, but the less 

likely it is that the k-heuristic(Weight) algorithm will identify the optimal solution.  

Similarly with the k-heuristic(EV) algorithm, the computational performance of the k-

heuristic(Weight) algorithm is anticipated to be origin-destination node specific (i.e. 

dependent upon the minimum and maximum anticipated duration of the journey between the 

origin-destination pair for the requested departure time). This is because the ‘weight’ value of 

a path can only be calculated optimally in a backward fashion (i.e. as it is dependent upon the 

optimal evaluation of a path’s expected travel time value) (see section 4.7.4). Therefore, for 

the optimal evaluation of the ‘weight’ value of a path for a single departure time, the expected 

values of each of its subpaths (with the same destination node) need to be evaluated for every 

departure time, for which the subpaths can be possibly reached (see section 5.5).  
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The computational time of the k-heuristic(Weight) algorithm is anticipated to be 

slightly higher than the computational time of the ‘equivalent’ k-heuristic(EV) algorithm.  

That is because of the additional computational overhead added when evaluating the ‘weight’ 

value of each of the candidate paths and due to the additional comparisons performed by the k-

heuristic(Weight) algorithm in order to discard the paths amongst the K that are found to be 

deterministically dominated (see section 4.9.2). Taking into account that all experiments are 

performed upon a network that exhibits ‘relaxed’ FIFO characteristics, the computational time 

required for the forward evaluation of each of the candidate paths ‘approximate variance’ 

values is independent of the size of the time period of interest. Therefore, the computational 

overhead added when evaluating a candidate path’s ‘weight’ value is due to the evaluation of 

the candidate path’s expected value. So, the difference between the computational times of the 

k-heuristic(Weight) algorithm and the k-heuristic(EV) algorithm is anticipated to be very 

small. Consequently, the computational time of the k-heuristic(Weight) algorithm is 

anticipated to be higher than the respective computational time of the k-heuristic(Var) 

algorithm (see section 5.7).  

Furthermore, in terms of solution quality, the performance of the k-heuristic(Weight) 

algorithm is anticipated to be worse than the performance of the k-heuristic(EV) algorithm and 

better than the performance of the k-heuristic(Var) algorithm. This is because, the ‘weight’ 

value of a path (in the context of a stochastic and time-dependent network) is anticipated to be 

less correlated to the path’s expected travel time in the context of a deterministic and time-

dependent network, than is the expected value of the path (in the context of a stochastic and 

time-dependent network) but more correlated than is the ‘approximate variance’ value of the 

path (in the context of a stochastic and time-dependent network). All the above hypothesis will 

be tested in the following experiments.  

In order to be able to compare the solution quality of the k-heuristic(Weight) algorithm 

with the solution quality of the respective optimal STDLTP(Weight) algorithm, it is assumed 

that a 90 minute time period of interest can guarantee the optimal evaluation of a path’s 

‘weight’ value (i.e. the links’ traversal times are assumed to remain stationary outside the time 

period of interest) (see section 5.2.3). Furthermore, the (0.6,0.4) pair of values for the ‘weight’ 

parameters is used. The first index of performance measures the computational time of the k-

heuristic(Weight) algorithm as a function of the value of K. To demonstrate the solution 

quality of the k-heuristic(Weight) algorithm a comparison is made with the solution obtained 

by the optimal STDLTP(Weight) algorithm (time period of interest of 90 minutes, (0.6,0.4) 

pair of values for the ‘weight’ parameters). Neither the STDLTP(Weight) algorithm nor the k-
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heuristic(Weight) algorithm guarantee to provide us with an optimal solution. As the optimal 

solution is not known, it is assumed that the smaller ‘weight’ value of the minimum ‘weight’ 

value paths, outputted by the STDLTP(Weight) algorithm and the k-heuristic(Weight) 

algorithm respectively (referred to as STDLTP(Weight) paths and k-heuristic(Weight) paths), 

is the ‘optimal’ solution. Three indexes of performance are employed. The first index of 

performance calculates the percentage of times for which both of the algorithms identify the 

‘optimal’ solution as well as the percentage of times for which just one of the algorithms 

identifies the ‘optimal’ solution (defined above). The second and third indexes of performance 

measure the difference between the ‘optimal’ solution and the solution identified by the other 

algorithm. The second index of performance measures the % mean absolute relative error. The 

third index of performance measures the mean and maximum absolute error.  

 

Table 5.16: Performance of the k-heuristic(Weight) algorithm, as a function of the value 

of the parameter K 
CPU time 
(sec)-mean 

Percentage of 
times that the 
‘optimal’ path 
was identified 

%Mean absolute 
relative error, 
for expected 
value 

Mean(Maximum) 
absolute error, for 
expected value 

%Mean absolute 
relative error, for 
‘approximate 
variance’ value 

Mean(Maximum) 
absolute errors, for 
‘approximate variance’ 
value 

K 
value 

SCOOT Random SCOOT Random SCOOT Random SCOOT Random SCOOT Random SCOOT Random 
2000 165 193 96% 80% 0.34% 2% 5(139) 27(264) 1.5% 6% 17(470) 137(1610) 
500 11 16 96% 73% 0.34% 2% 5(139) 35(275) 1.5% 7% 17(470) 177(1980) 
400 8 12 96% 73% 0.34% 2% 5(139) 37(275 1.5% 8% 17(470) 194(1980) 
300 5 8 96% 73% 0.34% 2% 5(139) 38(275) 1.5% 8% 17(470) 196(1980) 
200 3 5 93% 73% 0.6% 2% 8(139) 38(275) 1.9% 8% 23(470) 196(1980) 
100 0.95 2 93% 73% 0.6% 2% 8(139) 41(275) 1.9% 8% 23(470) 205(1980) 
50 0.37 0.86 93% 70% 0.6% 3% 8(139) 45(280) 1.9% 10% 23(470) 229(1980) 
40 0.28 0.67 93% 67% 0.6% 3% 8(139) 47(280) 1.9% 10% 23(470) 240(1980) 
30 0.19 0.48 93% 67% 0.6% 3% 8(139) 47(280) 1.9% 10% 23(470) 240(1980) 
20 0.12 0.31 89% 67% 0.65% 3% 9(139) 47(280) 2.8% 10% 39(470) 240(1980) 
10 0.05 0.15 89% 63% 0.65% 3% 9(139) 48(280) 2.8% 11% 39(470) 280(1980) 
5 0.02 0.07 85% 53% 1% 4% 10(139) 53(285) 14% 13% 55(470) 285(1980) 
4 0.02 0.06 78% 53% 1% 4% 12(139) 54(285) 15% 14% 67(470) 290(1980) 
3 0.01 0.04 70% 50% 1.6% 4% 13(140) 55(285) 22% 14% 106(630) 299(1990) 
2 0.01 0.03 67% 50% 1.5% 4% 13(139) 54(293) 22% 14% 107(630) 305(2010) 
1 <0.01 

 
0.01 56% 37%  2% 4% 15(139) 56(293) 30% 15% 156(1230) 317(2020) 

Mean (Maximum) expected value of all STDLTP(Weight) paths, for SCOOT pairs=417 

(1561) seconds 

Mean (Maximum) expected value of all STDLTP(Weight) paths, for random pairs=1003 

(2273) seconds 

Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for SCOOT 

pairs=513 (1820) seconds 
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Mean (Maximum) ‘approximate variance’ value of all STDLTP(Weight) paths, for random 

pairs=1865 (4540) seconds 

 

As anticipated, according to table 5.16, the computational time of the k-

heuristic(Weight) algorithm decreases as the value of the K parameter used in the algorithm 

decreases. The computational time of the k-heuristic(Weight) algorithm is very small when the 

value of the K parameter is less than or equal to 5 (i.e. maximum computational time<0.3 

seconds). Furthermore, the computational time of the k-heuristic(Weight) algorithm, with 

K=1, is slightly higher than the computational time of the standard Dijkstra’s one to one label-

setting shortest path algorithm. Moreover, the maximum computational time of the k-

heuristic(Weight) algorithm, with the value of the K parameter as high as 100, is at least two 

times lower than the minimum possible computational time of the STDLTP(Weight) 

algorithm (i.e. with a time period of interest of 15 minutes) (see table 5.10). Most importantly, 

when the value of the parameter K is less than or equal to 40, the maximum computational 

time of the k-heuristic(Weight) algorithm is lower than or equal to the minimum possible 

computational time of the heuristic STDLTP(Weight) algorithm (i.e. when only one p-optimal 

path can be stored per node and with a time period of interest of 15 minutes) (see table 5.15).  

The above demonstrates clearly the benefits, in terms of computational efficiency of the k-

heuristic(Weight) algorithm.  

According to tables 5.7 and 5.16, the computational times of the k-heuristic(Weight) 

and the k-heuristic(EV) algorithms are virtually identical. This demonstrates the benefits of 

the k-heuristic algorithm as opposed to the heuristic STDLTP algorithm. The computational 

time of the heuristic STDLTP algorithm was found to be dependent upon the employed 

optimization criterion similarly with the computational time of the optimal STDLTP 

algorithm. The computational time of the heuristic STDLTP(EV) algorithm was always found 

to be significantly lower than the respective computational time of the heuristic 

STDLTP(Weight) algorithm (see tables 5.6 and 5.15).  

According to tables 5.9 and 5.16, the computational time of the k-heuristic(Var) 

algorithm is lower than the computational time of the corresponding k-heuristic(Weight) 

algorithm, for all values of K. The absolute difference, between the computational times of the 

two algorithms increases, as the value of K increases. This demonstrates clearly the benefits 

that the forward evaluation of the optimization criterion has on the k-heuristic algorithm’s 

computational performance.   
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To sum up, the computational time of the k-heuristic(Weight) algorithm can be 

significantly lower than the minimum possible computational time of the heuristic 

STDLTP(Weight) algorithm (i.e. when only one p-optimal path can be stored per node and 

with a time period of interest of 15 minutes). In the following, we will explore whether that is 

at the cost of sub optimality. Particular, emphasis will be placed upon the solution quality of 

the k-heuristic(Weight) algorithm with K≤5. Prior to that, it is important to evaluate the 

solution quality of the optimal STDLTP(Weight) algorithm. Therefore, the solution quality of 

the STDLTP(Weight) algorithm will be compared with the solution quality of the k-

heuristic(Weight) algorithm, with K=2000. 

The solution quality of the k-heuristic(Weight) algorithm, with K=2000, was found to 

be inferior to the solution quality of the optimal STDLTP(Weight) algorithm. For the tested 

origin-destination pairs that the k-heuristic(Weight) path, with K=2000, does not coincide with 

the STDLTP(Weight) path, the k-heuristic(Weight) path, with K=2000, was always found to  

exhibit higher ‘weight’ values than the STDLTP(Weight) path. In particular, for the SCOOT 

pairs, there is a 4% chance that the k-heuristic(Weight) paths, with K=2000, will exhibit 

higher ‘weight’ values than the STDLTP(Weight) paths. Similarly, for the random pairs, there 

is a 20% chance that the k-heuristic(Weight) paths, with K=2000, will exhibit higher ‘weight’ 

values than the STDLTP(Weight) paths. In all cases, when the k-heuristic(Weight) path did 

not coincide with the STDLTP(Weight) path, the expected value of the k-heuristic(Weight) 

path was found to be lower than the expected value of the STDLTP(Weight) path. On the 

other hand, the ‘approximate variance’ value of the k-heuristic(Weight) path was found to be 

higher than the ‘approximate variance’ value of the STDLTP(Weight) path. Therefore, for 

some of the tested origin-destination pairs, the k-heuristic(Weight) paths exhibited higher 

uncertainty than the STDLTP(Weight) paths. Consequently, the values of the errors measure 

the sub optimality introduced by the k-heuristic(Weight) algorithm, with K=2000, in terms of 

the increase in the ‘approximate variance’ value of the STDLTP(Weight) path and in terms of 

the reduction in the expected value of the STDLTP(Weight) path.  

The sub optimality introduced, by the k-heuristic(Weight) algorithm, with K=2000,  

can be quite substantial for at least one of the tested origin-destination pairs, as the values of 

the maximum absolute errors  indicated. In particular, when both of the algorithms are tested 

upon the SCOOT pairs, the k-heuristic(Weight) path, with K=2000, does not coincide with the 

STDLTP(Weight) path, for only one of the tested origin-destination pairs. For this origin-

destination pair, the expected value of the k-heuristic(Weight) path, with K=2000, is 139 

seconds (over 2 minutes) higher than the expected value of the STDLTP(Weight) path, with 
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respect to the expected value of the STDLTP(Weight) path of 1507 seconds (over 25 minutes). 

Similarly, the ‘approximate variance’ value of the k-heuristic(Weight) path, with K=2000, is 

470 seconds (over 7 minutes) higher than the ‘approximate variance’ value of the 

STDLTP(Weight) path, with respect to the ‘approximate variance’ value of the 

STDLTP(Weight) path of 1160 seconds ( over 19 minutes). The sub optimality of the k-

heuristic(Weight) algorithm, with K=2000, is greater when both of the algorithms are tested 

upon the random pairs. The high values of the maximum absolute errors are an indication of 

the optimality or near optimality of the STDLTP(Weight) algorithm.  

To sum up, despite the fact that the STDLTP(Weight) algorithm is not in theory 

optimal, the solutions provided by the STDLTP(Weight) algorithm are better than the 

corresponding solutions provided by the k-heuristic(Weight) algorithm. The above results 

were contrary to our expectations. It was anticipated that the k-heuristic(Weight) algorithm, 

with K=2000, will outperform the STDLTP(Weight) algorithm, in terms of solution quality, as 

it would resemble a brute force enumeration. Consequently, the above results demonstrate 

clearly that the solution quality of the STDLTP(Weight), when tested in the context of the 

Nottingham urban network, is satisfactory.  

As anticipated, according to table 5.16, the performance of the k-heuristic(Weight) 

algorithm, in terms of solution quality, improves as the value of K increases. The biggest 

improvements in the k-heuristic(Weight) algorithm’s performance occur for values of K less 

than or equal to 10. It is interesting to notice the small reductions on the values of the 

maximum absolute error as the value of K increases from 5 to 2000. For example, for the 

SCOOT pairs, the maximum absolute errors associated with the expected and ‘approximate 

variance’ values of the k-heuristic(Weight) paths (with K=5 and K=2000 respectively)  remain 

unaltered. This indicates the inability of the k-heuristic(Weight) algorithm, for one of the 

tested origin-destination pairs, to improve its solution quality independent of the value of K. 

Therefore, the performance of the k-heuristic(Weight) algorithm is origin-destination node 

specific. Furthermore, according to table 5.16, the errors associated with the k-

heuristic(Weight) paths’  ‘approximate variance’ values are higher than the errors associated 

with the k-heuristic(Weight) paths’ expected values. This was expected as in all cases, when 

the ‘weight’ value of the k-heuristic(Weight) path, with K≥ 5, was found to be higher than the 

‘weight’ value of the STDLTP(Weight) path, the expected value of the k-heuristic(Weight) 

path was found to be lower than the expected value of the STDLTP(Weight) path. On the 

other hand, the ‘approximate variance’ value of the k-heuristic(Weight) path was found to be 

higher than the ‘approximate variance’ value of the STDLTP(Weight) path. 
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 It is important to notice that the performance of the k-heuristic(Weight) algorithm, 

when tested upon the SCOOT pairs is significantly better than when tested upon the random 

pairs. This is attributed to the fact that the paths corresponding to random pairs are more likely 

to include a bigger number of non-detectorized links. Due to the decisions being taken, with 

respect to the representation of the non-detectorized links’ traversal times (section 5.2.1), the 

uncertainty (i.e. ‘approximate variance’ value) associated with the non-detectorized links’ 

traversal times is, in the majority of cases, higher than the uncertainty associated with any of 

the ‘equivalent’ (i.e. of equal length) SCOOT-detectorized links’ traversal times. However, the 

median travel time value of a non-detectorized links can be significantly lower than the 

median travel time value of an ‘equivalent’ SCOOT-detectorized link, especially during the 

peak-periods. As mentioned in section 4.9.2, the k-heuristic algorithms are based upon the k-

least-time path algorithm, which utilizes only the median value of the links’ traversal times; 

therefore the K least-time paths are likely to include a big number of non-detectorized links. 

However, as the ‘approximate variance’ values of the non-detectorized links are high, the 

corresponding ‘weight’ values of these K paths will be high. This demonstrates, the inability 

of the developed k-heuristic algorithms to identify paths with minimum uncertainties (and 

consequently minimum ‘weight’ values), when there is a big difference between the paths’ 

expected and ‘approximate variance’ values.   

According to tables 5.7, 5.9 and 5.16, the solution quality (i.e. as indicated mainly by 

the values of the mean absolute relative error) of the k-heuristic(Weight) algorithm is 

significantly worse than the solution quality of the k-heuristic(EV) algorithm, but it is better 

than the solution quality of the k-heuristic(Var) algorithm. When tested upon the SCOOT 

pairs, the k-heuristic(EV) algorithm, with K=5, exhibits virtually optimal performance (i.e. 

value of the %mean absolute relative error is equal to 0.005%); on the other hand, the value of 

the %mean absolute relative error, associated with the expected values of the k-

heuristic(Weight) paths, is equal to 1%. Furthermore, the value of the % mean absolute 

relative error, associated with  the k-heuristic(Var) algorithm, with K=5,  is equal to 16.58%;  

on the other hand, the value of the % mean absolute relative error, associated with the 

‘approximate variance’ values of the k-heuristic(Weight) paths, is equal to 14%. This verifies 

that the performance of the k-heuristic algorithm, in terms of solution quality, depends upon 

the employed optimization criterion.  

Furthermore, according to table 5.16, the solution quality of the k-heuristic(Weight) 

algorithm, with K=5, is inferior to the solution quality of the heuristic STDLTP(Weight) 

algorithm, when only one p-optimal path can be stored per node and when the size of the time 
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period of interest is equal to 15 minutes (see table 5.15).  For the reasons explained above, the 

difference in solution quality between the two algorithms is substantial, for the random pairs. 

However, the relative performance of the k-heuristic(Weight) algorithm, with K=5, improves, 

when tested upon the SCOOT pairs. In particular, there is a 11% chance that the heuristic 

STDLTP(Weight) algorithm will not identify the STDLTP(Weight) path. On the other hand, 

the chance that the k-heuristic(Weight) algorithm will not identify the STDLTP(Weight) path 

increases only  to 15%. Moreover, the difference in values of all errors associated with the two 

algorithms is small. In particular, the difference in values of the mean and maximum absolute 

errors, associated with the STDLTP(Weight) paths’ expected values, increase by 4 seconds 

and 49 seconds respectively, when the k-heuristic(Weight) algorithm is applied, with respect 

to the average and maximum expected value of all STDLTP(Weight) paths of  417 seconds 

(almost 6 minutes) and 1561 seconds (26 minutes) respectively. The difference in values of 

the mean and maximum absolute errors, associated with the STDLTP(Weight) paths’ 

‘approximate variance’ values, increase by 31 seconds and 220 seconds (over 3 minutes) 

respectively, when the k-heuristic(Weight) algorithm is applied, with respect to the average 

and maximum ‘approximate variance’ value of all STDLTP(Weight) paths of 513 seconds ( 

over 8 minutes) and 1820 seconds (over 30 minutes) respectively. Under the worst case 

scenario, the additional sub optimality introduced by the k-heuristic(Weight) algorithm, with 

K=5, in terms of the ‘approximate variance’ value of the k-heuristic(Weight) path, is 

substantial (over 3 minutes). Furthermore, the performance of the k-heuristic(Weight) 

algorithm, in terms of solution quality, deteriorates significantly when the K value decreases 

from five to one; as indicated by the values of the mean and maximum absolute errors, 

associated with the k-heuristic(Weight) paths’ ‘approximate variance’ values. In particular, 

when  the k-heuristic(Weight) algorithm, with K=1, and the k-heuristic(Weight) algorithm, 

with K=5, are tested upon the SCOOT pairs, the ‘approximate variance’ values of the k-

heuristic(Weight) paths, with K=1, is on average 101 seconds higher and at maximum 760 

seconds (over 12 minutes) higher than the corresponding ‘approximate variance’ values of the 

k-heuristic(Weight) paths, with K=5.  

To sum up, for applications with real-time characteristics, the k-heuristic(Weight) 

algorithm, with K≤5, is the only available option, if the minimum ‘weight’ value dominance 

criterion is employed. However, for some of the origin-destination pairs, the solution quality 

of the k-heuristic(Weight) algorithm, may be significantly compromised and the uncertainty 

associated with the k-heuristic(Weight) paths may be high. This runs the risks of reducing the 

relative benefits of the minimum ‘weight’ value dominance criterion, in terms of its ability to 
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identify best compromise paths, as opposed to the expected value and/or the minimum 

‘approximate variance’ value dominance criteria.     

 

5.11 Results for STDLTP(Range) algorithms 
As mentioned in sections (4.7.2 and 4.8.1), a forward version and a backward version 

of the STDLTP(Range) algorithm have been implemented. The forward STDLTP(Range) 

algorithm is anticipated to be much more computationally efficient than the respective 

backward STDLTP(Range) algorithm. The basic disadvantage of the backward 

STDLTP(Range) algorithm is that in order to provide the nondominated path(s) for only one 

origin-destination pair and only one departure time it needs to calculate the nondominated 

path(s) of every other node in the network to the destination node and every departure time 

within the time period of interest. Thus it appears to spend a lot of time in unnecessary 

computations. The size of the time period of interest was found to have a major impact upon 

the computational performance of the two already tested backward (many to one) STDLTP 

algorithms (see tables 5.2 and 5.10). Therefore, the size of the time period will have a major 

impact upon the computational performance of the backward STDLTP(Range) algorithm. 

The above problem is resolved by the forward version of the STDLTP(Range) 

algorithm. The forward STDLTP(Range) algorithm is a single departure time algorithm and 

therefore the dominance status between paths is established over a single departure time. So, 

the computational time of the forward STDLTP(Range) algorithm is anticipated to be 

significantly lower than the respective computational time of the backward STDLTP(Range) 

algorithm. Note that as both the backward STDLTP(Range) and forward STDLTP(Range) 

algorithms exhibit optimal performance in the context of a ‘relaxed’ FIFO network (see 

sections 4.7.2 and 4.8.1), only the computational times of the forward and backward versions 

of the STDLTP(Range) algorithm will be compared.   

For the SCOOT pairs, the average value of the minimum possible travel times of all 

nondominated paths was found to be equal to 559 seconds (over 9 minutes). The average value 

of the maximum possible travel times of all nondominated paths was found to be equal to 

2059 seconds (over 34 minutes). The maximum value of the maximum possible travel times of 

all nondominated paths was found to be equal to 5990 seconds (over 99 minutes). For the 

random pairs, the average value of the minimum possible travel times of all nondominated 

paths was found to be equal to 741 seconds (over 12 minutes). The average value of the 

maximum possible travel times of all nondominated paths was found to be equal to 3385 
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seconds (over 56 minutes). The maximum value of the maximum possible travel times of all 

nondominated paths was found to be equal to 6100 seconds (over 101 minutes). Consequently, 

a 120 minutes time period of interest can always guarantee that the path’s ranges are evaluated 

optimally. However, due to the excessive computational requirements of the backward 

STDLTP(Range) algorithm, when run with a 120 minutes time period of interest, we decided 

to reduce the size of the time period of interest to 90 minutes. The performance of the forward 

STDLTP(Range) algorithm is tested with a time period of interest of 120 minutes.  

As anticipated, the computational time of the forward STDLTP(Range) algorithm is 

much smaller than the computational time of the backward STDLTP(Range) algorithm –  0.15 

seconds and 2261 seconds, respectively. According to tables 5.2 and 5.10 and section 5.6, the 

computational time of the backward STDLTP(Range) algorithm is much higher than the 

computational times of the ‘equivalent’ respective backward (many to one) STDLTP(EV), 

STDLTP(Weight) and STDLTP(Var) algorithms. This re-emphasizes that the computational 

performance of the backward STDLTP algorithms depends upon the employed optimization 

criterion. The ‘extended Dubois’ dominance criterion is the least computationally efficient 

criterion, as more than one paths may well be nondominated for each departure time interval 

and consequently it generates a bigger number of nondominated paths than the other employed 

criteria. However, the computational time of the forward STDLTP(Range) algorithm is  

significantly lower  than the computational time of  any of the backward STDLTP algorithms. 

In particular, the computational time of the forward STDLTP(Range) algorithm is at least 

three times lower than the minimum possible computational time of the heuristic 

STDLTP(EV) algorithm (i.e. when only one p-optimal path can be stored per node and with a 

time period of interest of 15 minutes) (see table 5.6). This demonstrates clearly the benefits of 

single departure time forward STDLTP algorithms as opposed to multiple departure time 

backward STDLTP algorithms, for single origin-destination pairs and single departure time 

requests. Finally, the computational time of the forward STDLTP(Range) algorithm is about 

ten times higher than the computational time of the forward STDLTP(Var) algorithm (see 

table 5.8). This demonstrates that the computational performance of the forward STDLTP 

algorithms depends, as well, upon the employed optimization criterion. This was anticipated 

as the forward STDLTP(Range) algorithm may need to store per node a big number of paths, 

at any intermediate stage of the algorithm, in order for all nondominated paths to  be identified 

at the end of the algorithm. On the other hand, the forward STDLTP(Var) algorithm only 

stores per node one path, at any intermediate stage of the algorithm, in order to identify the 

minimum ‘approximate variance’ value path at the end of the algorithm.  



 220

In the following, we will further explore the performance of the forward 

STDLTP(Range) algorithm. Taking into account that the forward STDLTP(Range) algorithm 

is a single departure time algorithm, its computational time is independent of the size of the 

time period of interest. However, the solution quality of the forward STDLTP(Range) 

algorithm depends upon the size of the time period of interest. In particular, as mentioned 

above, the size of the time period of interest should be at least equal to the maximum duration 

of the journey between any origin-destination pair, in order for the ranges of each path to be 

evaluated correctly and consequently in order for the forward STDLTP(Range) algorithm to 

always identify the optimal solution(s). The effect that the size of the time period of interest 

has on the solution quality of the forward STDLTP(Range) algorithm is expected to be similar 

to the effect that the size of the time period of interest has on the solution quality of the 

forward STDLTP(Var) algorithm (see table 5.8) and it will not be explored. In the following, 

we will explore the performance of the forward STDLTP(Range) algorithm, as a function of 

the type of the time period of interest (morning peak, afternoon peak, evening off-peak). The 

first index of performance measures the computational time of the forward STDLTP(Range) 

algorithm  The second index of performance measures the average and maximum number of 

nondominated paths for every node of the network from the origin node.  

 

Table 5.17: Performance of the forward STDLTP(Range) algorithm, for different times 
of the day 

CPU time (sec)- 
Mean(min,max) 

No.of nondominated paths 
max(mean) 

Departure Time 

SCOOT Random SCOOT Random 
Morning peak 0.15(0.09,0.28) 0.17(0.09,0.30) 17(4) 18(4) 

Afternoon peak 0.15(0.10,0.28) 0.17(0.11,0.30) 16(5) 16(4) 

Evening off-peak 0.11(0.08,0.16) 0.12(0.08,0.19) 15(3) 17(3) 

 

According to table 5.17, the computational time of the forward STDLTP(Range) 

algorithm is slightly lower, when departing during the evening off-peak period than when 

departing during the morning and afternoon peak periods. Furthermore, according to table 

5.17, both the average and maximum number of nondominated paths per node exhibit higher 

values during the peak periods than during the evening off-peak period. The above is 

attributed to the fact that during the peak periods there is higher uncertainty associated with 

the links’ traversal times and consequently the ranges that represent the paths’ traversal times 

are broader. So, the paths are less likely to be dominated. Therefore, a bigger number of 
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nondominated paths exist during the peak periods than during the evening off-peak period. 

The deviations between the computational time of the forward STDLTP(Range) algorithm (as 

indicated by the minimum and maximum values), when tested upon different pairs, indicates 

that the computational time of the forward STDLTP(Range) algorithm, depends upon the 

location of the origin node.  

To sum up, the above results emphasize clearly the benefits of the forward 

STDLTP(Range) algorithm – a single departure time algorithm, as opposed to the backward 

STDLTP(Range) algorithm – a multiple departure time algorithm. The forward 

STDLTP(Range) algorithm was found to be very computationally efficient (i.e. maximum 

computational time equal to 0.3 seconds). However, the minimum computational time of the 

forward STDLTP(Range) algorithm was found to be about  ten times higher than the 

computational time of the standard shortest path algorithms. Therefore, for applications with 

very strict real-time characteristics (i.e. required computational times close to those of the 

standard shortest path algorithms) more computationally efficient algorithms than the forward 

STDLTP(Range) algorithm need to be developed. So, heuristic versions of the forward 

STDLTP(Range) algorithm were developed.  

 

5.12 Results for heuristic forward STDLTP(Range) algorithm 
The difference in computational times between the standard shortest path algorithms 

and the forward STDLTP(Range) algorithm is mainly attributed to the fact that at any 

intermediate stage of the forward STDLTP(Range) algorithm a big number of p-optimal paths 

can be stored per node. The heuristic version of the forward STDLTP(Range) algorithm places 

a limit upon the number of p-optimal paths that can be stored per node, at any intermediate 

stage of the algorithm (see section 4.9.1). A replacement strategy is invoked, in order to decide 

the p-optimal path that should be substituted. As mentioned in section 4.9.1, only a random 

replacement strategy can be employed for the heuristic forward STDLTP(Range) algorithm. 

That is because, at any intermediate stage of the algorithm, all existing p-optimal paths, for the 

requested origin-destination pair, have equal status (i.e. they are all nondominated paths, for 

the requested departure time).  

 The following experiments explore the performance of the heuristic forward 

STDLTP(Range) algorithm in terms of computational efficiency as well as in terms of quality 

of the obtainable solution. The only parameter that is anticipated to affect the performance of 

the heuristic algorithm is the value of the maximum permitted number of p-optimal paths that 
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can be stored per node. It is anticipated that the smaller the number of p-optimal paths that can 

be stored per node the more computationally efficient the heuristic algorithm is, but the less 

likely it is that heuristic algorithm will identify the optimal solution(s) or at least one of the 

optimal solutions. Taking into account, that at the end of the forward STDLTP(Range) 

algorithm, a big number of paths may exhibit optimal performance for a given origin-

destination and departure time request; when only a small number of p-optimal paths can be 

stored per node, the heuristic forward STDLTP(Range) algorithm will fail to identify most of 

the optimal solutions (see table 5.17).  

The first index of performance measures the computational time of the heuristic 

forward STDLTP(Range) algorithm as a function of the number of p-optimal paths that can be 

stored per node. The second index of performance measures the solution quality of the 

heuristic forward STDLTP(Range) algorithm as a function of the number of p-optimal paths 

that can be stored per node. To demonstrate the solution quality of the heuristic forward 

STDLTP(Range) algorithm, a comparison is made with the optimal solution(s) (referred to as 

forward STDLTP(Range) paths) obtained by the forward STDLTP(Range) algorithm, by 

calculating: the percentage of times for which the heuristic algorithm identifies at least one of 

the forward STDLTP(Range) paths; the proportion of the total number of forward 

STDLTP(Range) paths that were identified by the heuristic algorithm, for all measurements. 

Note that it is difficult to assess the solution quality of the heuristic forward STDLTP(Range) 

algorithm, as the ‘extended Dubois’ dominance criterion is based upon comparisons of paths’ 

confidence intervals. When comparing two paths, based upon the ‘extended Dubois’ 

dominance criterion, we can only decide if a path dominates another path but it is difficult to 

express the difference in solution quality between the dominant and the dominated path.  

As anticipated, according to table 5.18, the computational time of the heuristic forward 

STDLTP(Range) algorithm decreases as the number of p-optimal paths that can be stored per 

node decreases. The reduction on the heuristic algorithm’s computational time becomes 

apparent (i.e. at least two times less than the computational time of the forward 

STDLTP(Range) algorithm) when a small number of p-optimal paths can be stored per node 

(i.e. up to four). Furthermore, the minimum possible computational time of the heuristic 

forward STDLTP(Range) algorithm (i.e. when only one p-optimal path can be stored per 

node) is about two times higher than the computational time of the forward STDLTP(Var) 

algorithm (see tables 5.8 and 5.18). Therefore, the minimum possible computational time of 

the heuristic forward STDLTP(Range) algorithm is slightly  higher than the computational 
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time of the standard shortest path algorithms (i.e. maximum computational time equal to 0.08 

seconds).  

 

Table 5.18: Performance of the heuristic forward STDLTP(Range) algorithm, as a 

function of the number of p-optimal paths (labels) that can be stored per node 

No.of labels CPU time (sec)- 
mean(min,max) 

Percentage of times 
that at least one 
forward 
STDLTP(Range) 
path was identified 

Proportion of total 
forward 
STDLTP(Range) 
paths that were 
identified 

 SCOOT Random SCOOT Random SCOOT Random 
Optimal 0.15(0.10,0.28) 0.17(0.11,0.30) 100% 100% 100% 100% 
50 0.15(0.09,0.29) 0.17(0.10,0.33) 100% 100% 100% 100% 
40 0.14(0.08,0.29) 0.16(0.09,0.32) 100% 100% 100% 100% 
30 0.14(0.08,0.28) 0.16(0.08,0.29) 100% 100% 100% 100% 
20 0.13(0.07,0.26) 0.15(0.07,0.28) 100% 100% 100% 97% 
10 0.11(0.06,0.21) 0.13(0.07,0.24) 100% 100% 92% 86% 
5 0.08(0.05,0.15) 0.09(0.05,0.19) 100% 100% 64% 56% 
4 0.07(0.05,0.12) 0.08(0.05,0.16) 100% 100% 55% 47% 
3 0.06(0.04,0.11) 0.07(0.04,0.15) 96% 100% 46% 39% 
2 0.05(0.03,0.09) 0.06(0.03,0.11) 89% 97% 35% 27% 
1 0.04(0.02,0.08) 0.04(0.02,0.08) 74% 80% 24% 16% 

 

According to table 5.18, as the number of p-optimal paths that can be stored per node 

increases, the solution quality of the heuristic algorithm improves. As anticipated, due to the 

big number of forward STDLTP(Range) paths, the heuristic algorithm exhibits optimal 

performance (i.e. identifies all nondominated paths) when the number of p-optimal paths that 

can be stored per node is at least equal to 30; however the computational time of the respective 

heuristic algorithm is almost equal to the computational time of the optimal algorithm. When 

only one p-optimal path can be stored per node, the heuristic algorithm fails to identify 76% 

and 84% of all forward STDLTP(Range) paths, for the SCOOT pairs and random pairs 

respectively. The above was anticipated as the average number of forward STDLTP(Range) 

paths per node was found to be at least equal to 4 (see table 5.17). When four p-optimal paths 

can be stored per node, the heuristic algorithm still fails to identify 45% and 53% of all 

forward STDLTP(Range) paths, for the SCOOT pairs and random pairs respectively. This 

indicates that because of the different nature of the ‘extended Dubois’ dominance criterion, the 

solution quality of the heuristic forward STDLTP(Range) algorithm is more sensitive to the 

reduction on the number of p-optimal paths that can be stored per node than the respective 
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solution quality of the heuristic STDLTP(EV) and heuristic STDLTP(Weight) algorithms (see 

tables 5.6 and 5.15).  

However, according to table 5.18, when only one of the forward STDLTP(Range) 

paths needs to be identified, for each of the given origin-destination pairs, the heuristic 

algorithm exhibits optimal performance when four p-optimal paths can be stored per node. 

When only one p-optimal path can be stored per node, there is a 26% chance and a 20% 

chance that the heuristic algorithm will fail to identify any of the forward STDLTP(Range) 

paths, for the SCOOT pairs and random pairs respectively.  The performance of the heuristic 

forward STDLTP(Range) algorithm, when only one of the forward STDLTP(Range) paths 

needs to be identified, is comparable with the performance of the respective heuristic 

STDLTP(EV) and heuristic STDLTP(Weight) algorithms (see tables 5.6 and 5.15). 

The above results indicate clearly that if the heuristic algorithm is required to identify 

most of the  forward STDLTP(Range) paths between a given origin-destination pair, then the 

solution quality of the heuristic forward STDLTP(Range) algorithm is very poor, when only a 

small number of p-optimal paths (i.e. at most equal to four) can be stored per node. In general, 

the solution quality of the heuristic forward STDLTP(Range) algorithm is poor for big 

distance origin-destination pairs and when a big number of forward STDLTP(Range) paths is 

likely to exist. On the other hand, if the heuristic algorithm is required to identify only one of 

the forward STDLTP(Range) paths, between a given origin-destination pair, then the heuristic 

forward STDLTP(Range) algorithm exhibits very good performance when a very small 

number of p-optimal paths can be stored per node. Indeed, the computational time of the 

heuristic forward STDLTP(Range) algorithm is at least two times less than the computational 

time of the forward STDLTP(Range) algorithm.  

 

5.13 Results for k-heuristic(Range) algorithm 

The following experiments explore the performance of the k-heuristic(Range) (see 

section 4.9.2) in terms of computational efficiency as well as in terms of quality of the 

obtainable solution. The major parameter, that is anticipated to affect the performance of the 

k-heuristic(Range) algorithm is the value of the parameter K used in the algorithm. It is 

anticipated that the smaller the value of K is, the more computationally efficient the k-

heuristic(Range) algorithm is, but the less likely it is that the k-heuristic(Range) algorithm will 

identify the forward STDLTP(Range) path(s). Similarly with the heuristic forward 

STDLTP(Range) algorithm, if for a given origin-destination pair and departure time request a 
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big number of forward STDLTP(Range) paths exist, the k-heuristic(Range) algorithm, with 

small values of K, is expected to fail to identify most of the forward STDLTP(Range) paths.  

As mentioned in section 4.8.1, in a ‘relaxed’ FIFO network, each path’s minimum and 

maximum possible travel time values and consequently each path’s range, for a requested 

departure time, can be evaluated optimally, in a forward way. So, similar to the k-

heuristic(Var) algorithm, the computational overhead added when evaluating a path’s range, in 

the context of a ‘relaxed’ FIFO discrete stochastic and time-dependent network, will be lower 

than the computational overhead added when evaluating a path’s expected and/or ‘weight’ 

value, in the context of an extended ‘relaxed’ FIFO discrete stochastic and time-dependent 

network. Furthermore, the computational performance of the k-heuristic(Range) algorithm 

will be less dependent upon the distance of an origin-destination pair (i.e. dependent upon the 

minimum and maximum anticipated duration of the journey between the origin-destination 

pair for the requested departure time) than the computational performance of the 

corresponding k-heuristic(EV) and k-heuristic(Weight) algorithms. However, the ‘extended 

Dubois’ dominance criterion is anticipated to be the most inefficient criterion. That is because 

in order for the k-heuristic(Range) algorithm to generate all ‘optimal’ paths, for a given origin-

destination pair and departure time request, the ranges of all K paths need to be compared 

between each other (see section 4.9.2). Therefore, in order for the k-heuristic(Range) 

algorithm to be able to identify all ‘optimal’ paths, amongst the K least-time paths, a bigger 

number of comparisons need to take place than those required for any of previous k-heuristic 

algorithms. In order to explore the effect that the ‘extended Dubois’ dominance criterion has 

upon the k-heuristic algorithm’s computational performance we will be comparing the 

computational time of the k-heuristic(Range) algorithm with the respective computational time 

of the k-heuristic(Var) algorithm.  

The first index of performance measures the computational time of the k-

heuristic(Range) algorithm as a function of the value of  K. To demonstrate the solution 

quality of the k-heuristic(Range) algorithm a comparison is made with the solution obtained 

by the ‘equivalent’ forward STDLTP(Range) algorithm (i.e. time period of interest of 120 

minutes).  The second index of performance calculates the percentage of times, for which the 

k-heuristic(Range) algorithm identifies at least one of the forward STDLTP(Range) paths. The 

third index of performance calculates the proportion of the total number of forward 

STDLTP(Range) paths that were identified by the k-heuristic(Range) algorithm, for all 

measurements.  
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As anticipated, according to table 5.19, the computational time of the k-

heuristic(Range) algorithm decreases, as the value of K decreases. The maximum 

computational time of the k-heuristic(Range) algorithm is less than or equal to the minimum 

computational time of the forward STDLTP(Range) algorithm for values of K smaller than or 

equal to 10 (see table 5.17). The computational time of the k-heuristic(Range) algorithm, with 

K≤5, is slightly  higher than the computational time of the standard shortest path algorithms 

(i.e. maximum computational time equal to 0.05 seconds). Furthermore, the maximum 

computational time of the k-heuristic(Range) algorithm is  less than or equal to the minimum 

possible computational time of the heuristic forward STDLTP(Range) algorithm (i.e. when 

only one p-optimal path can be stored per node), for values of K smaller than or equal to 2 (see 

table 5.18). According to tables 5.9 and 5.19, the computational time of the k-heuristic(Range) 

algorithm is almost identical to the computational time of the k-heuristic(Var) algorithm. This 

indicates that the computational time of the k-heuristic algorithm is independent of the chosen 

optimization criterion (i.e. provided that both criteria are evaluated in a forward way or in a 

backward way).  

 

Table 5.19: Performance of the k-heuristic(Range) algorithm, as a function of the value 

of the parameter K 

Value 
of K 

CPU time (sec)  
mean(min-max) 

Percentage of times 
that at least one 
forward 
STDLTP(Range) 
path was identified 

Proportion of 
total forward 
STDLTP(Range) 
paths that were 
identified 

 SCOOT Random SCOOT Random SCOOT Random 
2000 148(34,323) 160(11,367) 100% 100% 87% 72% 
1000 29(4,67)  36(3,82) 100% 100% 85% 68% 
500 8(0.89,20) 10(1,22) 100% 100% 82% 59% 
400 6(0.6,14) 7(0.79,15) 100% 100% 80% 58% 
300 3(0.38,8) 4(0.55,9) 100% 100% 79% 57% 
200 2(0.19,4) 2(0.32,5) 100% 100% 79% 55% 
100 0.57(0.08,1) 0.74(0.12,2) 100% 100% 74% 50% 
50 0.21(0.03,0.56) 0.28(0.06,0.65) 100% 100% 67% 44% 
40 0.15(0.02,0.43) 0.21(0.05,0.48) 100% 100% 64% 43% 
30 0.10(0.01,0.29) 0.14(0.03,0.33) 100% 97% 63% 41% 
20 0.06(0.01,0.18) 0.09(0.02,0.21) 100% 97% 58% 41% 
10 0.03(<0.01,0.08) 0.04(0.01,0.11) 100% 97% 52% 35% 
5 0.01(<0.01,0.05) 0.02(<0.01,0.04) 96% 97% 44% 30% 
4 <0.01(<0.01,0.04) 0.01(<0.01,0.03) 93% 93% 42% 28% 
3 <0.01(<0.01,0.02) 0.01(<0.01,0.03) 89% 87% 36% 24% 
2 <0.01(<0.01,0.02) <0.01(<0.01,0.02) 81% 83% 31% 22% 
1 <0.01(<0.01,0.01) <0.01(<0.01,0.01) 70% 73% 23% 14% 
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As anticipated, according to table 5.19, the solution quality of the k-heuristic(Range) 

algorithm improves, as the value of K increases. The biggest improvements in the k-

heuristic(Range) algorithm’s performance occur for small values of K (i.e. K ≤5). In 

particular, there is only a 4% chance that the k-heuristic(Range) algorithm, with K=5, will fail 

to identify any of the forward STDLTP(Range) paths. The performance of the k-

heuristic(Range) algorithm, if only one forward STDLTP(Range) path is required to be 

identified for each origin-destination pair, is comparable to the performance of the k-

heuristic(EV) algorithm. Consequently, the k-heuristic(Range) algorithm outperforms both  

the k-heuristic(Weight) and k-heuristic(Var) algorithms (see tables 5.7, 5.9 and 5.16). The 

above results indicate that there is a good correlation between the paths’ expected travel time 

values (in the context of a deterministic and time-dependent network) and the ‘extended 

Dubois’ dominance criterion, for at least one of the forward STDLTP(Range) paths. Most 

importantly, according to tables 5.18 and 5.19, the k-heuristic(Range) algorithm, with K=5, 

when only one of the forward STDLTP(Range) paths needs to be identified for each origin-

destination pair, outperforms the heuristic forward STDLTP(Range) algorithm, when up to 2 

p-optimal paths can be stored per node.   

However, according to table 5.19, the performance of the k-heuristic(Range) algorithm 

is very poor, even for high values of K, if the algorithm is required to identify all of the 

forward STDLTP(Range) paths. In particular, the k-heuristic(Range) algorithm, with K=2000, 

fails to identify 13% and 28% of all forward STDLTP(Range) paths, for the SCOOT pairs and 

the random pairs respectively. As mentioned in section 4.7.2, the comparison between paths 

based solely upon their two extreme values (i.e. ranges) does not exclude paths with high 

expected travel time values and/or high uncertainty to be nondominated, based upon the 

‘extended Dubois’ dominance criterion. For a given origin-destination pair and departure time 

request, the forward STDLTP(Range) paths may well exhibit a variety of travel time 

characteristics (i.e. paths with low minimum values, paths with low maximum values, paths 

with small ‘approximate variance’ values etc). Consequently, the expected travel time values 

of some of the forward STDLTP(Range) paths may well be relatively high. The performance 

of the k-heuristic(Range) algorithm, when all of the forward STDLTP(Range) paths need to be 

identified, exhibits similar characteristics with the performance of the k-heuristic(Var) 

algorithm (see table 5.9). The above is an indication that the k-heuristic(Range) algorithm fails 

to identify, amongst others, the forward STDLTP(Range) paths with low levels of uncertainty. 

Overall, the k-heuristic(Range) algorithm is likely to fail to identify the forward 
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STDLTP(Range) paths, which exhibit high expected travel time values but low minimum 

and/or maximum travel time values.    

According to table 5.19, the proportion of the total number of forward 

STDLTP(Range) paths, identified by the k-heuristic(Range) algorithm, steadily decreases as 

the value of K decreases. As anticipated when K takes very low values (i.e. K ≤5), the k-

heuristic(Range) algorithm identifies only a small proportion of the total forward 

STDLTP(Range) paths. Similarly, with the heuristic forward STDLTP(Range) algorithm, the 

K value places an upper limit upon the number of forward STDLTP(Range) paths that can be 

identified by the k-heuristic(Range) algorithm. Therefore, when the number of forward 

STDLTP(Range) paths, between an origin-destination pair, exceeds the K value, then the k-

heuristic(Range) algorithm will never exhibit overall optimal performance (i.e. identify all of 

the forward STDLTP(Range) paths). However, the k-heuristic(Range) algorithm, with K=5, 

identified a bigger proportion of the total number of forward STDLTP(Range) paths than the 

heuristic forward STDLTP(Range) algorithm, when up to two p-optimal paths can be stored 

per node (see tables 5.18 and 5.19). The performance of the k-heuristic(Range) algorithm, 

with K=5, is far superior to the respective performance of the heuristic forward 

STDLTP(Range) algorithm, when only one p-optimal path can be stored per node. In 

particular, the k-heuristic(Range) algorithm, with K=5, identified 44% and 30% of the total 

number of forward STDLTP(Range) paths, for the SCOOT pairs and random pairs 

respectively, as opposed to the respective heuristic forward STDLTP(Range) algorithm, which 

identified 24% and 16% of the total number of forward STDLTP(Range) paths.  

To sum up, due to the variety of travel time characteristics associated with the forward 

STDLTP(Range) paths, the k-heuristic(Range) algorithm was not able to identify all forward 

STDLTP(Range) paths, even for high values of K. If the algorithm is required to identify all of 

the forward STDLTP(Range) paths between a given origin-destination pair, then there is no 

point in employing the k-heuristic(Range) algorithm; as the forward STDLTP(Range) 

algorithm will identify all forward STDLTP(Range) paths at a much smaller computational 

time. However, for application with very strict real-time characteristic the k-heuristic(Range) 

algorithm, with K≤5,  and the heuristic forward STDLTP(Range) algorithm, when only one p-

optimal path can be stored per node, are the only available options. The k-heuristic(Range) 

algorithm, with K=5, when only one of the forward STDLTP(Range) paths is required to be 

identified for each origin-destination pair, exhibits nearly optimal performance. Furthermore, 

the k-heuristic(Range) algorithm, with K=5, identified a bigger proportion of the total number 

of forward STDLTP(Range) paths than the respective heuristic forward STDLTP(Range) 
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algorithm (i.e. when only one p-optimal path can be stored per node). Consequently, the k-

heuristic(Range) algorithm, with K=5, outperformed, in terms of both computational 

efficiency and solution quality, the respective heuristic forward STDLTP(Range) algorithm 

(i.e. when only one p-optimal path can be stored per node).  

 

5.14 Limitations of the experimental results 
All experiments were run on Angelus (Angelus has two 600 mhz UltraSparc-III 

processors and 1024 MB of memory). Angelus is a service based system with multiple users. 

Consequently, maintenance activities by the operating system and simultaneous running of 

programs by other users may have taken place at the time the experiments were performed. 

Therefore, the obtained CPU times are not very accurate and are unlikely to be replicated. 

Most of the time, the obtained CPU times are overestimations of the algorithms’ actual run 

times (Miller-Hooks, 1997).   

Furthermore, the above experimental results are dependent upon the choices being 

made with respect to the representation and accuracy of the links’ traversal times and the 

available data sources. Taking into account that the majority of the links in the network are 

non-detectorized links, the decision on the representation of the non-detectorized links’ 

traversal times has a big impact upon the overall performance of the above algorithms. For 

example, the poor performance, in terms of solution quality, of both the k-heuristic(Weight) 

and k-heuristic(Var) algorithms was mainly attributed to the non-correlation between a path’s 

expected value and the uncertainty associated with the path’s traversal time. The utilization of 

historical information instead of real-time information for the estimation and prediction of the 

detectorized links’ traversal times provided an upper bound on the uncertainty associated with 

the detectorized links’ traversal times. Furthermore, very big uncertainty was associated with 

the non-detectorized links’ travel time values. It is envisaged that the utilization of real-time 

information for the estimation and prediction of the detectorized links’ traversal times and an 

increase in the number of available data sources will improve the performance of both the k-

heuristic(Weight) and k-heuristic(Var) algorithms.  

 
5.15 Conclusions 

Chapter 5 evaluated the performance of all the implemented STDLTP algorithms and 

their respective heuristic versions, in terms of their computational efficiency as well as in 

terms of their solution quality, when tested in the context of the Nottingham urban network 
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with real travel time data for all detectorized links. The average computational performance of 

all of the implemented STDLTP algorithms was much better than predicted via the worst-case 

computational complexity analysis. Furthermore, despite the theoretical non-optimality of the 

STDLTP(Var) and the STDLTP(Weight) algorithms, both the algorithms were found to 

exhibit very good performance in terms of their solution quality. However, several drawbacks 

were associated with the implemented many to one (backward) STDLTP algorithms, when 

tested for single origin-destination pair and single departure time requests. In order, for any of 

the implemented backward STDLTP algorithms, to identify the nondominated path(s), for a 

single origin-destination pair and single departure time request, they need to determine the 

nondominated path(s) for all nodes in the network to the requested destination node and for 

each departure time within the time period of interest. Furthermore, in order for any of the 

implemented backward STDLTP algorithms, to optimally evaluate and identify the 

nondominated path(s), the time period of interest should cover at least the maximum duration 

of the journey time between the origin-destination pair.  

Our experiments confirmed that both the computational performance as well as the 

solution quality of all of the implemented backward STDLTP algorithms was found to be 

dependent upon the size of the time period of interest. Adjusting the time period of interest 

based upon the single origin-destination pair and single departure time requests, was found to 

reduce the computational time of all backward STDLTP algorithms; without compromising 

the solution quality, for small distance origin-destination pairs. It was experimentally verified 

that the computational performance of all of the implemented backward STDLTP algorithms 

degrades as the size of the time period of interest increases. Furthermore, it was 

experimentally verified that the impact that the size of the time period of interest had upon the 

overall performance of the backward STDLTP algorithms, was dependent upon the employed 

optimization criterion. The relative difference between the computational performances of the 

backward STDLTP algorithms was found to increase as the size of the time period of interest 

increases. The STDLTP(EV) algorithm was found to be the most computationally efficient of 

all implemented backward STDLTP algorithms. However, even under the best case scenario 

(i.e. time period of interest of 15 minutes) the STDLTP(EV) algorithm was not considered to 

have real-time characteristics.  

Taking into account that the poor computational performance of the implemented 

backward STDLTP algorithms was mainly attributed to the fact that they were multiple 

departure time algorithms, the performance of the developed one to many and single departure 

time forward versions of the STDLTP algorithms was tested. The exceedingly big differences 
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in the computational times between the forward and backward versions of both the 

STDLTP(Range) and the STDLTP(Var) algorithms emphasized clearly the benefits in 

developing, if possible, forward one to many and single departure time STDLTP algorithms, 

for single origin-destination pairs and single departure time requests. Furthermore, it was 

experimentally verified that the computational time of the forward STDLTP(Var) algorithm 

was slightly higher than the computational time of the standard Bellman’s (1958) label-

correcting deterministic shortest path algorithm (i.e. maximum computational time equal to 

0.04 seconds). Most importantly, the solution quality of the forward STDLTP(Var) algorithm 

was not compromised and the forward STDLTP(Var) algorithm was proven to provide 

identical solutions with the respective backward STDLTP(Var) algorithm. However, the 

computational time of the forward STDLTP algorithms was found to be dependent upon the 

employed optimization criterion. In particular, the computational time of the forward 

STDLTP(Range) algorithm was found to be about ten times higher than the computational 

time of the forward STDLTP(Var) algorithm. The above was attributed to the inefficiency of 

the ‘extended Dubois’ dominance criterion and consequently to the fact that a big number of 

paths may well be nondominated for a single-origin-destination pair and single departure time 

request; on the other hand, only one path is considered to be nondominated based upon the 

minimum ‘approximate variance’ value dominance criterion. Despite the above, the forward 

STDLTP(Range) algorithm was found to be very computationally efficient (i.e. maximum 

computational time equal to 0.3 seconds). Therefore, both of the developed forward STDLTP 

algorithms were found to exhibit real-time characteristics. 

To sum up, neither of the developed optimal STDLTP algorithms, in their backward 

versions, were suitable for applications with real-time characteristics (i.e. such as time 

constraints in in-vehicle RGS). Consequently, the performance of the developed heuristic 

STDLTP and k-heuristic algorithms was tested. The developed heuristic backward STDLTP 

algorithms, when a small number of p-optimal paths can be stored per node (at most four), 

were found to be significantly more computationally efficient than their respective optimal 

STDLTP algorithms. Furthermore, the solution quality of both of the heuristic STDLTP(EV) 

and the heuristic STDLTP(Weight) algorithms was found to be satisfactory, when only a small 

number of p-optimal paths can be stored per node. However, the major drawback of both of 

the developed heuristic backward STDLTP algorithms was that they carry the same limitations 

and constraints as the corresponding optimal STDLTP algorithms. Consequently, the 

computational performance of the heuristic backward STDLTP algorithms was found to be 

dependent upon the employed optimization criterion. In particular, the computational time of 
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the heuristic STDLTP(EV) algorithm was always lower than that of the heuristic 

STDLTP(Weight) algorithm. Moreover, the computational performance as well as the solution 

quality of both of the developed heuristic backward STDLTP algorithms, was found to be 

dependent upon the size of the time period of interest. The above, imposes a lower bound on 

the minimum possible computational time, of any of the heuristic backward STDLTP 

algorithms that can be achieved. In particular, the minimum possible computational time of 

the heuristic backward STDLTP(EV) algorithm (i.e. when only one p-optimal path can be 

stored per node and with a time period of interest of 15 minutes) was found to be equal to 1 

second. Therefore, neither of the developed heuristic backward STDLTP algorithms was 

found to exhibit real-time characteristics.  

Taking into account the drawbacks associated with the above heuristic STDLTP 

algorithms, the performance of the conceptually different k-heuristic algorithms was tested. 

The basic advantage of the k-heuristic algorithms was that they are single departure time one 

to one algorithms and therefore they are tailored to single origin-destination pairs and single 

departure time requests. An efficient method was developed for the optimal evaluation of a 

path’s expected and ‘weight’ values, in the context of an extended ‘relaxed’ FIFO discrete 

stochastic and time-dependent network. Despite that, both of the k-heuristic(EV) and k-

heuristic(Weight) algorithms were found to be less computationally efficient than the 

respective k-heuristic(Var) and k-heuristic(Range) algorithms. This was attributed to the 

backward evaluation of the path’s expected and ‘weight’ values. However, for a big range of 

K values, the computational time of the k-heuristic(EV) and the k-heuristic(Weight) 

algorithms was found to be lower than the minimum possible computational time of the 

respective heuristic STDLTP(EV) and heuristic STDLTP(Weight) algorithms. Furthermore, 

the k-heuristic(EV) and the k-heuristic(Weight) algorithms, with K≤5, were found to be very 

computationally efficient (i.e. maximum computational time <0.3 seconds). Moreover, the 

computational times of the k-heuristic(EV) and k-heuristic(Weight) algorithms, with K=1, and 

of the k-heuristic(Range) algorithm, with K≤5, were found to be slightly  higher than the 

computational time of the standard shortest path algorithms (i.e. maximum computational time 

equal to 0.05 seconds). 

However, the performance of the k-heuristic algorithms, in terms of solution quality, 

was dependent upon the employed optimization criterion. In particular, the solution quality of 

the k-heuristic algorithm was dependent upon the correlation between a path’s expected value, 

in the context of a deterministic and time-dependent network, and a path’s value, based upon 

the employed optimization criterion, in the context of a stochastic and time-dependent 
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network. The k-heuristic(EV) algorithm, with K=5, was found to exhibit virtually optimal 

performance. Moreover, the k-heuristic(EV) algorithm, with K=1, was found to exhibit nearly 

optimal performance. The k-heuristic(Range) algorithm, with K=5, was found to exhibit 

virtually optimal performance, provided that only one of the forward STDLTP(Range) paths is 

required to be identified, for a given origin-destination pair. However, for requests where a big 

number of forward STDLTP(Range) paths exist, the k-heuristic(Range) algorithm, with K=5, 

because of its limited nature, is likely to fail to identify most of the forward STDLTP(Range) 

paths. Despite that, the k-heuristic(Range) algorithm, with K=5, outperformed, in terms of the 

proportion of the total number of forward STDLTP(Range) paths being identified, the 

heuristic forward STDLTP(Range) algorithm, when up to 2 p-optimal paths can be stored per 

node. Overall the k-heuristic(Range) algorithm, with K=5, outperformed the respective 

heuristic forward STDLTP(Range) algorithm (i.e. when up to 2 p-optimal paths can be stored 

per node), in terms of both computational efficiency and solution quality. Finally, high levels 

of sub optimality, were introduced by both of the k-heuristic(Var) and k-heuristic(Weight) 

algorithms, with K=5. In particular, for some of the tested pairs, the uncertainty associated 

with the k-heuristic(Var) paths and the k-heuristic(Weight) paths, with K=5, was found to be 

high. The above compromised the nature of the minimum ‘approximate variance’ value and 

the minimum ‘weight’ value dominance criteria.    

Therefore, for applications with real-time characteristics the k-heuristic(EV) algorithm, 

with K≤5, the forward STDLTP(Var) algorithm, the  k-heuristic(Weight) algorithm, with K≤5, 

and the forward STDLTP(Range) algorithm, are the only options available (based upon the 

implemented algorithms of this study). So, for applications with real-time characteristics, the 

minimum ‘weight’ value optimization criterion cannot be employed without compromising its 

nature (i.e. what one is seeking to identify), based upon this study’s implemented k-heuristic 

algorithms. Moreover, for applications with very strict real-time characteristics (i.e. required 

computational times close to those of the standard shortest path algorithms) only the expected 

value (k-heuristic(EV) algorithm, with K=1) and the minimum ‘approximate variance’ value 

(forward STDLTP(Var) algorithm) dominance criteria can be employed, without 

compromising the solution quality. However, the minimum ‘weight’ value dominance 

criterion is the most likely to identify paths with the highest information content. In particular, 

it was experimentally verified that the solution quality of the STDLTP(Weight) algorithm was 

superior to the solution quality of the respective STDLTP(EV) and forward STDLTP(Var) 

algorithms. The expected value criterion, when used on its own, was found, for some of the 

requests, to identify STDLTP(EV) paths with high levels of uncertainty. Similarly, the 
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minimum ‘approximate variance’ value criterion, when used on its own, was found, for some 

of the requests, to identify forward STDLTP(Var) paths with very high expected travel time 

values. On the other hand, the minimum ‘weight’ value criterion that placed a slightly bigger 

‘weight’ upon the path’s expected travel time value as opposed to the path’s ‘approximate 

variance’ value (i.e. based upon the (0.6,0.4) pair of values), was found to identify 

STDLTP(Weight) paths with acceptable expected travel time values and acceptable levels of 

uncertainty.    

To sum up, this chapter reflects the trade offs between computational efficiency and 

information in determining optimal paths, in the context of the stochastic and time-dependent 

Nottingham urban network. The performance of all optimal and heuristic STDLTP algorithms 

was found to be dependent upon the employed optimization criterion. Furthermore, it was 

demonstrated that less complicated and very computationally efficient k-heuristic algorithms, 

that exhibited real-time characteristics, can lead to sub optimal solutions, when alternative 

optimization criteria to the expected value criterion are employed.  

It is expected that the solution quality of all of the algorithms will improve, when real-

time information is used for the estimation and prediction of the detectorized links’ traversal 

times. That is because the quality of an optimal path solution, independent of the employed 

optimization criterion, depends upon the accuracy of the links’ traversal times. The next 

chapter will explore the performance of all of the optimal STDLTP algorithms and their 

respective real-time k-heuristic algorithms, with K=5, for two origin-destination pairs (i.e. a 

combination of SCOOT monitored regions, flow-detectors and non-detectorized regions) in 

the context of the Nottingham urban network, when real-time information is used for the 

estimation and prediction of the detectorized links’ traversal times. Particular emphasis will be 

placed upon the improvement in solution quality, in terms of the expected value and the 

uncertainty associated with a path’s traversal time, when different optimization criteria are 

employed. Additionally, particular emphasis will be placed upon the degree of sub optimality 

introduced by the real-time k-heuristic algorithms dependent upon the employed optimization 

criterion.  
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CHAPTER 6 

 

PATH SELECTION FOR THE DEVELOPED STDLTP 

ALGORITHMS 
 

6.1 Introduction 
This chapter explores the performance of all of the implemented STDLTP algorithms 

and their respective real-time k-heuristic algorithms (with K=5), when used to identify optimal 

paths for two origin-destination pairs in the context of the Nottingham urban network (over a 

combination of SCOOT-monitored regions, flow-detectors and non-detectorized regions). 

Historical as well as real-time and predicted information is used for the estimation and 

prediction of the links’ traversal times. Particular emphasis is placed upon the difference in 

terms of solution quality as well as topology between the optimal paths, as outputted by the 

STDLTP algorithms and their respective real-time k-heuristic algorithms, when different 

optimization criteria are employed. In particular, in section 6.2, the two selected study areas 

are described and the topological characteristics of each of the study areas are displayed. In 

section 6.3, the decisions being taken with respect to the representation of the links’ traversal 

times and with respect to the type of information being utilized are described. In section 6.4, 

the indexes of performance are defined and the parameters of the experiments are described. 

Furthermore, the actual least time path that will be used as a benchmark for evaluating the 

performance of all algorithms is described. In section 6.5, the experimental results on the 

performances of the STDLTP algorithms, when tested upon the first study area, are presented, 

discussed and analyzed. In section 6.6, the experimental results on the performances of the 

STDLTP algorithms and their respective real-time k-heuristic algorithms, when tested upon 

the second study area are presented, discussed and analyzed. In section 6.7, an ‘optimal’ 

routing strategy is identified, for different types of drivers, based upon experimental results of 

the second study area. Finally, concluding remarks are given in section 6.8. 

 

6.2 Selection of study area 
Two origin-destination pairs are selected for our study areas. The first is a small 

distance origin-destination pair. The second is a big distance origin-destination pair that 

extends from the north to the south east of the Nottingham urban network. The first origin-
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destination pair is associated with the start and the end of the Valley road SCOOT-monitored 

region. The second origin-destination pair extends from the start of the Daybrook SCOOT-

monitored region to the end of the Queens road SCOOT-monitored region. The route of the 

second origin-destination pair is expected to be associated with a number of SCOOT-

monitored regions as well as a number of flow-detectorized links and a number of non-

detectorized links. The k standard shortest path algorithm (Shier et al, 1979) is used in order to 

display the topological characteristics of the first and the second study area.  

 

6.2.1 First study area  

For the first study area (small distance origin-destination pair), only the topology of the 

first 5 shortest paths is depicted.  

 

Figure 6.1: Topology of the first 5 shortest paths from the start to the end of the SCOOT-monitored Valley 

Road region 

 
 

The first column of table 6.1 depicts the number of detectorized links, which are part 

of the kth shortest path. The second column depicts the total number of links, which are part of 
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the kth shortest path. The 1st shortest path consists of the least number of non-detectorized 

links (only one non-detectorized link) and the 5th shortest path consists of the biggest number 

of non-detectorized links (five non-detectorized links).      

 

Table 6.1: Topology of the first 5 shortest paths, for the first study area 

kth shortest path No. of SCOOT-detectorized links Total No. of links 

1st shortest path 3 4 

2nd shortest path 2 5 

3rd shortest path  3 5 

4th shortest path 2 6 

5th shortest path  1 6 

 

In particular the first 5 shortest paths, from the start to the end of Valley Road are the 

following: 

1st shortest path: 

Western Boulevard (N11531C, N11541G), Valley Road ( N11542C,ND)     

 

2nd shortest path: 

Western Boulevard (N11531C), BV Road (ND), St Alpines Street (ND), Valley Road 

(N11542C,ND)  

 

3rd shortest path: 

Western Boulevard (N11531C, N11541G), Vernon Road (ND), Nottingham Road 

(N11542D), Valley Road(ND) 

 

4th shortest path: 

Western Boulevard (N11531C), BV Road (ND), St Alpines Street (ND), Vernon Road 

(ND), Nottingham Road (N11542D), Valley Road(ND) 

 

5th shortest path: 

Nuthall Road (ND), Bar Lane (ND), St Alpines Street (ND,ND), Valley Road(N11542C, 

ND) 
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The SCOOT-detectorized links are identified by N******. The non-detectorized links 

are labeled ND. The bold type highlights the topological differences between the shortest path 

and the remaining K-1 shortest paths. 

It is expected that for the first study area, only a small number of paths exist that 

exhibit comparable travel times. So, the optimal path of any of the STDLTP algorithms, 

independent of the type of information being utilized, is expected to be one of the first 5 

shortest paths. Only four SCOOT-detectorized links are included within the first 5 shortest 

paths. Furthermore, no flow-detectorized link is included within the first 5 shortest paths. This 

allows us to track the changes on each of the SCOOT-detectorized links’ travel time values. 

 

6.2.2 Second study area  

For the second study area, the topology of the first 10 shortest paths is depicted.  

 

Table 6.2: Topology of the first 10 shortest paths, for the second study area  

kth shortest path No .of detectorized-links Total No. of links 

1st shortest path 19 31 

2nd shortest path 19 31 

3rd shortest path  14 36 

4th shortest path 14 36 

5th shortest path  14 36 

6th shortest path 17 29 

7th shortest path 18 30 

8th shortest path 17 30 

9th shortest path 19 32 

10th shortest path 19 33 

 

According to the table 6.2, the first 10 shortest paths differ in terms of their total 

number of links as well as in terms of the number of detectorized links that each path consists 

of.  The 1st, 2nd, 6th and 7th  shortest paths consist of the least number of non-detectorized links 

(i.e. 12 non-detectorized links) and the 3rd, 4th and 5th shortest paths consist of the biggest 

number of non-detectorized links (i.e. 22 non-detectorized links) 
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In particular, the first 10 shortest paths from the start of the SCOOT-monitored Daybrook 

region to the end of the SCOOT-monitored Queens road region are the following: 

1st shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Hartley Road 

(ND, ND), Radford Boulevard (ND), Lenton Boulevard (N20141A), Derby Road (ND), 

Gregory Street(ND, ND), Abbey Street (ND), Beeston Road (D19546), SCOOT-monitored 

region: Queens Road {West Queens Road (N19621F, N19622B, N19631F, N19741B, 

N19742F)} 

 

2nd shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A,ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Hartley Road 

(ND, ND), Radford Boulevard (ND), Lenton Boulevard (N20141A, ND), Church Street 

(ND), Gregory Street (ND), Abbey Street (ND), Beeston Road (D19546), SCOOT-monitored 

region: Queens Road {West Queens Road (N19621F, N19622B, N19631F, N19741B, 

N19742F)} 

 

3rd  shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E,ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A,N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B),Hartley Road 

(ND,ND), Radford Boulevard (ND), Lenton Boulevard (N20141A), Derby Road (ND), 

Gregory Street (ND,ND), Abbey Street(ND), Beeston Road (D19546),University Boulevard 

(ND), Broadgate (ND,ND), Regent Street (ND), Middle Street (ND,ND), Chilwell Road 

(ND,ND), High Road (ND), Meadow Lane (ND)   
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4th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Hartley Road 

(ND,ND), Radford Boulevard (ND), Lenton Boulevard (N20141A,ND), Church Street (ND), 

Gregory Street (ND), Abbey Street (ND), Beeston Road (D19546), University Boulevard 

(ND), Broadgate (ND, ND), Regent Street (ND), Middle Street (ND, ND), Chilwell Road 

(ND, ND), High Road (ND), Meadow Lane (ND)   

 

5th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Hartley Road 

(ND,ND), Radford Boulevard (ND), Lenton Boulevard (N20141A), Derby Road (ND), 

Gregory Street(ND,ND), Abbey Street (ND), Beeston Road (D19546),University Boulevard 

(ND), Broadgate (ND), Humber Road (ND), Middle Street (ND, ND, ND), Chilwell Road 

(ND, ND), High Road (ND), Meadow Lane (ND)   

 

6th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND),Waverley Street (ND, ND), Clarendon Street (ND), Wollaton Street (ND), 

Derby Road (N20141B, ND), Gregory Street (ND, ND), Abbey Street (ND), Beeston 

Road(D19546), SCOOT-monitored region: Queens Road {West Queens Road (N19621F, 

N19622B, N19631F, N19741B, N19742F)} 
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7th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Waverley Street (ND, ND), Clarendon Street (ND), Wollaton Street (ND), 

Derby Road (N20141B, ND, D20226, ND, D20616), Woodside Road (ND), University 

Boulevard (ND), SCOOT-monitored region: Queens Road {West Queens Road (N19621F, 

N19622B, N19631F, N19741B, N19742F)} 

 

8th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), West Forest 

Road (ND), Waverley Street (ND, ND), Clarendon Street (ND), Tolhill (ND), Derby Road 

(ND, N20141B), Lenton Boulevard (ND), Church Street (ND), Gregory Street (ND), Abbey 

Street (ND), Beeston Road (D19546), SCOOT-monitored region: Queens Road {West Queens 

Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

9th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road (ND, N02521A), Mansfield 

Road(D02527, N02511E, ND, ND), Milton Street (ND), Burton Street (ND), Wollaton 

Street (ND, ND), Derby Road (N20141B), Lenton Boulevard (ND), Church Street (ND), 

Gregory Street(ND), Abbey Street (ND), Beeston Road (D19546), SCOOT-monitored region: 

Queens Road {West Queens Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 
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10th shortest path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), Mansfield 

Road (D02527, N02511E), Huntingdon Street (ND), Woodborough Road (ND), Mansfield 

Road (ND), Milton Street (ND), Burton Street (ND), Wollaton Street (ND, ND), Derby 

Road (N20141B), Lenton Boulevard (ND), Church Street (ND), Gregory Street(ND), 

Abbey Street(ND), Beeston Road (D19546), SCOOT-monitored region: Queens Road {West 

Queens Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

The flow-detectorized links are identified by D*****. All of the first 10 shortest paths 

include the Daybrook SCOOT-monitored region and the Sherwood SCOOT-monitored region. 

Furthermore, the majority of the first 10 shortest paths include the Queens Road SCOOT-

monitored region.  

It is expected that for the second study area, a big number of paths exist, that exhibit 

similar travel times. So, the optimal path, of any of the STDLTP algorithms, is not always 

expected to be included within the first 10 shortest paths. A number of SCOOT-detectorized, 

flow-detectorized and non-detectorized links are included within the first 10 shortest paths. 

Therefore, the more realistic second study area, will allow us to explore the more general 

effect, that information provided by a number of SCOOT-monitored areas and flow-

detectorized links, will have on the quality of the optimal path solution.   

 

6.3 Parameter setting for the experiments 
All of the experiments are performed upon the previously described representation of 

the Nottingham urban network (see sections 5.2 and 5.2.1). Real-time and/or historical 

information is used for the estimation and prediction of the detectorized links’ traversal times. 

On the other hand, one ‘general’ historical profile corresponds to all of the non-detectorized 

links (see section 5.2.1). All links’ estimated, predicted and historical travel time values have 

been smoothed so that each of the links’ percentile values cannot change by more than 10 

seconds, for consecutive 10-second time intervals. Therefore, all links’ estimated, predicted 

and historical [5% 95%] ranges exhibit ‘relaxed FIFO’ characteristics in the context of the 

discrete stochastic and time-dependent network (see equation 4.7), which guarantees 

optimality for the forward STDLTP(Range) algorithm (see section 4.8.1). Furthermore, all 
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links’ estimated, predicted and historical percentile travel time values exhibit extended 

‘relaxed’ FIFO characteristics in the context of the discrete stochastic and time-dependent 

network (see section 5.2), which is essential for the k-heuristic algorithms (see sections 5.5, 

5.7, 5.10 and 5.13).  

Two issues need to be resolved before running the experiments. The first issue is 

associated with the mismatch between a detectorized link and the respective represented link. 

The second issue is associated with the decision being made with respect to the point of 

transition from the predicted to the historical travel time values, for each of the SCOOT-

detectorized links. The decisions being made are anticipated to affect the outcome of our 

experimental results. Therefore, it is important to keep in mind, the above assumptions when 

evaluating the performance of each of the tested algorithms.   

 

6.3.1 Represented links versus SCOOT-detectorized and flow-detectorized links 

There are a few links in our network that extend over more than one SCOOT-

detectorized and/or flow-detectorized links. If one detector lies on the link, then it is assumed 

to cover the whole link. When a link consists of a series of detectorized links, then the 

traversal time of the link is considered to be the sum of the traversal times of the respective 

detectorized links. On the other hand, if a SCOOT-detectorized and a flow-detectorized link 

extend over the whole link (i.e. coincide), then the traversal time of the link is considered to be 

equal to the traversal time of the SCOOT-detectorized link.  

 
6.3.2 Transition from the predicted to the historical values of a SCOOT detectorized 

link’s traversal times 

Only historical information is used for the prediction of the flow-detectorized links’ 

future travel time values (see section 3.9.2). On the other hand, real-time information is used 

for the prediction of the SCOOT-detectorized links’ future travel time values (see section 

3.8.3). The predicted links’ traversal times of the SCOOT-detectorized links are represented 

via five percentile values (5%, 25%, AliScout, 75%, 95%) with five attached probability 

values (0.05, 0.2, 0.5, 0.2, 0.05). In general, as the size of the prediction horizon increases, the 

uncertainty associated with a SCOOT-detectorized link’s predicted travel time value increases 

(see section 3.7.2.2). When predicting for big sizes of prediction horizon (predicting 30 to 60 

minutes ahead), the uncertainty associated with a predicted link’s travel time value may well 
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exceed the historical uncertainty associated with the link’s traversal time. Therefore, several 

constraints have been imposed upon the predicted travel time percentile values.  

The uncertainty associated with the predicted link’s travel time value is not allowed to 

exceed the historical uncertainty associated with the link’s traversal time, for a given 5-minute 

time interval. If the uncertainty associated with the predicted link’s traversal time was found to 

exceed the historical uncertainty associated with the link’s traversal time, given a 5-minute 

time interval and a size of the prediction horizon, then the predicted information is discarded 

and we divert to the link’s historical profile for the given 5-minute time interval and every 

future time interval. The above transition from the predicted to the historical link’s travel time 

percentile values guarantees that the uncertainty associated with the predicted link’s travel 

time value will always be lower than the uncertainty associated with the link’s historical travel 

time value. Therefore it guarantees that the predicted [5% 95%] intervals are always more 

informative than the respective historical [5% 95%] intervals. So, the historical intervals 

represent the upper bound on the uncertainty associated with a link’s travel time values for any 

5-minute time interval.  

 

6.4 Indexes of performance 
The performance of each of the implemented STDLTP algorithms and their respective 

real-time k-heuristic algorithms will be tested in terms of both quality of the optimal path 

solution as well as in terms of the topological characteristics of the optimal path. In particular, 

the first index of performance measures the expected travel time value and the ‘approximate 

variance’ value of each of the optimal paths, as outputted by the respective algorithms. The 

second index of performance compares the topology of the suggested paths.  

Three sets of experiments are performed for each of the implemented algorithms. The 

first and second set of experiments assumes that the SCOOT detectors and the flow-detectors 

operate normally. The first set of experiments makes use only of historical information for the 

estimation and prediction of the detectorized links’ traversal times. The second set of 

experiments makes use of historical and real-time information for the estimation and 

prediction of the detectorized links’ traversal times. The third set of experiments treats all the 

links in the network as non-detectorized links.  

All experiments are performed based upon one daily profile (data collected on Tuesday 

19/06/02), which was selected randomly from the thirty constructed daily profiles. The 

departure time for all algorithms was fixed at 8.15 a.m. (when the morning recurrent 
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congestion has gradually built up, but has not yet reached its peak value). The 

STDLTP(Weight) algorithm was run with the (0.6,0.4) pair of values of the ‘weight’ 

parameters. The performance of the real-time k-heuristic algorithms was only tested upon the 

second study area (the value of the parameter K used in all the k-heuristic algorithms is set 

equal to 5). That is because, a big distance origin-destination pair, is anticipated to expose 

clearly the sub optimality introduced, when the real-time k-heuristic algorithms are employed.  

The path, which exhibits least time if the actual realizations of all links’ traversal times 

were known in advance (observed path), will be used as a benchmark, when evaluating and 

comparing the solution quality of the different algorithms. The values of the SCOOT-

detectorized links’ traversal times for the point in time at which the links are traversed, as 

depicted in the links’ daily profiles, are utilized. However, there is uncertainty associated with 

the actual realization of the flow-detectorized links’ traversal times. It is assumed that the 

median values of the flow-detectorized links’ traversal times, as depicted in the links’ daily 

profiles, represent the actual realization of the flow-detectorized links’ traversal times. Finally, 

the historical median value is assumed to represent the actual realization of the non-

detectorized links’ traversal times. Note that if different choices were to be made with respect 

to the representation of the actual realizations of the flow-detectorized and/or the non-

detectorized links’ traversal times, the topology and the actual value of the observed path are 

expected to change.     

 

6.4.1 Hypotheses  

The following hypotheses will be tested, when assessing the performance of all STDLTP 

algorithms: 

1) Due to the big historical uncertainty associated with most of the detectorized links’ 

traversal times and all of the non-detectorized links’ traversal times, during the morning peak 

period, the uncertainty associated with the optimal paths’ traversal times is anticipated to be 

high, independent of the employed optimization criterion, when only the links’ historical 

profiles are used. 

2) The utilization of real-time information for the estimation and prediction of the 

detectorized links’ traversal times is anticipated to reduce the uncertainty associated with the 

optimal paths’ traversal times. Furthermore, the uncertainty associated with the optimal paths’ 

traversal times is expected to increase as the size of the prediction horizon increases. However, 

for paths that consist only of non-detectorized links and flow-detectorized links, for which 

predicted travel time values are required, the uncertainty associated with the paths’ traversal 
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times remains unaltered (i.e. historical information is used for the prediction of the future 

flow-detectorized links’ traversal times).  Consequently, the effect that the utilization of real-

time information has on the uncertainty associated with the paths’ traversal times depends 

mainly upon the number of SCOOT-detectorized links that the path consists of.  

3) The forward STDLTP(Var) algorithm and the STDLTP(Weight) algorithm are 

anticipated to generate optimal paths that contain a bigger (or equal) number of detectorized 

links as opposed to the number of detectorized links included in the optimal path of the 

STDLTP(EV) algorithm. That is because, in most of the cases, the uncertainty associated with 

the non-detectorized links’ traversal times exceeds the uncertainty associated with the 

'equivalent' (i.e. of equal length) detectorized links’ traversal times, independent of the type of 

information being utilized (see section 5.2.1).  

4) As a consequence of hypothesis (2), the optimal paths as generated by the forward 

STDLTP(Var) algorithm and the STDLTP(Weight) algorithm are anticipated to include a 

bigger number of SCOOT-detectorized links, when use is made of real-time information, than 

the number of SCOOT-detectorized links included, in the respective optimal paths, when use 

is made only of historical information.  

5) As is evident from tables 5.13 and 5.14, a low expected value does not always 

guarantee low uncertainty associated with the paths’ traversal times and vice versa. So, the 

STDLTP(EV) algorithm may fail to select paths with acceptable levels of uncertainty. 

Similarly, the forward STDLTP(Var) algorithm may fail to select paths with acceptable 

expected travel time values. On the other hand, the STDLTP(Weight) algorithm is anticipated 

to select paths with acceptable levels of both uncertainty and expected values. Finally, the 

forward STDLTP(Range) algorithm, especially when run for big distance origin-destination 

pairs, is anticipated to generate a big number of paths that exhibit a variety of traffic 

characteristics.  

6) All of the STDLTP algorithms are anticipated to provide misleading results, in 

terms of both the solution quality (value of the employed optimization criterion) as well as the 

topology of the optimal paths, when there is a big discrepancy between the predicted and 

actual values of the SCOOT-detectorized links’ traversal times. The above is most likely to 

occur for big sizes of prediction horizon and when prediction takes place at periods of 

transition from free flow to congested traffic conditions and vice versa.  

7) If all the links are assumed to be non-detectorized links, then the STDLTP problem 

is anticipated to reduce to the shortest path problem, independent of the employed 

optimization criterion. This is because a homogeneous representation was employed for the 
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non-detectorized links’ travel time values (i.e. for every 5-minute time interval, all non-

detectorized links were assumed to exhibit the same speed values).  

The final hypotheses is associated with the performance of the real-time k-heuristic 

algorithms, with K=5, and will be tested only for the second study area.  

8) The real-time k-heuristic(EV) algorithm, with K=5, is expected to exhibit optimal 

performance (see table 5.7). The real-time k-heuristic(Var) and real-time k-heuristic(Weight) 

algorithms, with K=5, may fail to identify the forward STDLTP(Var) path and the 

STDLTP(Weight) path, respectively (see tables 5.9 and 5.16). Furthermore, the ‘approximate 

variance’ values of the k-heuristic(Var) path and the k-heuristic(Weight) path, with K=5, may 

be substantially higher than the ‘approximate variance’ values of the forward STDLTP(Var) 

path and the STDLTP(Weight) path respectively. The real-time k-heuristic(Range), with K=5, 

algorithm is expected to identify at least one of the forward STDLTP(Range) paths but is 

expected to fail to identify most of the forward STDLTP(Range) paths (see table 5.19).  

In order to test hypothesis (2), it is important to define the concept of the size of 

prediction horizon for a path rather than a link. In a path, different links will be traversed at 

different points in time and therefore different sizes of prediction horizon will be used for the 

prediction of different links’ traversal times. Therefore, within a path, there co-exist predicted 

values on the links’ traversal times that correspond to different sizes of the prediction horizon. 

When we refer to size of prediction horizon for a path we refer to the difference between the 

time a request was made and the departing time from the origin node. In the following the 

performance of all STDLTP algorithms will be tested for three different sizes of the prediction 

horizon; that is when the request was made 10 minutes, 20 minutes and 30 minutes before the 

departing time. Taking into account that the departing time is fixed at 8.15, the requesting time 

is adjusted to 8.05, 7.55, 7.45, for the three different sizes of the prediction horizon.   

 

6.5 Experimental results for the first study area 
According to table 6.1, four SCOOT-detectorized links (i.e. N11531C, N11541G, 

N11542C, N11542D) and a number of non-detectorized links are part of the first 5 shortest 

paths from the start to the end of Valley Road. The historical profiles as well as the daily 

profiles of the above four SCOOT-detectorized links and the historical profile for a non-

detectorized link follow. 

According to figures 6.2, 6.4 and 6.6, the historical uncertainty associated with three of 

the SCOOT-detectorized links is big during the morning peak period. Furthermore, according 
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to figures 6.3, 6.5 and 6.7, the three daily profiles of the respective SCOOT-detectorized links, 

indicate that they all exhibit high travel time values during the morning peak period.  

 

Figure 6.2: Historical profile for link N11531C  (length of link=455 m)    

 

 

Figure 6.3: Daily profile for link N11531C, on Tuesday 19/06/02 

 

 

Figure 6.4: Historical profile for link N11541G (length of link=230m) 
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Figure 6.5: Daily profile for link N11541G, on Tuesday 19/06/02 

 

 

Figure 6.6: Historical profile for link N11452D (length of link=165m) 

 

 

Figure 6.7: Daily profile of link N11542D, on Tuesday 19/06/02 
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Figure 6.8: Historical profile for link N11542C (length of link=165m) 

 
 

According to figure 6.8, the historical uncertainty associated with the SCOOT-

detectorized link’s N11542C traversal times is negligible (i.e. at most equal to ten seconds), 

for any 5-minute time interval. Therefore, it may be reasonably assumed that the link’s 

historical profile will be used in all experiments, when predicting the future links’ traversal 

times.  Furthermore, according to figure 6.9, the SCOOT-detectorized link N11542C exhibits 

very low travel time values for any 5-minute time interval. 

 

Figure 6.9: Daily profile for link N11542C, on Tuesday 19/06/02 

 

 

According to figure 6.10, the uncertainty associated with the non-detectorized link’s 

traversal times is lower than the historical uncertainty associated with its ‘equivalent’ (i.e. of 

equal length) SCOOT-detectorized link’s N11531C traversal times, during the morning peak 

period. Furthermore, taking into account that the uncertainty of a non-detectorized link 

increases proportionally with the link’s length (see section 5.2.1); the uncertainty associated 

with the non-detectorized link’s traversal times is roughly equal to the uncertainty associated 

with the SCOOT-detectorized links’ N11541G and N11542D traversal times, during the 
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morning peak period. The historical median travel time values of the non-detectorized link are 

lower than the three SCOOT-detectorized links’ (N11531C, N11541G, N11542D) actual 

travel time values, as indicated in their respective daily profiles, during the morning peak 

period (see figures 6.3, 6.5, 6.7 and 6.10).   

 

Figure 6.10: Historical profile for a non-detectorized link (‘equivalent’ to N11531C) 

 

 

The above observations will be reflected in the following experiments.   

 

Table 6.3: Utilization of only historical information for the estimation and prediction of 

the SCOOT-detectorized links’ traversal times 

STDLTP 
algorithms 

Rank of kth 

shortest path 
(table 6.1) 

Expected 
time of 
arrival 
(hh.mm.ss) 

Range of arrival 
times (hh:mm:ss) 

‘Approximate 
variance’ 
values 
(mm.ss) 

STDLTP(EV) 2nd 8.19.08 [8.17.00:8.30.30] 13.30 
STDLTP(Var) 1st 8.19.25 [8.17.10:8.30.20] 13.10 
STDLTP(Weight) 2nd 8.19.08 [8.17.00:8.30.30] 13.30 
STDLTP(Range) {1st, 

2nd} 
{8.19.25, 
  8.19.08} 

{[8.17.10:8.30.20], 
  [8.17.00:8.30.30]} 

{13.10, 
13.30} 

Observed path 5th  8.20.10   
 

In all the following tables the forward STDLTP(Var) algorithm and the forward 

STDLTP(Range) algorithm are referred to as STDLTP(Var) algorithm and STDLTP(Range) 

algorithm respectively. Furthermore, the optimal paths identified by the forward 

STDLTP(Var) algorithm are referred to as STDLTP(Var) paths. Similarly, the optimal paths 

identified by the forward STDLTP(Range) algorithm are referred to as STDLTP(Range) paths.  
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According to table 6.3, the observed least-time path does not coincide with any of the 

STDLT paths. In particular, the observed path consists only of non-detectorized links and the 

SCOOT-detectorized link N11542C, which exhibits very low travel time values (see table 6.1 

and figure 6.8). This indicates that the actual traversal times of all three SCOOT-detectorized 

links N11531C, N11541G and N11542D (i.e. which are part of the first 4 shortest paths) 

exceed the historical median travel time values of their ‘equivalent’ non-detectorized links. 

This was demonstrated in figures 6.3, 6.5, 6.7 and 6.10.  

However, according to table 6.3, the actual traversal time of the observed path is 

higher than the respective expected travel time values of all STDLT paths. This indicates that 

the actual traversal times of the SCOOT-detectorized links N11531C and N11541G (i.e. which 

are part of the 1st and/or the 2nd shortest path) are higher than their respective historical travel 

time values. This was demonstrated in figures 6.2 to 6.5. Consequently, the historical profile 

has underestimated the SCOOT-detectorized links' actual travel time values. The difference in 

the topology and the estimated travel time values between the observed path and the STDLT 

paths, indicate that historical information can be misleading; as the actual links’ travel time 

values may deviate significantly from their respective historical travel time values.  

According to table 6.3, all the STDLT paths, exhibit similar expected travel time 

values and ‘approximate variance' values. Furthermore, the 'approximate variance' value of the 

5th shortest path (i.e. coincide with the observed path) is equal to the 'approximate variance' 

value of the STDLTP(Var) path. Consequently, if ties were not arbitrarily broken for the 

forward STDLTP(Var) algorithm, the STDLTP(Var) path would have coincided with the 5th 

shortest path. This contradicts hypothesis(3), as the STDLTP(Var) path would have contained 

a smaller number of SCOOT-detectorized links than the number of SCOOT-detectorized links 

included in the STDLTP(EV) path. This is attributed to the fact that the historical uncertainty 

associated with the SCOOT-detectorized links' N11531C and N11541G travel time values is 

higher than or equal to the historical uncertainty associated with the 'equivalent' non-

detectorized links' travel time values (see figures 6.2, 6..4 and 6.10). Consequently, as 

expected (hypothesis (1)), the uncertainty associated with any of the STDLT paths’ traversal 

times is very high, independent of the employed optimization criterion. This indicates the 

inability of the historical profile, when used on its own, to provide informative results on the 

paths' traversal times, when there is big historical uncertainty associated with the links’ 

traversal times. The above results emphasize clearly the necessity to take into account real-

time information, for the estimation and prediction of the SCOOT-detectorized links’ traversal 

times.  
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Finally, it is interesting to notice that the STDLTP(Var) path coincides with the 

shortest path. Taking into account that the shortest path consists of the biggest number of 

SCOOT-detectorized links and the least number  of non-detectorized links (see table 6.1), the 

topology of the STDLTP(Var) is not expected to change when real-time information is utilized 

(hypothesis (4)). The historical uncertainty places an upper bound upon the uncertainty 

associated with any of the paths’ traversal times, which include at least one SCOOT-

detectorized link. So, the uncertainty associated with the shortest path’s traversal time, when 

real-time information is utilized, is expected to reduce significantly, as the uncertainty 

associated with the SCOOT-detectorized links' N11531C and N11541G traversal times will 

reduce. The reduction of the uncertainty associated with the 2nd shortest path’s traversal time, 

when real-time information is utilized, is always going to be smaller than the reduction of the 

uncertainty associated with the shortest path’s traversal time, as the 2nd shortest path contains 

only the SCOOT-detectorized link N11531C. The uncertainty associated with the 5th shortest 

path’s traversal time will remain unaltered, independent of the type of information being 

utilized, as the 5th shortest path contains only non-detectorized links and the SCOOT-

detectorize link N11542C, which exhibits minimum historical uncertainty (i.e. at most equal to 

10 seconds) and which utilizes only historical information for the prediction of its future travel 

time values.  

Furthermore, the uncertainty associated with the 3rd shortest path’s traversal time is 

expected to reduce significantly, as the uncertainty associated with the SCOOT-detectorized 

links' N11531C, N11541G and N11542D traversal times will reduce. However, the 

uncertainty associated with the 3rd shortest path’s traversal time will always be higher than the 

uncertainty associated with the shortest path’s traversal time. This is because the uncertainty 

associated with the SCOOT-detectorized link’s N11542D traversal times will always be 

higher than the uncertainty associated with the ‘equivalent’ (i.e. of equal length) SCOOT-

detectorized link’s N11542C (i.e which is included in the shortest path) traversal time. 

Furthermore, the length of the non-detectorized links for the 3rd shortest path is bigger than the 

length of the non-detectorized links for the shortest path (i.e. the 3rd shortest path contains an 

additional non-detectorized link). So, the uncertainty associated with the traversal time of the 

non-detectorized links of the shortest path is lower than the uncertainty associated with the 

traversal time of the non-detectorized links of the 3rd shortest path. Consequently, the 

uncertainty associated with the shortest path will always be lower than the uncertainty 

associated with the 3rd shortest path. Finally, the uncertainty associated with the 4th shortest 

path, will always be higher than the uncertainty associated with the 3rd shortest path. This is 
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because the 4th shortest path is topologically similar to the 3rd shortest path, apart from 

containing two non-detectorized links, of a bigger length than the SCOOT-detectorized link 

N11541G included within the 3rd shortest path (i.e. the historical uncertainty of the SCOOT-

detectorized link N11541G is roughly equal to the uncertainty of an ‘equivalent’ non-

detectorized link). Consequently, the uncertainty associated with the shortest path will always 

be lower than the uncertainty associated with the 4th shortest path. Therefore, the 

STDLTP(Var) is expected always to coincide with the shortest path.  

 

Table 6.4: Utilization of real-time and historical information for the estimation and 

prediction of the SCOOT-detectorized links’ traversal times (Departure time coincides 

with the time the request was made) 

STDLTP 
algorithms 

Rank of kth 

shortest path 
(table 6.1) 

Expected 
value of 
arrival 
(hh.mm.ss) 

 Range of arrival 
times (hh.mm.ss) 

‘Approximate 
variance’ value 
(mm.ss) 

STDLTP(EV) 5th 8.20.40 [8.17.50:8.31.00] 13.10 
STDLTP(Var) 1st 8.23.24 [8.22.30:8.27.10] 4.40 
STDLTP(Weight) 1st 8.23.24 [8.22.30:8.27.10] 4.40 
STDLTP(Range) {1st, 

2nd, 
5th} 

{8.23.24, 
  8.22.38, 
  8.20.40} 

{[8.22.30:8.27.10], 
  [8.21.30:8.27.30], 
  [8.17.50:8.31.00]} 

{4.40, 
  6.00, 
 13.10} 

Observed path 5th  8.20.10   
 

According to tables 6.3 and 6.4, when use is made of real-time information, for the 

estimation and prediction of the SCOOT-detectorized links’ traversal times, then the topology 

and/or the expected values, the 'approximate variance' values and the ranges of the STDLT 

paths change. First of all, the expected values of the STDLT paths are higher when real-time 

information is utilized than when historical information is utilized. This is because the 

SCOOT-detectorized links’ N11531C and N11541G actual travel time values are higher than 

their respective historical travel time values (see figures 6.2 to 6.5). Secondly, as expected 

(hypothesis (2)) the ‘approximate variance’ values of the STDLT paths, with the exception of 

the STDLTP(EV) path, are significantly lower when real-time information is utilized than 

when only historical information is utilized. This is attributed to the fact that the uncertainty 

associated with all of the SCOOT-detectorized links’ traversal times is significantly reduced 

when real-time information is used for the estimation and prediction of the links’ traversal 

times. Furthermore, the reduction on the 'approximate variance' value of the shortest path is 

bigger than the reduction on the 'approximate variance' value of the 2nd shortest path. This is 
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attributed to the fact that the shortest path contains one more SCOOT-detectorized link 

(N11541G) than the 2nd shortest path. Finally, the ‘approximate variance’ value of the 5th 

shortest path is not affected by the utilization of real-time information. This is because the 5th 

shortest path consists of 5 non-detectorized links and the N11542C SCOOT-detectorized link, 

which does not utilize real-time information (see table 6.1). 

Furthermore, according to tables 6.3 and 6.4, the topology of the STDLTP(EV)  path is 

altered when real-time information is utilized. In particular, the STDLTP(EV) path coincides 

with the observed path. This indicates that the STDLTP(EV) path is the most sensitive in the 

changes of the SCOOT-detectorized links’ estimated and/or predicted travel time values. In 

particular, the STDLTP(EV) path does not pass through any of the three SCOOT-detectorized 

links N11531C, N11541G and N11542D, which make use of real-time information (see table 

6.1). This is because the above three SCOOT-detectorized links’ estimated and/or predicted 

travel time values exceed the historical travel time values of their 'equivalent' non-detectorized 

links. Thus the STDLTP(EV) path provides a good indication with respect to which SCOOT-

detectorized links should be avoided and which SCOOT-detectorized links should be 

followed, dependent upon the prevailing traffic conditions. The small difference between the 

expected value of the STDLTP(EV) path and the value of the observed path indicates that 

stochasticity does not have a big impact upon the evaluation of a non-detectorized path's 

expected value. The small decrease in the ‘approximate variance’ value of the STDLTP(EV) 

path when real-time information is utilized, indicates, that contrary to our expectations 

(hypothesis (2)), the uncertainty associated with the STDLTP(EV) path’s traversal time does 

not necessarily reduce substantially, when real-time information is utilized. Finally, the 

'approximate variance' value of the STDLTP(EV) path is high, which confirms our expectation 

(hypothesis (5)) that the STDLTP(EV) algorithm may fail to select paths with acceptable 

levels of uncertainty.  

Furthermore, as expected (hypothesis (4)), the topology of the STDLTP(Var) path 

remains unaltered  and equal to the shortest path, when real-time information is utilized. This 

was expected, as the shortest path contains the biggest number of SCOOT-detectorized links 

and the least number of non-detectorized links; which guarantees minimum uncertainty. The 

above confirmed our expectations (hypothesis (3)) that the forward STDLTP(Var) algorithm is 

expected to pass via the path that contains a bigger number of SCOOT-detectorized links (and 

a smaller number of non-detectorized) as opposed to the number of SCOOT-detectorized links 

included in the STDLTP(EV) path.  
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The STDLTP(Weight) path, when real-time information is utilized, coincides with the 

STDLTP(Var) path rather than the STDLTP(EV) path. This was anticipated (hypothesis (5)) 

taking into account that the expected travel time value of the STDLTP(Var) path is roughly 3 

minutes higher than the expected travel time value of the STDLTP(EV) path. On the other 

hand, the ‘approximate variance’ value of the STDLTP(Var) path is roughly 8 minutes lower 

than the ‘approximate variance’ value of the STDLTP(EV) path. The above indicates that the 

STDLTP(Var) path is a better compromise path than the STDLTP(EV) path.  

The forward STDLTP(Range) algorithm identifies both of the STDLTP(EV) and the 

STDLTP(Var) paths as well as it identifies a path that exhibits a lower expected travel time 

value than the expected travel time value of the STDLTP(Var) path and a significantly lower 

'approximate variance' value than the ‘approximate variance’ value of the STDLTP(EV) path. 

Therefore, as expected (hypothesis (5)) the forward STDLTP(Range) algorithm identifies 

paths with a variety of travel time characteristics, even when applied upon a small distance 

origin-destination pair. However, as expected (hypothesis (5)), the STDLTP(Weight) path, 

which coincides with the STDLTP(Var) path, is the best compromise path; as its expected 

travel time value is 48 seconds higher than the expected travel time value of the 2nd shortest 

path (identified by the forward STDLTP(Range) algorithm), but its ‘approximate variance’ 

value is 1 minute and 20 seconds lower than the ‘approximate variance’ value of the 2nd 

shortest path. The forward STDLTP(Range) algorithm, because of the nature of the 'extended 

Dubois' dominance criterion, will always identify the least-maximum-time path and the least-

time path. Consequently, according to table 6.4, the least-maximum-time path (based upon the 

links' 95% percentile travel time values) was found to coincide with the STDLTP(Var) path. 

The least-time path (based upon the links' 5% percentile travel time values) was found to 

coincide with the STDLTP(EV) path.  

According to tables 6.5 to 6.7, and similar to tables 6.3 and 6.4, all STDLT paths 

coincide with the 1st the 2nd or the 5th shortest paths. The expected travel time values of the 1st 

and the 2nd shortest paths were found to be lower than the travel time value of the observed 

path, which coincides with the 5th shortest path, independent of the size of the prediction 

horizon. However, the actual travel time values of the 1st and the 2nd shortest paths exceed the 

travel time value of the observed path. Consequently, the employed prediction strategy has 

underestimated the SCOOT-detectorized links' N11531C and N11541G travel time values. 
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Table 6.5: Utilization of real-time and historical information for the estimation and 

prediction of the SCOOT-detectorized links’ traversal times (Departing ten minutes 

after the request was made) 

STDLTP 
algorithms 

Rank of 
kth shortest  
path  
(table 6.1) 

Expected 
arrival time  
(hh.mm.ss) 

Range of arrival 
times (hh.mm.ss) 

‘Approximate 
variance’ 
values 
(mm.ss) 

STDLTP(EV) 5th 8.20.40 [8.17.50:8.31.00] 13.10 
STDLTP(Var) 1st  8.21.00 [8.20.10:8.24.10] 4.00 
STDLTP(Weight) 1st  8.21.00 [8.20.10:8.24.10] 4.00 
STDLTP(Range) {1st,  

2nd, 
5th } 

{8.21.00, 
 8.20.53, 
 8.20.40} 

{[8.20.10:8.24.10], 
  [8.19.50:8.25.20], 
  [8.17.50:8.31.00]} 

{4.00, 
  5.30,  
13.10} 

Observed path 5th  8.20.10   
 

Table 6.6: Utilization of real-time and historical information for the estimation and 

prediction of the SCOOT-detectorized links’ traversal times (Departing twenty minutes 

after the request was made) 

STDLTP 
algorithms 

Rank of kth 

shortest  
path  
( table 6.1)  

Expected 
arrival time  
(hh.mm.ss ) 

Range of arrival 
times ( hh: mm: ss ) 

‘Approximate 
variance’ 
value  
( mm. ss) 

STDLTP(EV) 2nd  8.19.03 [8.18.00:8.23.10] 5.10 
STDLTP(Var) 1st  8.19.10 [8.18.20:8.22.20] 4.00 
STDLTP(Weight) 1st  8.19.10 [8.18.20:8.22.20] 4.00 
STDLTP(Range) {1st,  

 2nd, 
 5th } 

{8.19.10, 
 8.19.03, 
 8.20.40} 

{[8.18.20:8.22.20], 
  [8.18.00:8.23.10], 
  [8.17.50:8.31.00]} 

{4.00, 
  5.10, 
13.10} 

Observed path 5th  8.20.10   
 

Table 6.7: Utilization of real-time and historical information for the estimation and 

prediction of the SCOOT-detectorized links’ traversal times (Departing thirty minutes 

after the request was made) 

STDLTP 
algorithms 

Rank of kth 

shortest  
path  
( table 6.1 ) 

Expected 
arrival time  
(hh.mm.ss) 

Range of arrival 
times  
(hh.mm.ss)  

‘Approximate 
variance’ 
value  
(mm. ss) 

STDLTP(EV) 2nd  8.18.53 [8.17.50:8.23.00] 5.10 
STDLTP(Var) 1st  8.19.20 [8.18.30:8.22.30] 4.00 
STDLTP(Weight) 1st  8.19.20 [8.18.30:8.22.30] 4.00 
STDLTP(Range) {1st,  

  2nd } 
{8.19.20, 
  8.18.53} 

{[8.18.30:8.22.30], 
  [8.17.50:8.23.00]} 

{4.00, 
  5.10} 

Observed path 5th  8.20.10   
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Furthermore, contrary to our expectations, the ‘approximate variance’ values of the 1st 

and 2nd shortest paths decrease (or remain unaltered) as the size of the prediction horizon 

increases (see tables 6.4 to 6.7). The above results were counterintuitive, as it was anticipated 

(hypothesis (2)) that the uncertainty of each of the STDLT paths that contain at least one 

SCOOT-detectorized link, should increase with the size of the prediction horizon. The 

expected values as well as the minimum and maximum values of the 1st and 2nd shortest paths 

gradually decrease as the size of the prediction horizon increases from 0 to 20 minutes (see 

tables 6.4 to 6.6) and remain virtually unaltered as the size of the prediction horizon increases 

from 20 to 30 minutes (see table 6.6 and 6.7). In particular, according to tables 6.4 and 6.7, 

when the requesting and departure time coincide (i.e. which give as a very close estimate of 

the actual path’s traversal time value) the expected travel time values of both the 1st and the 

2nd shortest paths were found to be about 4 minutes higher than their respective expected 

travel time values when predicting 20 minutes ahead in time (i.e. the SCOOT-detectorized 

links’ N11531C and N11542G predicted travel time values are based upon predictions that are 

performed at least 20 minutes ahead of time). This indicates that the further away in time the 

prediction takes place, the bigger is the underestimation associated with the predicted 

SCOOT-detectorized links' travel time values. Both of the underestimation of the paths' 

traversal times and the reduction of the uncertainty associated with the paths' traversal times, 

as the size of the prediction horizon increases, are attributed to the deficiencies of the 

employed prediction strategy (see chapter 3) and the changes in the travel time values and the 

uncertainty associated with the non-detectorized links’ traversal times.  

Finally, according to tables 6.4 and 6.5, the ‘approximate variance’ value of the 2nd 

shortest path is slightly reduced (i.e. from 6 minutes to 5 minutes and 30 seconds) when the 

size of the prediction horizon increases to 10 minutes. This is counterintuitive as the 2nd 

shortest path contains only the SCOOT-detectorized link N11531C, which is traversed at 

departing time. Consequently, there is no uncertainty associated with the SCOOT-detectorized 

link’s N11531C traversal time, when the requesting and departing time coincide. Therefore, 

the uncertainty of the 2nd shortest path, when the requesting and departing time coincide (see 

table 6.4), is attributed to the uncertainty associated with the non-detectorized links’ traversal 

times. On the other hand, when the size of the prediction horizon increases to 10 minutes, 

there is always uncertainty associated with the predicted SCOOT-detectorized link’s N11531C 

travel time value. Consequently, the reduction of the uncertainty associated with the 2nd 

shortest path’s traversal time, when the size of the prediction horizon increases to 10 minutes, 

is attributed to the reduction of the uncertainty associated with some of the non-detectorized 
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links’ traversal times (i.e. as mentioned in section 5.2.1, the uncertainty associated with the 

non-detectorized link’s traversal times is time-dependent). Therefore, as the SCOOT-

detectorized link’s N11531C predicted travel time value changes when the size of the 

prediction horizon increases to 10 minutes (i.e. as opposed to the link’s actual travel time 

value, when the requesting and departing time coincide), the point in time at which the non-

detectorized links are going to be traversed changes, which affects the uncertainty associated 

with the non-detectorized links’ traversal times and consequently the uncertainty associated 

with the path’s traversal time. To sum up, the violation of hypothesis(2) is a combination of 

the deficiencies of the prediction strategy and the decisions being made with respect to the 

uncertainty associated with the non-detectorized links’ traversal times. Similarly, the reduction 

on the paths’ travel time values, as the size of the prediction horizon increases is a 

combination of the underestimation introduced by the prediction strategy and the changes on 

the non-detectorized links’ travel time values, dependent upon the point in time at which a 

non-detectorized link will be traversed. 

According to tables 6.5 to 6.7, the topology of the STDLTP(EV) path changes when 

the size of the prediction horizon increases from ten to twenty minutes. This is attributed to the 

fact that the expected value of the 2nd shortest path decreases, as the size of the prediction 

horizon increases. However, the expected value of the 5th shortest path remains unaltered. This 

indicates that misleadingly predicted links’ travel time values, may lead to misleadingly 

optimal paths in terms of both their topology as well as their solution quality (hypothesis(6)). 

The STDLTP(EV) algorithm was the most sensitive to misleading changes on the SCOOT-

detectorized links’ travel time values.  

Furthermore, according to tables 6.5 to 6.7, the topology of the STDLTP(Var) path 

remains unaltered, as it always coincides with the shortest path that consists of the biggest 

number of SCOOT-detectorized links and the least number of non-detectorized links 

(hypothesis(3) and hypothesis(4)). So, the topology of the STDLTP(Var) path is independent 

of the SCOOT-detectorized links’ estimated and/or predicted travel time values. The 

STDLTP(Weight) path coincides with the STDLTP(Var) path for all sizes of the prediction 

horizon. This was expected (hypothesis(5)) as the STDLTP(Var) path is the best compromise 

path. Finally, the final solution set of the forward STDLTP(Range) algorithm is affected, by 

the size of the prediction horizon. Dependent upon the paths’ predicted minimum travel time 

values, the topology and travel time values of the least-time path change and consequently the 

number of STDLTP(Range) paths change, for the different sizes of the prediction horizon.   
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Table 6.8: All links are treated as non-detectorized links 

STDLTP 
algorithms 

Rank of 
kth shortest  
path   
(table 6.1) 

Expected 
arrival time 
(hh.mm.ss) 

Range of arrival 
times  
(hh.mm.ss) 

‘Approximate 
variance’ value 
(mm.ss) 

STDLTP(EV) 1st  8.19.12 [8.17.00:8.27.40] 10.40 
STDLTP(Var) 1st  8.19.12 [8.17.00:8.27.40] 10.40 
STDLTP(Weight) 1st  8.19.12 [8.17.00:8.27.40] 10.40 
STDLTP(Range) 1st  8.19.12 [8.17.00:8.27.40] 10.40 
Observed path 1st  8.19.12   

 

According to table 6.8, the shortest path is the only optimal path, independent of the 

employed optimization criterion. It is interesting to notice that the uncertainty associated with 

the shortest path’s traversal time, when all links are assumed to be non-detectorized links, is 

lower than the uncertainty associated with the shortest path’s traversal times (see table 6.3), 

when historical information is utilized for the SCOOT-detectorized links’ N11531C and 

N11541G traversal times. This was expected, as the historical uncertainty associated with the 

SCOOT-detectorized link’s N11531C traversal time was found to be higher than the 

uncertainty associated with its ‘equivalent’ non-detectorized link’s traversal time (see figures 

6.2 and 6.10). Furthermore, the historical uncertainty associated with the SCOOT-detectorized 

link’s N11541G traversal time was found to be roughly equal to the uncertainty associated 

with its ‘equivalent’ non-detectorized link’s traversal time (see figure 6.4 and 6.10). As 

anticipated (hypothesis (7)), the STDLTP problem reduces to the standard shortest path 

problem, if all the links are assumed to be non-detectorized; as a uniform representation was 

employed for the representation of all the non-detectorized links’ traversal times. The above 

demonstrates clearly, that the quality of the optimal path solution is clearly dependent on the 

accuracy of the links’ traversal times and the available data sources.  

To sum up, the STDLTP(EV) algorithm was found to be unable to select paths with 

acceptable levels of uncertainty (hypothesis(5)). Furthermore, the STDLTP(EV) algorithm 

was found to be the most sensitive in the changes of the values of the estimated and/or 

predicted SCOOT-detectorized links’ traversal times. On the other hand, the forward 

STDLTP(Var) algorithm was never found to select paths with unacceptable expected travel 

time values. However, this was partly attributed to the fact that the STDLTP(Var) path always 

coincided with the shortest path. The performance of the forward STDLTP(Var) algorithm 

depends on the decisions being made with respect to the representation of the uncertainty 

associated with the non-detectorized links’ traversal times. The significantly higher levels of 
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uncertainty associated with the non-detectorized links’ traversal times, as opposed to the 

uncertainty associated with the SCOOT-detectorized links’ traversal times, when real-time 

information is utilized (i.e. as indicated by the difference between the ‘approximate variance’ 

values of the shortest path and the 5th shortest path), deterred the STDLTP(Var) path of 

passing via non-detectorized links. The STDLTP(Weight) algorithm did not provide us with 

an alternative path to the STDLTP(EV) path or the STDLTP(Var) path. However, the 

STDLTP(Weight) algorithm was found to provide the results with the highest information 

content, as the STDLTP(Weight) path was always the best compromise path (hypothesis(5)). 

The forward STDLTP(Range) algorithm always included in its final solution set both of the 

STDLTP(EV) and STDLTP(Var) paths and for some of the experiments, an alternative 

optimal path, which exhibited comparable expected and ‘approximate variance’ values with 

the expected and ‘approximate variance’ values of the STDLTP(EV) and the STDLTP(Var) 

paths. Therefore, the STDLTP(Range) paths exhibited a variety of travel time characteristics ( 

hypothesis(5)).  

It is important to keep in mind that all the above experimental results, are not open to 

generalizations, as they are based upon a very small distance origin-destination pair, where 

only a small number of paths with similar travel times exist. Therefore, as anticipated the same 

path was found to exhibit optimal performance, for a number of employed optimization 

criterion. The above experiments should be repeated in the second study area, for the big 

distance origin-destination pair, where the relative merits of each optimization criterion will be 

better demonstrated.  

 

6.6 Experimental results for the second study area  
6.6.1 STDLTP algorithms 

According to table 6.9, the observed least-time path coincides with the STDLTP(EV) 

path. The difference between the actual travel time value of the STDLTP(EV) path (as 

evaluated by the observed path) and the expected value of the STDLTP(EV) path indicates 

that the historical profile has overestimated the STDLTP(EV) path’s traversal time. As shown 

in table 6.9, none of the STDLT paths, coincide with any of the first 10 shortest paths. The 

above confirms our expectation, that between a big distance origin-destination pair, a big 

number of alternative paths exist with comparable travel times. Furthermore, as anticipated the 

‘approximate variance’ values of any of the STDLT paths is significantly bigger than their 

respective expected travel time values. The above demonstrates that the historical profile, 
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when used on its own, is unable to provide informative results during the peak-period, 

independent of the employed optimization criterion (hypothesis (1)).  

 

Table 6.9: Utilization of only historical information for the estimation and prediction of 

the detectorized links’ traversal times 
STDLTP 

algorithms 

Rank of kth 

shortest path 

(table 6.2) 

Expected 

time of 

arrival 

(hh.mm.ss) 

Range of arrival 

times  (hh.mm.ss) 

‘Approximate 

variance’ 

values (mm.ss) 

No. of  links  

(No. of 

detectorized 

links) 

STDLTP(EV) - 8.39.21 [8.33.00:9.01.30] 28.30 31(18) 

STDLTP(Var) - 8.40.56 [8.34.50:8.59.40] 24.50 29(23) 

STDLTP(Weight) - 8.40.56 [8.34.50:8.59.40] 24.50 29(23) 

STDLTP(Range) - 

(15 optimal 

paths) 

{8.39.21, 

8.40.56, 

8.39.58, 

8.42.58} 

{[8.33.00:9.01.30], 

[8.34.50:8.59.40], 

[8.33.20:9.01.00], 

[8.29.40:9.19.40]} 

{28.30, 

24.50, 

27.40, 

50.00} 

{31(18), 

29(23), 

30(21), 

36(6)} 

Observer path STDLTP(EV) 8.38.20 - - 31(18) 

 

The following displays the topology of each of the optimal paths. The bold highlights the 

difference between the shortest path (see section 6.3.2) and the respective STDLTP. 

Observed path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), Mansfield 

Road (N02511E, ND, ND), Milton Street (ND), Burton Street (ND), Market Street (ND), 

Friar Lane (ND), Maid Marian way (ND), Castle Boulevard (D19127, ND)),Abbey 

Bridge (ND), Abbey Street (ND), Beeston Road (D19546), SCOOT-monitored region: 

Queens Road {West Queens Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

STDLTP(EV): same as observed path 
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STDLTP(Var): 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Alfreton Road 

(10131T, N10121E), Derby Road (N20141B, ND, D20226), Clifton Boulevard(D20545), 

Beeston Road (D19546), SCOOT-monitored region: Queens Road {West Queens Road 

(N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

STDLTP(Weight): same as STDLTP(Var) 

 

STDLTP(Range) - 1st path: same as STDLTP(EV) 

STDLTP(Range) -  2nd path: same as STDLTP(Var) 

 

STDLTP(Range) - 3rd path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Alfreton Road 

(10131T, N10121E), Derby Road (N20141B, ND), Gregory Street (ND, ND), Abbey Street 

(ND), Beeston Road (D19546), SCOOT-monitored region: Queens Road {West Queens Road 

(N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

STDLTP(Range) - 4th path (least-time path): 

Oxclose Lane (ND, ND), Gladehill Road (ND), Chippenham (ND), Edwards Lane (ND), 

Arnold Road (ND, ND, ND, ND, ND, ND), Southwark (ND), Vernon Road( D11555, 

N11541H), Western Boulevard (ND, ND, ND, ND, ND, D09517, N09421A), Middleton 

Boulevard (N09461N, ND, ND), Derby Road (ND, D20616, ND), Wollaton Road (ND), 

Station Road (ND), Park Street (ND), Bramcote Road (ND), Devonshire Avenue (ND), 

Chilwell Road (ND, ND), High Road (ND), Meadow Lane (ND)  

 

In terms of topology, both of the STDLTP(EV) path and the STDLTP(Var) path  

include all of the three major SCOOT-monitored regions (i.e. Daybrook, Sherwood and 

Queens Road SCOOT-monitored regions). The STDLTP(EV) path and the STDLTP(Var) 
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path only differ in the subpath being followed and consequently the number of detectorized 

links being utilized, within the area that extends from the end of the Sherwood SCOOT-

monitored region to the start of the Queens Road SCOOT-monitored region. The 

STDLTP(Var) path passes via a bigger number of detectorized links and a smaller number of 

non-detectorized links than the STDLTP(EV) path (hypothesis (3)). Furthermore, the 

STDLTP(Var) path is more topologically similar to the shortest path, as opposed to the 

STDLTP(EV) path. 

The STDLTP(Weight) path coincides with the STDLTP(Var) path. This indicates 

(hypothesis(5)) that the STDLTP(Var) path is a better compromise path than the 

STDLTP(EV) path. This was expected taking into account that the expected value of the 

STDLTP(Var) path is 1 minute and  35 seconds higher than the respective expected travel 

time value of the STDLTP(EV) path. On the other hand, the ‘approximate variance’ value of 

the STDLTP(Var) path is 3 minutes and 40 seconds lower than the respective ‘approximate 

variance’ value of the STDLTP(EV) path.  

The forward STDLTP(Range) algorithm generates a big number of optimal paths (15) 

that exhibit a variety of travel time characteristics. Not all of these paths exhibit desirable 

traffic characteristics, in terms of their respective expected travel time values and 

‘approximate variance’ values. In table 6.9 and in all the following experiments, we will only 

display the STDLTP(Range) paths that exhibit expected travel time values and ‘approximate 

variance’ values that are comparable to those presented by the other STDLTP algorithms. 

Consequently, the STDLTP(Range) paths that exhibit higher expected values than the 

STDLTP(Var) path are not displayed. Furthermore, the STDLTP(Range) paths that exhibit 

higher ‘approximate variance’ values than the STDLTP(EV) path are not displayed. 

Additionally, we will display the least-time STDLTP(Range) path (i.e. based upon the links’ 

5% percentile travel time values) and the least-maximum-time STDLTP(Range) path (i.e. 

based upon the links’ 95% percentile travel time values). 

According to table 6.9, the STDLTP(EV) path and the STDLTP(Var) path are both 

identified by the forward STDLTP(Range) algorithm. Additionally, the forward 

STDLTP(Range) algorithm identifies an optimal path, which exhibits a lower expected travel 

time value (by 58 seconds) than the expected travel time value of the STDLTP(Var) path and a 

higher ‘approximate variance’ value (by 2 minutes and 50 seconds) than the ‘approximate 

variance’ value of the STDLTP(Var) path. Therefore, the STDLTP(Var) path is a better 

compromise path than the optimal path identified by the forward STDLTP(Range) algorithm. 

The remaining 12 STDLTP(Range) paths exhibit inferior travel time characteristics (in terms 
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of their expected values and their ‘approximate variance’ values) to both of the STDLTP(EV) 

and STDLTP(Var) paths. Therefore, the STDLTP(Weight) path, which coincides with the 

STDLTP(Var) path, was found to be the best compromise path (hypothesis(5)). The least-

maximum-time path coincides with STDLTP(Var) path. 

However, the least-time path (i.e. minimum arrival time of 8.29.40) is topologically 

different to any of the above paths. In particular, the least-time path is effectively disjoint from 

any of the other optimal paths as well as from any of the first 10 shortest paths (see table 6.2). 

It is interesting to notice that the least-time path passes via the smallest number of detectorized 

links and the biggest number of non-detectorized links (i.e. it passes via only 6 detectorized 

links and 36 non-detectorized links). The above is associated with the decisions being made 

with respect to the representation of the non-detectorized links’ travel time values (i.e. the 

historical minimum possible travel time value of a non-detectorized link is in most of the cases 

lower than the historical minimum possible travel time value of an ‘equivalent’ detectorized 

link, independent of the type of information being utilized, see section 5.2.1). The expected 

value of the least-time path is roughly two minutes higher than the expected value of the 

STDLTP(Var) path; despite the fact that the least-time path consists of a bigger number of 

links. However, because of the fact that the least-time path consists of a big number of non-

detectorized links, the ‘approximate variance’ value of the least-time path is over two times 

higher than the respective ‘approximate variance’ value of the STDLTP(Var) path. Overall, 

the least-time path exhibits undesirable travel time characteristics.  

According to table 6.10, the observed path does not coincide with any of the STDLT 

paths. The travel time value of the observed path is higher than the expected travel time values 

of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths. This indicates that the 

expected travel time values of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths 

are underestimated. Furthermore, according to tables 6.9 and 6.10, when use is made of real-

time information, then the topology and/or the travel time values of the STDLT paths change. 

The significant reduction on all STDLT paths’ ‘approximate variance’ values, with the 

exception of the STDLTP(Range) least-time path, when real time information is utilized, 

confirmed our expectation that it is essential to incorporate real-time information in order to 

provide informative results (hypothesis (2)), for any of the STDLTP algorithms. The reduction 

on the expected values of all STDLT paths is attributed to the fact that the estimated and/or 

predicted travel time values of the detectorized links are on average lower than their respective 

historical travel time values.  
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Table 6.10: Utilization of real-time and historical information for the estimation and 

prediction of the detectorized links’ traversal times (Departure time coincides with the 

time the request was made) 
STDLTP algorithms Rank of 

kth shortest 

path (table 

6.2) 

 Expected 

time of 

arrival 

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ values 

(mm.ss) 

No. of links 

(No. of 

detectorized 

links) 

STDLTP(EV) - 8.35.20 [8.31.30:8.49.30] 18.00 31(20) 

STDLTP(Var) - 8.38.17 [8.32.50:8.46.10] 13.20 33(27) 

STDLTP(Weight) - 8.35.46 [8.32.50:8.46.10] 13.20 29(23) 

STDLTP(Range) -  

(17 

optimal 

paths) 

{8.35.20, 

8.35.46, 

8.39.15} 

{[8.31.30:8.49.20], 

[8.32.50:8.46.10], 

[8.27.50:9.19.50]} 

{17.50,  

13.20, 

52.00} 

{31(20), 

29(23), 

31(3)} 

Observed path - 8.38.20 - - 31(18) 

 

The following displays the topology of each of the optimal paths. The bold highlights the 

difference between the shortest path (see section 6.3.2) and the respective STDLTP. 

STDLTP(EV): 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), Mansfield 

Road (N02511E, ND, ND), Milton Street (ND), Burton Street (ND), Wollaton Street (ND, 

ND), Derby Road (N20141B, ND, D20226), Clifton Boulevard(D20545), Beeston Road 

(D19546), SCOOT-monitored region: Queens Road {West Queens Road (N19621F, 

N19622B, N19631F, N19741B, N19742F)} 
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STDLTP(Var): 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F), Radford Road 

(N11131C),Gregory Boulevard (N11132F, N10231B),  Alfreton Road(N10161E, 

N10151A, N10131T, N10121E), Derby Road (N20141B, ND, D20226), Clifton 

Boulevard(D20545), Beeston Road (D19546), SCOOT-monitored region: Queens Road 

{West Queens Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 

  

STDLTP(Weight): same as when only historical information was utilized 

 

STDLTP(Range) - 1st path:  

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, D13455, 

N13451R, N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield 

Road (N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), 

Mansfield Road (N02511E, ND, ND), Milton Street (ND, ND), Upper Parliament Street 

(ND), Wollaton Street (ND, ND), Derby Road (N20141B, ND, D20226), Clifton 

Boulevard(D20545), Beeston Road (D19546), SCOOT-monitored region: Queens Road 

{West Queens Road (N19621F, N19622B, N19631F, N19741B, N19742F)} 

 

STDLTP(Range) - 2nd path: same as STDLTP(Var) 

 

STDLTP(Range) - 3rd path (least-time path): 

Oxclose Lane (ND, ND), Gladehill Road (ND), Chippenham (ND), Edwards Lane (ND, ND, 

ND), Valley Road (ND), Huchnall Road (ND, ND), Haydn Road (ND), North Gate (ND), 

Radford Road (ND, ND), Churchfield Lane (ND), Radford Bouleverd (ND), Ilkeston 

Road (ND), Triumph Road (ND), Gregory Street (ND, ND), Abbey Street (ND), Beeston  

Road (D19546), West Queens Road (N19621F, N19622B), Humber Road (ND), Middle 

Street (ND, ND, ND), Chilwell Road (ND), High Road (ND), Meadow Lane (ND) 

 

With bold we highlight the difference between the least-time paths, when historical 

information was utilized and when real-time information was utilized.  
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In terms of topology, the STDLT paths do not coincide with any of the first 10 shortest 

paths. Furthermore, all of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths, 

independent of their topological differences, pass via the three main SCOOT-monitored 

regions (Daybrook, Sherwood, Queens road SCOOT-monitored region). The topology of both 

the STDLTP(EV) and the STDLTP(Var) paths, when real-time information is utilized, is 

different to their respective topologies, when only historical information is utilized. On the 

other hand, the topology of the STDLTP(Weight) path remains unaltered. Again the 

STDLTP(Var) and the STDLTP(Weight) paths pass through the least number of non-

detectorized links and the biggest number of detectorized links (hypothesis (3)).   

It is interesting to notice, that for the first time, the STDLTP(Weight) path does not 

coincide with the STDLTP(EV) path or the STDLTP(Var) path. In particular, the 

STDLTP(Weight) path exhibits a nearly identical expected travel time value (i.e. 26 seconds 

higher) to the expected travel time value of the STDLTP(EV) path and exactly the same 

‘approximate variance’ value with the STDLTP(Var) path (i.e. 4 minutes and 40 seconds 

lower than the ‘approximate variance’ value of the STDLTP(EV) path). Therefore, the 

STDLTP(Weight) path is preferred to both the STDLTP(EV) path and the STDLTP(Var) path. 

This demonstrates clearly the relative merits of the minimum ‘weight’ value dominance 

criterion. However, the STDLTP(Weight) path is still the minimum ‘approximate variance’ 

value path. Therefore, the STDLTP(Var) path and the STDLTP(Weight) path could have 

coincided, if ties were not arbitrarily broken for the forward STDLTP(Var) algorithm (if all 

paths that exhibited minimum ‘approximate variance’ value were outputted by the forward 

STDLTP(Var) algorithm). However, the forward STDLTP(Var) algorithm, does not 

differentiate between two paths that exhibit equal ‘approximate variance’ values (i.e. does not 

take into account their expected values). This demonstrates the superiority of the minimum 

‘weight’ value dominance criterion over the minimum ‘approximate variance’ value 

dominance criterion.  

The number of STDLTP(Range) paths increased to 17, when real-time information is 

utilized. The forward STDLTP(Range) algorithm includes, as part of its final solution set of 

optimal paths, the STDLTP(Weight) path. It does not include the STDLTP(Var) path as it is 

dominated, based upon the ‘extended Dubois’ dominance criterion, by the STDLTP(Weight) 

path. The forward STDLTP(Range) algorithm also identifies an optimal path which exhibits 

exactly the same expected travel time value with the STDLTP(EV) path but a slightly lower 

‘approximate variance’ value (10 seconds lower). This path is very topologically similar with 

the STDLTP(EV) path (i.e. differs only in two links). Neither of the remaining 15 
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STDLTP(Range) paths exhibit comparable expected and ‘approximate variance’ values to 

those of the STDLTP(EV) and the STDLTP(Weight) paths. The least-maximum-time path 

coincides with the STDLTP(Weight) path.  

The least-time path is topologically different to all of the STDLTP(EV), STDLTP(Var) 

and STDLTP(Weight) paths. Furthermore, the topology of the least-time path changes 

significantly when real-time information is utilized. It is interesting to notice that the least-

time path, when real-time information is utilized, passes via a smaller number of detectorized 

links than when only historical information is utilized. Furthermore, the minimum travel time 

value of the least-time path decreases when real-time information is utilized. On the contrary, 

the ‘approximate variance’ value of the least-time path when real-time information is utilized 

is higher than the ‘approximate variance’ value of the least-time path when only historical 

information is utilized. The above, demonstrates that the least-time path does not benefit from 

the utilization of real-time information (contrary to hypothesis(2)); which was expected as the 

least-time path passes through only two detectorized links.  

 

Table 6.11: Utilization of real-time and historical information for the estimation and 

prediction of the detectorized links’ traversal times (Departing 10 minutes after the 

request was made) 

STDLTP 

algorithms 

Rank 

of kth 

shortest 

path 

(table 

6.2) 

Expected 

time of 

arrival  

(hh.mm.ss)

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ 

values 

(mm.ss) 

No. of links 

(No. of 

detectorized 

links) 

STDLTP(EV) - 8.35.49 [8.31.40:8.50.20] 18.40 28 (19) 

STDLTP(Var) - 8.36.50 [8.33.50:8.47.10] 13.20 29 (23) 

STDLTP(Weight) - 8.36.50 [8.33.50:8.47.10] 13.20 29 (23) 

STDLTP(Range) -  

(16 

optimal 

paths) 

{8.35.49, 

8.36.50, 

8.35.49, 

8.39.40} 

{[8.31.40:8.50.20], 

[8.33.50:8.47.10], 

[8.31.50:8.49.50], 

[8.27.50:9.16.00]} 

{18.40, 

13.20, 

18.00, 

48.10} 

{28(19), 

 29(23), 

30(20), 

37(6)} 

Observed path - 8.38.20 - - 31(18) 

 

The following displays the topology of each of the optimal paths 
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STDLTP(EV) path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND),Waverley Street (ND, ND), Clarendon Street (ND), Wollaton Street (ND), 

Derby Road (N20141B, ND, D20226),Clifton Boulevard(D20545), Beeston Road (D19546), 

SCOOT-monitored region: Queens Road {West Queens Road (N19621F, N19622B, 

N19631F, N19741B, N19742F)} 

 

STDLTP(Var): same as when historical information was utilized 

 

STDLTP(Weight): same as STDLTP(Var) path 

 

STDLTP(Range) - 1st path: same as STDLTP(EV) 

STDLTP(Range) - 2nd path: same as STDLTP(Var) and STDLTP(Weight) 

 

STDLTP(Range) - 3rd path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A,  N02511E, 

ND, ND), Milton Street (ND, ND), Upper Parliament Street (ND, ND), Derby Road 

(N20141B, ND, D20226),Clifton Boulevard(D20545), Beeston Road (D19546), SCOOT-

monitored region: Queens Road {West Queens Road (N19621F, N19622B, N19631F, 

N19741B, N19742F)} 

 

STDLTP(Range) - 4th path (least-time path): 

Oxclose Lane (ND, ND), Gladehill Road (ND), Chippenham (ND), Edwards Lane (ND), 

Arnold Road (ND, ND, ND, ND, ND, ND), Southwark (ND), Mill St David Lane 

(ND),Stockhill Lane (ND), Bar Lane (ND), Melbourne Road (ND, ND), Aspley Lane 

(D10525), Western Boulevard ( ND, ND, D09517, N09421A), Middleton Boulevard 

(N09461N, ND, ND) , Clifton Boulevard (D20545), Beeston Road (D19546), University 

Boulevard (ND), Broadgate (ND, ND), Regent Street (ND), Middle Street (ND, ND), 

Chilwell Road (ND, ND), Highroad (ND), Meadow Lane (ND)  
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With bold we highlight the difference of the least-time paths when the requesting time 

coincided with the departing time and when the requesting time was ten minutes before the 

departing time. 

According to tables 6.10 to 6.13, the observed path does not coincide with any of the 

STDLT paths, independent of the size of the prediction horizon. Furthermore, the expected 

travel time values of all the displayed STDLT paths, with the exception of the 

STDLTP(Range) least-time path, were found to be lower than the travel time value of the 

observed path, independent of the size of the prediction horizon. This indicates that the 

respective STDLT paths’ expected travel time values are underestimated. Furthermore, 

according to tables 6.10 to 6.13, the ‘approximate variance’ values of all the displayed STDLT 

paths remain virtually unaltered, independent of the size of the prediction horizon. The above 

results are contrary to our expectations, as it was anticipated that the ‘approximate variance’ 

value of each of the STDLT paths will increase with the size of the prediction horizon 

(hypothesis (2)).  

Furthermore, according to tables 6.10 to 6.13, the STDLT paths do not coincide with 

any of the first 10 shortest paths, independent of the size of the prediction horizon. 

Furthermore, all of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths, 

independent of their topological differences, pass via the three main SCOOT-monitored 

regions (Daybrook, Sherwood and Queens road SCOOT-monitored regions). The topology of 

both the STDLTP(EV)  and the STDLTP(Var) paths, changes with the size of the prediction 

horizon. On the other hand, the topology of the STDLTP(Weight) path remains unaltered. 

Again the STDLTP(Var) and the STDLTP(Weight) paths pass through the least number of 

non-detectorized links and the biggest number of detectorized links (hypothesis (3)).   

In particular, according to tables 6.10 to 6.13, the topology of the STDLTP(EV) path 

changes when the size of the prediction horizon increases to 10 minutes but remains unaltered 

for all the tested bigger sizes of the prediction horizon. The expected value and the 

‘approximate variance’ value of the STDLTP(EV) path, as the size of the prediction horizon 

increases from 10 minutes to 30 minutes, remains virtually unaltered. This clearly contradicts 

hypothesis(2). Taking into account that the STDLTP(EV) path passes via three SCOOT-

monitored regions, it was anticipated that as the size of the prediction horizon increases, the 

uncertainty associated with the SCOOT-detectorized links’ travel time predicted values and 

consequently the uncertainty associated with the path’s traversal time will increase. However, 

dependent upon the point in time at which the non-detectorized links (or the flow-detectorized 

links) are traversed the uncertainty associated with the non-detectorized links’ (or the flow-
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detectorized links’) traversal times change (see figure 6.10). The change in the uncertainty 

associated with the non-detectorized links’ traversal times may well have counterbalanced the 

increase in the uncertainty associated with the SCOOT-detectorized links’ traversal times.  

 

Table 6.12: Utilization of real-time and historical information for the estimation and 

prediction of the detectorized links’ traversal times (Departing 20 minutes after the 

request was made) 

STDLTP 

algorithms 

Rank of 

kth 

shortest 

path 

(table 

6.2) 

Expected 

time of 

arrival  

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ 

values (mm.ss) 

No. of links 

(No. of  

detectorized 

links) 

STDLTP(EV) - 8.35.45 [8.31.30:8.50.00] 18.30 28(19) 

STDLTP(Var) - 8.38.51 [8.36.00:8.49.10] 13.10 33(27) 

STDLTP(Weight) - 8.35.51 [8.32.50:8.46.10] 13.20 29(23) 

STDLTP(Range) -  

(13 

optimal 

paths) 

{8.35.45, 

8.35.51, 

8.39.20} 

[8.31.30:8.50.00], 

[8.32.50:8.46.10], 

[8.27.50:9.19.10] 

{18.30, 

13.20, 

51.20} 

{(28(19), 

(29(23), 

37(8)} 

Observed path - 8.38.20 - - 31(18) 

 

The following displays the topology of each of the optimal paths 

STDLTP(EV): same as when the size of the prediction horizon was equal to 10 minutes 

 

STDLTP(Var): same as when the requesting time and the departure time coincide 

 

STDLTP(Weight): same as when historical information was utilized 

 

STDLTP(Range) - 1st path: same as STDLTP(EV) 

STDLTP(Range) - 2nd path: same as STDLTP(Weight) 
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STDLTP(Range) – 3rd path (least-time path): 

Oxclose Lane (ND, ND), Gladehill Road (ND), Chippenham (ND), Edwards Lane (ND), 

Arnold Road (ND, ND, ND, ND, ND, ND), Southwark (ND), Mill St David Lane 

(ND),Stockhill Lane (ND), Bar Lane (ND), Melbourne Road (ND, ND), Aspley Lane 

(D10525), Western Boulevard ( ND, ND, D09517, N09421A), Middleton Boulevard 

(N09461N, ND, ND) , Clifton Boulevard (D20545), Beeston Road (D19546), West Queens 

Road (N19621F, N19622B), Humber Road (ND), Middle Street (ND, ND, ND), Chilwell 

Road (ND, ND), Highroad (ND), Meadow Lane (ND)  

 

With bold we highlight the difference of the least-time paths when the size of the prediction 

horizon was equal to 10 minutes and when the size of the prediction horizon is equal to 20 

minutes.  

 

Table 6.13: Utilization of real-time and historical information for the estimation and 

prediction of the detectorized links’ traversal times (Departing 30 minutes after the 

request was made) 

STDLTP 

algorithms 

Rank of 

kth 

shortest 

path 

(table 

6.2) 

Expected 

time of 

arrival  

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ 

values (mm.ss) 

No. of links 

(No. of 

detectorized 

links) 

STDLTP(EV) - 8.35.46 [8.31.30:8.50.10] 18.40 28(19) 

STDLTP(Var) - 8.36.32 [8.33.30:8.46.50] 13.20 29(23) 

STDLTP(Weight) - 8.36.32 [8.33.30:8.46.50] 13.20 29(23) 

STDLTP(Range) - 

(13 

optimal 

paths) 

{8.35.46, 

8.36.32, 

8.36.05, 

8.39.20} 

[8.31.30:8.50.10], 

[8.33.30:8.46.50], 

[8.32.00:8.49.40], 

[8.27.50:9.20.40] 

{18.40, 

13.20, 

17.20, 

52.50} 

{28(19), 

29(23), 

30(20), 

37(8)} 

Observed path - 8.38.20 - - 31(18) 

 

The following displays the topology of each of the optimal paths 

STDLTP(EV): same as when the size of the prediction horizon was equal to 20 minutes 

 

STDLTP(Var): same as when historical information was utilized 
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STDLTP(Weight): same as STDLTP(Var) 

 

STDLTP(Range) - 1st path: same as STDLTP(EV) 

STDLTP(Range) - 2nd path: same as STDLTP(Var) and STDLTP(Weight) 

STDLTP(Range) – 3rd path: same as when the size of the prediction horizon was equal to 10 

minutes 

STDLTP(Range) - 4th path (least-time path): same as when the size of the prediction horizon 

was equal to 20 minutes 

 

According to tables 6.10 to 6.13, the topology of the STDLTP(Var) path changes with 

the size of the prediction horizon. In particular, the STDLTP(Var) path, for different sizes of 

the prediction horizon, alternates to the topology of the STDLTP(Var) path when historical 

information was utilized, or to the topology of the STDLTP(Var) path when real-time 

information was utilized (requesting and departing time coincide). The topology of the 

STDLTP(Weight) path remains unaltered independent of the size of the prediction horizon.  

When the STDLTP(Weight) path coincides with the STDLTP(Var), then the 

STDLTP(Var) path is a better compromise path than the STDLTP(EV) path. For example, 

according to tables 6.11 and 6.13, the expected value of the STDLTP(Var) is roughly 1 minute 

higher  than the expected value of the STDLTP(EV) path. On the other hand, the ‘approximate 

variance’ value of the STDLTP(Var) is roughly 5 minutes lower than the ‘approximate 

variance’ value of the STDLTP(EV) path. The relative merits of the STDLTP(Weight) 

algorithm are better demonstrated when the STDLTP(Weight) path does not coincide with 

neither of the STDLTP(EV) or the STDLTP(Var) paths. In particular, according to table 6.12 

and when the size of the prediction horizon is equal to 20 minutes, the expected value of the 

STDLTP(Weight) path is only six seconds higher than the expected value of the STDLTP(EV) 

path and the ‘approximate variance’ value of the STDLTP(Weight) path is only 10 seconds 

higher than the ‘approximate variance’ value of the STDLTP(Var) path. Consequently, as 

anticipated (hypothesis (5)) the STDLTP(Weight) path is a better compromise path than both 

of the STDLTP(EV) and the STDLTP(Var) paths. It is interesting to notice, according to 

tables 6.11 to 613, that both the expected values and the minimum and maximum values of the 

topologically unaltered STDLTP(Weight) path slightly decrease as the size of the prediction 

horizon increases from 10 minutes to 20 minutes and slightly increase, as the size of the 

prediction horizon increases from 20 minutes to 30 minutes. This indicates that because of the 

interrelationships of factors that can affect the path’s traversal times (i.e. changes of the non-
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detectorized links’ and flow-detectorized links’ traversal times, dependent upon the point in 

time that they are traversed, and overestimations or underestimations of different SCOOT-

detectorized links’ traversal times), a trend cannot be established.    

Finally, the number of STDLT(Range) paths changes, for different sizes of the 

prediction horizon. Independent of the size of the prediction horizon, the forward 

STDLTP(Range) algorithm always generates a big number of STDLTP(Range) paths 

(hypothesis(5)). For all sizes of the prediction horizon, the forward STDLTP(Range) 

algorithm always identifies the STDLTP(EV) path and the STDLTP(Weight) path. The 

majority of the STDLTP(Range) paths, independent of the size of the prediction horizon, do 

not exhibit comparable expected and ‘approximate variance’ values to those of the 

STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths. However, when the size of the 

prediction horizon is equal to 10 minutes (see table 6.11), then the forward STDLTP(Range) 

algorithm also identifies an optimal path which exhibits exactly the same expected travel time 

value with the STDLTP(EV) path but a slightly lower ‘approximate variance’ value (40 

seconds lower). Note that this path would have been also identified by the STDLTP(EV) 

algorithm, if ties were not arbitrarily broken for the STDLTP(EV) algorithm (i.e. the 

STDLTP(EV) algorithm outputs only one path that exhibits least-expected-time, for each 

departure time interval). Furthermore, the ‘approximate variance’ value of this path is over 4 

minutes higher than the ‘approximate variance’ value of the STDLTP(Weight) path. On the 

other hand, the expected value of this path is one minute lower than the expected value of the 

STDLTP(Weight) path. When the size of the prediction horizon is equal to 30 minutes (see 

table 6.13), then the forward STDLTP(Range) algorithm also identifies an alternative path to 

the STDLTP(EV) path and the STDLTP(Weight) path (i.e. STDLTP(Var) path coincides with 

the STDLTP(Weight) path). The expected value of this path is 27 seconds lower than the 

expected value of the STDLTP(Weight) path. On the other hand, the ‘approximate variance’ 

value of this path is 4 minutes higher than the ‘approximate variance’ value of the STDLTP 

(Weight) path. Therefore, as expected (hypothesis(5)), overall the STDLTP(Weight) is the 

best compromise path, independent of the size of the prediction horizon.  

The least-maximum-time path always coincides with the STDLTP(Weight) path. The 

topology of the least-time path is different to the topologies of the STDLTP(EV), 

STDLTP(Var) and STDLTP(Weight) paths. Furthermore, the topology of the least-time path 

changes significantly as the size of the prediction horizon increases to 10 minutes. However, 

the topology of the least-time path changes very little as the size of the prediction horizon 

increases from 10 minutes to 20 minutes and remains unaltered as the size of the prediction 
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horizon increases from 20 minutes to 30 minutes. According to tables 6.10 to 6.13, the 

minimum value of the least-time path remains unaltered, independent of the size of the 

prediction horizon.  

To sum up, three STDLTP(EV) paths were identified, dependent upon the type of 

information being utilized. On the other hand, only one STDLTP(Weight) path was identified, 

independent of the type of information being utilized. Two STDLTP(Var) paths were 

identified, dependent upon the type of information being utilized. This indicates that the 

STDLTP(EV) algorithm is the most sensitive to changes on the links’ travel time values.  

Furthermore, a different number of STDLTP(Range) paths were identified, dependent upon 

the type of information being utilized. This again indicates the sensitivity of the forward 

STDLTP(Range) algorithm to changes on the links’ travel time values. Most importantly, in 

terms of solution quality, the STDLTP(Weight) algorithm identified the best compromise 

path, independent of the type of information being utilized. The forward STDLTP(Range) 

algorithm, identified the STDLTP(Weight) path and the STDLTP(EV) path, independent of 

the type of information being utilized. Furthermore, the forward STDLTP(Range) algorithm 

identified a big number of STDLTP(Range) paths with undesirable traffic characteristics (such 

as the least-time path). The topology of the least-time path was found to be very different to 

the topologies of the STDLTP(EV), STDLTP(Var) and STDLTP(Weight) paths. The least-

time path was found to pass through the least number of detectorized links. Most importantly, 

the least-time path was found to exhibit unacceptable levels of uncertainty (i.e. very high 

‘approximate variance’ value), independent of the type of information being utilized.   

Tables 6.14 to 6.16 explore the relationship between the available data sources and the 

quality of the optimal path solution. Table 6.14 assumes complete lack of information, with 

respect to any of the links’ travel time values (i.e. all links are treated as non-detectorized 

links). Tables 6.15 and 6.16 explore the changes in both the topology as well as the solution 

quality of the STDLT paths when a number of detectorized links are treated as non-

detectorized links. The SCOOT-detectorized link N20141A (Lenton Boulevard) is not 

included within any of the STDLT paths. However, it is included within most of the 10 

shortest paths. The SCOOT-detectorized links N11121F (Betnick Road) and N10151B 

(Betnick Road) are always included within the STDLTP(Weight) path and sometimes 

included within the STDLTP(Var) path but never within the STDLTP(EV) path. In the 

following set of experiments we will assume that the three SCOOT detectors malfunction, and 

therefore we will treat the respective links as non-detectorized links. For the first set of 

experiments use is made only of historical information for the estimation and prediction of the 
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detectorized links’ traversal times (see table 6.15). For the second set of experiments use is 

made of historical and real time information for the estimation and prediction of the 

detectorized links’ traversal times (see table 6.16) 

 

Table 6.14: All links are treated as non-detectorized links 

STDLTP 

algorithms 

Rank of kth 

shortest  

path  ( table 

6.2 ) 

Expected 

arrival time 

(hh.mm.ss) 

Range of arrival 

times  

(hh.mm.ss) 

‘Approximate 

variance’ value  

(mm.ss) 

STDLTP(EV) 1st 

 

8.40.11 [8.27.00:9.22.30] 55.30 

STDLTP(Var) 4th  8.40.24 [8.27.30:9.22.40] 55.10 

STDLTP(Weight) 2nd  8.40.11 [8.27.10:9.22.30] 55.20 

STDLTP(Range) 1st  8.40.11 [8.27.00:9.22.30] 55.30 

Observed  path 1st  8.40.11 [8.27.00:9.22.30] 55.30 

 

Contrary to our expectations (hypothesis (7)), different paths were found to exhibit 

optimal performance, dependent upon the employed optimization criterion. However, the 

differences between the expected values and the ‘approximate variance’ values of all the 

respective STDLT paths are negligible. Therefore, effectively the STDLTP problem is 

reduced to the shortest path problem, when all links are treated as non-detectorized links, 

independent of the employed optimization criterion. The ‘approximate variance’ values of all 

STDLT paths are very high. The big difference between the ‘approximate variance’ values of 

all STDLT paths, when information on the detectorized links’ traversal times is utilized (see 

tables 6.9 to 6.13) as opposed to when  all links are treated as non-detectorized links (see table 

6.14), confirms our expectation that in the majority of cases, the uncertainty associated with 

the non-detectorized links’ traversal times exceeds the uncertainty associated with the 

detectorized links’ traversal times, independent of the type of information being utilized. 

Furthermore, tables 6.9 to 6.14, demonstrate clearly the benefits of utilizing real-time 

information for the estimation and prediction of the detectorized links’ traversal times. Despite 

the fact that all STDLT paths include a number of non-detectorized links (at least 6 non-

detectorized links out of a total number of 30 links), the relative merits of the information 

provided by the detectors in the solution quality of the STDLT paths algorithms was clearly 



 278

demonstrated. In particular, the uncertainty associated with all STDLT paths’ traversal times 

exceeds 55 minutes, if all links were assumed to be non-detectorized links. The utilization of 

real-time information for the estimation and prediction of the detectorized links’ traversal 

times reduces the uncertainty of all STDLT paths, with the exception of the STDLTP(Range) 

least-time path, by at least 37 minutes.   

   

Table 6.15: De-activate three SCOOT-detectorized links (Utilization of historical 

information for the estimation and prediction of the detectorized links’ traversal times) 
STDLTP 

algorithms 

Rank of 

kth shortest  

path   

(table 6.2) 

Expected 

arrival time 

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ 

value (mm.ss) 

No. of links  

(No. of 

detectorized links) 

STDLTP(EV) 1st  8.39.07 [8.31.50:9.04.30] 32.40 31(16) 

STDLTP(Var) - 8.40.19 [8.34.20:8.59.40] 25.20 29(21) 

STDLTP(Weight) - 8.40.19 [8.34.20:8.59.40] 25.20 29(21) 

STDLTP(Range) 1st, - 

8 optimal 

paths 

{8.39.07, 

8.40.19, 

8.42.58} 

{[8.31.50:9.04.30],   

[8.34.20:8.59.40], 

[8.29.40:9.19.40]} 

{32.40,  

 25.20, 

 50.00} 

{31(17),  

 29(21), 

 36(6)} 

Observed path 1st  8.38.10 - - 31(16) 

 

The following displays the topology of each of the optimal paths. 

Observed path: same as shortest path 

 

STDLTP(EV) path: same as observed path 

 

STDLTP(Var) path: same as the respective STDLTP(Var) path, prior to the de-activation of 

the three SCOOT detectors 

 

STDLTP(Weight) path: same as STDLTP(Var) path 

 

STDLTP(Range) - 1st path: same as STDLTP(EV) path 

STDLTP(Range) - 2nd path: same as STDLTP(Weight) path 

STDLTP(Range) – 3rd path (least-time path): same as the respective STDLTP(Range) least-

time path, prior to the de-activation of the three SCOOT detectors. 
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According to tables 6.9 and 6.15, the topology of the observed path changes, when the 

three SCOOT detectors are de-activated. Prior to the de-activation the observed path did not 

pass through any of the three SCOOT detectors. After the de-activation the observed path 

coincides with the shortest path and it passes through the three de-activated SCOOT-

detectorized links. This indicates that the actual travel time values of the three SCOOT-

detectorized links are probably slightly higher than the historical median travel time values of 

their ‘equivalent’ non-detectorized links.  

According to tables 6.9 and 6.15, the STDLTP(EV) path coincides with the observed 

path in both cases. So, the topology of the STDLTP(EV) path changes, when the three 

SCOOT detectors are de-activated. After the de-activation, the STDLTP(EV) path coincides 

with the shortest path and it passes through the three de-activated SCOOT-detectorized links. 

After the de-activation, the expected value of the STDLTP(EV) path is slightly lower (i.e. 14 

seconds lower). However, after the de-activation, the ‘approximate variance’ value of the 

STDLTP(EV) path is substantially higher (roughly 4 minutes higher). The ‘approximate 

variance’ values of the STDLTP(EV) paths prior and after the de-activation are not directly 

comparable, as the topology of the STDLTP(EV) path changes. However, the increase in the 

‘approximate variance’ value of the STDLTP(EV) path, after the de-activation, is attributed to 

the fact that after the de-activation, the STDLTP(EV) path consists of a smaller number of 

detectorized links and a bigger number of non-detectorized links. 

The topologies of both the STDLTP(Var) and STDLTP(Weight) paths remain 

unaltered, after the de-activation of the three SCOOT detectors. The STDLTP(Weight) path 

coincides with the STDLTP(Var) path. Consequently, both of the STDLTP(Var) and 

STDLTP(Weight) paths, still pass through the de-activated SCOOT detectorized links 

N11121F, N10151B and they still do not pass through the de-activated SCOOT-detectorized 

link N20141A. As expected (hypothesis(3)), despite the de-activation of the three SCOOT 

detectors, the STDLTP(Var) and STDLTP(Weight) paths pass through a bigger number of 

detectorized links and a smaller number of non-detectorized links than the STDLTP(EV) path.  

Both the expected values and the ‘approximate variance’ values of the STDLTP(Var) path 

change only marginally after the two SCOOT-detectorized links N11121F, N10151B that are 

contained within the path were de-activated. 

Finally, according to tables 6.9 and 6.15, the solution quality of the forward 

STDLTP(Range) algorithm is affected by the de-activation of the three SCOOT detectors. In 

particular, the number of STDLTP(Range) paths changes from 15 to 8 after the de-activation 

of the three SCOOT detectors has taken place. The forward STDLTP(Range) algorithm still 
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includes in its final solution set the STDLTP(EV) and the STDLTP(Weight) paths. The 

remaining STDLTP(Range) paths do not exhibit desirable traffic characteristics (i.e. in terms 

of their expected values and ‘approximate variance’ values).   

 

Table 6.16: De-activate three SCOOT-detectorized links (Utilization of real-time and 

historical information for the estimation and prediction of the detectorized links’ 

traversal times (Departure time coincides with the time the request was made)) 
STDLTP algorithms Rank of 

kth shortest  

path  

(table 6.2) 

Expected 

arrival time 

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ value 

(mm.ss) 

No. of links 

(No. of 

detectorized 

links) 

STDLTP(EV) - 8.35.09 [8.30.30:8.52.00] 21.30 30(18) 

STDLTP(Var) - 8.37.50 [8.35.00:8.48.50] 13.50 33(26) 

STDLTP(Weight) - 8.35.11 [8.31.50:8.47.00] 15.10 29(21) 

STDLTP(Range) - 

(17 

Optimal 

paths) 

{8.35.09, 

8.35.11, 

8.39.05} 

[8.30.30:8.52.00], 

[8.31.50:8.47.00], 

[8.27.50:9.19.50] 

{21.30, 

 15.10, 

 52.00} 

{30(18), 

 29(21), 

 31(3)} 

Observed path 1st  8.38.10 - - 31(16) 

 

The following displays the topology of each of the optimal paths. The bold highlights the 

difference between the shortest path (see section 6.3.2) and the respective STDLTP. 

Observed path: same as shortest path 

 

STDLTP(EV) path: 

SCOOT-monitored region: Daybrook {Mansfield Road (N13441A, ND, N13431E, N13451R, 

N13421A, N13411E, ND)}, SCOOT-monitored region: Sherwood {Mansfield Road 

(N13241A, N13231E, N13221A, N13211E)}, Mansfield Road(ND, N02521A), West Forest 

Road (ND), Mount Hooton Road (ND), Betnick Road (N11121F, N10151B), Hartley Road 

(ND, ND), Radford Boulevard (ND), Lenton Boulevard (N20141A), Derby Road 

(ND,D20226), Clifton Boulevard (D20545), Beeston Road (D19546), SCOOT-monitored 

region: Queens Road {West Queens Road (N19621F, N19622B, N19631F, N19741B, 

N19742F)} 
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STDLTP(Var): same as  the respective STDLTP(Var) path, prior to the de-activation of the 

three SCOOT detectors 

 

STDLTP(Weight): same as  the respective STDLTP(Weight) path, prior to the de-activation of 

the three SCOOT detectors 

 

STDLTP(Range): 1st path: same as STDLTP(EV) 

STDLTP(Range): 2nd path: same as STDLTP(Weight) 

STDLTP(Range): 3rd path (least-time path): same as the respective STDLTP(Range) least-time 

path, prior to the de-activation of the three SCOOT detectors 

 

According to tables 6.10 and 6.16, the topology of the STDLTP(EV) path changes, 

after the de-activation of the three SCOOT detectors has taken place. Similarly to when 

historical information was utilized (see table 6.15), the STDLTP(EV) path passes through the 

three de-activated SCOOT detectors. Prior to the de-activation (see table 6.10) the 

STDLTP(EV) path did not pass through any of the three SCOOT detectors. Although the 

STDLTP(EV) path does not coincide with the shortest path, its topology is very similar to the 

topology of the shortest path. The expected value of the STDLTP(EV) path is only marginally 

reduced (i.e. 11 seconds lower), after the de-activation of the three SCOOT detectors. 

However, the ‘approximate variance’ value of the STDLTP(EV) path has substantially 

increased (i.e. 3 minutes and 30 seconds higher), after the de-activation of the three SCOOT 

detectors. This is attributed to the fact that after the de-activation, the STDLTP(EV) path 

consists of a smaller number of detectorized links and a bigger number of non-detectorized 

links. 

Again, according to tables 6.10 and 6.16 and similarly to when historical information 

was utilized, the topology of the STDLTP(Var) remains unaltered, after the de-activation of 

the three SCOOT detectors has taken place. The STDLTP(Var) path still passes through the 

de-activated SCOOT-detectorized link N11121F and still does not pass through the SCOOT-

detectorized links N10151B and N20141A. This was expected, as the de-activation of the 

SCOOT-detectorized links N10151B and N20141A, most probably, results in an increase in 

the ‘approximate variance’ values of these links (and of the paths that contain these links) and 

therefore further deters the STDLTP(Var) to pass through them. As the STDLTP(Var) path 

passes through only one of the de-activated SCOOT-detectorized links, both the expected 

values and the ‘approximate variance’ values of the STDLTP(Var) path were only marginally 



 282

affected (the expected value decreased by 27 seconds and the ‘approximate variance’ value 

increased by 30 seconds). Furthermore, as expected (hypothesis(3)), the STDLTP(Var) path 

passes through the biggest number of detectorized links and the least number of non-

detectorized links.  

According to tables 6.10 and 6.16, the topology of the STDLTP(Weight) path remains 

unaltered, after the de-activation of the three SCOOT detectors has taken place. The 

STDLTP(Weight) path still passes through the de-activated SCOOT-detectorized links 

N11121F and N10151B and still does not pass through the SCOOT-detectorized link 

N20141A. The expected value of the STDLTP(Weight) path is slightly decreased (by 35 

seconds). However, the ‘approximate variance’ value of the STDLTP(Weight) path is 

substantially increased (by 2 minutes and 50 seconds). This indicates that, when real-time 

information is utilized (as opposed to when only historical information was utilized), the 

‘approximate variance’ values of the two SCOOT-detectorized links N11121F and N10151B, 

are substantially lower than the respective ‘approximate variance’ values of their ‘equivalent’ 

non-detectorized links. This again emphasizes the benefits of utilizing real-time information 

for the estimation and/or prediction of the detectorized links’ traversal times. However, despite 

the increase in the ‘approximate variance’ value of the STDLTP(Weight) path, as expected 

(hypothesis(5)), the STDLTP(Weight) path is still the best compromise path. In particular, the 

expected value of the STDLTP(Weight) path is only 2 seconds higher than the expected value 

of the STDLTP(EV) path; on the other hand, the ‘approximate variance’ value of the 

STDLTP(Weight) path is 6 minutes and 20 seconds lower than the ‘approximate variance’ 

value of the STDLTP(EV) path. Furthermore, the expected value of the STDLTP(Weight) 

path is 2 minutes and 40 seconds lower than the expected value of the STDLTP(Var) path; on 

the other hand the ‘approximate variance’ value of the STDLTP(Weight) path is 1 minutes and 

20 seconds higher than the ‘approximate variance’ value of the STDLTP(Var) path.   

Finally, the solution quality of the forward STDLTP(Range) algorithm is affected by 

the de-activation of the three SCOOT detectors. In particular, although the number of 

STDLTP(Range) paths remains unaltered and equal to 17 prior and after the de-activation (see 

tables 6.10 and 6.16), the topology of some of  the STDLT(Range) paths changes. Again the 

final solution set of the forward STDLTP(Range) algorithm includes both the STDLTP(EV) 

and the STDLTP(Weight) paths.  

 To sum up, tables 6.15 and 6.16 demonstrate clearly that the quality of the optimal 

path solution is clearly dependent upon the type of information being utilized and the available 

data sources. Although the topology of both the STDLTP(Var) and STDLTP(Weight) paths 
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remain unaltered, the solution quality of both the paths was affected by the de-activation of the 

three SCOOT detectors. The STDLTP(EV) and forward STDLTP(Range) algorithms were 

found to be the most sensitive in the de-activation of the three SCOOT detectors and 

consequently in the changes of the links’ traversal times. Overall, and despite the type of 

information being utilized and/or the number of available data sources the STDLTP(Weight) 

path was always found to be the best compromise path.  

 

6.6.2 Real-time k-heuristic algorithms 

The previous experiments demonstrated the relative merits of the minimum ‘weight’ 

value dominance criterion over the expected value and the minimum ‘approximate variance’ 

dominance criteria. However, the implemented STDLTP(EV) and STDLTP(Weight) 

algorithms are not computationally efficient (see tables 5.2 and 5.10). For applications with 

real-time characteristics the k-heuristic(EV) and k-heuristic(Weight) algorithms, with K≤5, are 

the only options available (based upon the implemented algorithms of this study). It has been 

experimentally verified in chapter 5 that the real-time k-heuristic algorithms may lead to sub 

optimal solutions with big degrees of sub optimality, when alternative optimization criteria to 

the expected value criterion are employed (see tables 5.9, 5.16 and 5.19). The following 

experiments will demonstrate whether the superiority of the minimum ‘weight’ value 

dominance criterion is maintained when the respective real-time k-heuristic versions of the 

STDLTP algorithms are employed. The performance of the real-time k-heuristic algorithms, 

with K=5, will be demonstrated when different types of information are utilized (historical, 

real-time information with different sizes of the prediction horizon).  

The first column in table 6.17 depicts the type of information being utilized for the 

estimation and prediction of the detectorized links’ traversal times. The second column depicts 

which path amongst the first 10 shortest paths (see table 6.2) coincided with the k-

heuristic(EV) path. The third column depicts the rank (which path amongst the first 5 least-

time paths) of the k-heuristic(EV) path. According to tables 6.9 to 6.13 and 6.17, the real-time 

k-heuristic(EV) algorithm, with K=5, was found to exhibit optimal performance, independent 

of the type of information being utilized. Therefore, as expected (hypothesis (8)) independent 

of the type of information being utilized, the real-time k-heuristic(EV) algorithm always 

identified the STDLTP(EV) path or a path that exhibited the same expected travel time value 

as the STDLTP(EV) path.   

Furthermore, it is interesting to notice that in the majority of the cases the 1st least-time 

path was found to coincide with the STDLTP(EV) path. The 1st least-time path is as well 
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identified by a standard deterministic and time-dependent least-time path algorithm, where the 

links’ traversal times are represented via their respective median values. This indicates that 

stochasticity does not appear to be crucial when identifying the STDLTP(EV) path, for the 

tested origin-destination pair. The fact that the STDLTP(EV) paths were not found to coincide 

with any of the first 10 shortest paths (see tables 6.9 to 6.13) but  were found to coincide with 

the 1st least-time path or with the 2nd least-time path, emphasizes the benefits of a k-

heuristic(EV) algorithm based upon the k-least-time-path algorithm as opposed to a k-

heuristic(EV) algorithm based upon the k-shortest path algorithm (see section 5.5).  

 

Table 6.17: Performance of the real-time k-heuristic(EV) algorithm 
Utilized 

information 

Rank of 

kth 

shortest 

path 

(table 

6.2) 

Rank 

of kth 

least-

time 

path  

Expected 

time of 

arrival 

(hh.mm.ss) 

Range of arrival 

times (hh:mm:ss) 

‘Approximate 

variance’ 

values (mm:ss) 

Topology 

of optimal 

path 

Historical - 1 8.39.21 [8.33.00:9.01.30] 28.30 STDLTP(EV) 

Real-time 

information 

- 2 8.35.20 [8.31.30:8.49.30] 18.00 STDLTP(EV) 

Size of 

prediction 

horizon=10 

minutes 

- 5 8.35.49 [8.31.50:8.49.50] 18.00 3rd  

STDLTP(Range) 

 

Size of 

prediction 

horizon=20 

minutes  

- 1 8.35.45 

 

[8.31.30:8.50.00] 18.30 STDLTP(EV) 

Size of the 

prediction 

horizon=30 

minues 

- 1 8.35.46 [8.31.30: 8.50.10] 18.40 STDLTP(EV) 

 

According to tables 6.9 to 6.13 and 6.18, the real-time k-heuristic(Var) algorithm, with 

K=5, fails to identify the STDLTP(Var) path, independent of the type of information being 

utilized (hypothesis(8)). Most importantly, the sub optimality introduced by the k-

heuristic(Var) algorithm is substantial (see (hypothesis (8)). In particular, the ‘approximate 

variance’ value of the STDLTP(Var) path is roughly 4 minutes lower than the respective 
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‘approximate variance’ value of the k-heuristic(Var) path. It is interesting to notice that the k-

heuristic(Var) path either coincides with the k-heuristic(EV) path (and consequently with the 

STDLTP(EV) path) or  exhibits an expected travel time value which is very close to the 

expected travel time value of the k-heuristic(EV) path (with a maximum deviation of 19 

seconds). This emphasizes the correlation between the expected values of the K least-time 

paths, in the context of a deterministic and time-dependent network, and the expected values 

of the respective K least-time paths in the context of a stochastic and time-dependent network.  

 

Table 6.18: Performance of the real-time k-heuristic(Var) algorithm 
Comparison of 

 Algorithms 

Utilized 

information 

Expected 

time of 

arrival 

(hh.mm.ss) 

Range of arrival 

times (hh.mm.ss) 

‘Approximate 

variance’ 

values (mm.ss) ‘approximate 

variance’ – 

STDLTP 

(Var) (mm.ss) 

expected 

value – 

STDLTP 

(EV) 

(sec) 

Topology of 

optimal path 

Historical 

information 

8.39.21 

 

[8.33.00:9.01.30] 28.30 +3.40 0 STDLTP(EV) 

Real-time 

information 

8.35.21 

 

[8.31.40:8.49.30] 17.50 +4.30 +1 - 

Size of 

prediction 

horizon=10 

minutes 

8.35.49 [8.31.50:8.49.50] 18.00 +4.40 0 3rd  

STDLTP(Range) 

 

Size of 

prediction 

horizon=20 

minutes 

8.35.45  [8.31.30:8.50.00] 18.30 +5.20 0 STDLTP(EV) 

Size of 

prediction 

horizon=30 

minutes 

8.36.05 [8.32.00:8.49.40] 17.40 +4.20 +19 3rd  

STDLTP(Range) 

 

Furthermore, according to table 6.18, the ‘approximate variance’ value of the k-

heuristic(Var) path is under the best case scenario (size of the prediction horizon=30 minutes), 

1 minute lower than the respective ‘approximate variance’ value of the k-heuristic(EV) path. 

For the remaining cases, the ‘approximate variance’ values of the k-heuristic(Var) path is 

equal to (or 10 seconds lower than) the ‘approximate variance’ values of the k-heuristic(EV) 
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paths. Therefore, in all cases, the ‘approximate variance’ values of the k-heuristic(Var) paths 

are much closer (or equal) to the ‘approximate variance’ values of the STDLTP(EV) paths 

than to the ‘approximate variance’ values of the STDLTP(Var) paths. To sum up, the k-

heuristic(Var) algorithm fails to select paths with acceptable levels of uncertainty. The 

solution quality (in terms of expected and ‘approximate variance’ values) of the k-

heuristic(Var) algorithm is closer to the solution quality of the STDLTP(EV) algorithm rather 

than the solution quality of the forward STDLTP(Var) algorithm. Therefore, the real-time k-

heuristic(Var) algorithm compromises the solution quality and the nature of the minimum 

‘approximate variance’ value dominance criterion .   

 

Table 6.19: Performance of the real-time k-heuristic(Weight) algorithm 
Comparison of 

 Algorithms 

Utilized 

information 

Expected 

time of 

arrival 

(hh:mm:ss) 

Range of arrival 

times 

(hh:mm:ss) 

‘Approximate 

variance’ 

values 

(mm:ss) 

‘approximate 

variance’ – 

STDLTP 

(Var) (mm.ss) 

expected 

value – 

STDLTP 

(EV) 

(sec) 

Topology of the 

optimal path 

Historical 

information 

8.39.21 [8.33.00:9.01.30] 28.30 (+3.40) (0) STDLTP(EV)  

Real time 

information 

8.35.20 [8.31.30:8.49.20] 17.50 (+4.30) (0) 1st 

STDLTP(Range) 

Size of 

prediction 

horizon=10 

minutes 

8.35.49 [8.31.50:8.49.50] 18.00 (+4.40) (0) 3rd  

STDLTP(Range) 

Size of 

prediction 

horizon=20 

minutes 

8.35.45 [8.31.30:8.50.00] 18.30 (+5.10) (0) STDLTP(EV) 

Size of 

prediction 

horizon=30 

minutes 

8.36.05 [8.32.00:8.49.40] 17.40 (+4.20) (+19) 3rd 

STDLTP(Range)  

 

According to tables 6.9 to 6.13 and 6.19, the real-time k-heuristic(Weight) algorithm 

fails to identify the STDLTP(Weight) path, independent of the type of information being 

utilized (hypothesis (8)). Most importantly, the sub optimality introduced by the k-
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heuristic(Weight) algorithm is substantial (hypothesis (8)). According to tables 6.10 and 6.12, 

the STDLTP(Weight) path exhibited superior travel time characteristics to both the 

STDLTP(EV) path and the STDLTP(Var) path; as its expected value was very close to the 

expected value of the STDLTP(EV) path and its ‘approximate variance’ value was very close 

to the ‘approximate variance’ value of the STDLTP(Var) path.  

Most of the time, the k-heuristic(Weight) path coincides with the k-heuristic(Var) path 

(see tables 6.18 and 6.19). For the one case that the k-heuristic(Weight) path does not coincide 

with the k-heuristic(Var) path, the expected value of the k-heuristic(Weight) path is only one 

second lower than the expected value of the k-heuristic(Var) path. So, in all cases, the k-

heuristic(Weight) path exhibits identical travel time characteristics (in terms of its expected 

value and its ‘approximate variance’ value) with the k-heuristic(Var) path. Therefore, the 

relative merits of the minimum ‘weight’ value dominance criterion over the minimum 

‘approximate variance’ value dominance criterion are eliminated when the real-time k-

heuristic algorithms are employed. 

Furthermore, similarly with the k-heuristic(Var) path, both the expected values and the 

‘approximate variance’ values of the k-heuristic(Weight) paths coincide or are much closer to 

the expected values and the ‘approximate variance’ values of the STDLTP(EV) paths than to 

the expected values and the ‘approximate variance’ values of the STDLTP(Weight) paths. 

Therefore, the k-heuristic(Weight) algorithm fails to select paths with acceptable levels of 

uncertainty (i.e. substantially smaller uncertainty than the uncertainty of the STDLTP(EV) 

path). Consequently, the relative merits of the minimum ‘weight’ value dominance criterion 

over the expected value dominance criterion are reduced or eliminated when the real-time k-

heuristic algorithms are employed. To sum up, the ability of the minimum ‘weight’ value 

dominance criterion to select best compromise paths is reduced or eliminated, when the real-

time k-heuristic(Weight) algorithm is employed.    

In table 6.20, with bold we highlight the k-heuristic(Range) paths that are part of the 

final solution set of the forward STDLTP(Range) algorithm. According to tables 6.9 to 6.13 

and 6.20, as expected (hypothesis(8)), the real-time k-heuristic(Range) algorithm, with K=5, 

fails to identify most of the STDLTP(Range) paths, independent of the type of information 

being utilized. This was anticipated as the number of STDLTP(Range) paths exceeds by far 

the search space of the real-time k-heuristic(Range) algorithm (number of candidate paths 

being tested=5). However, as expected (hypothesis(8)), the real-time k-heuristic(Range) 

algorithm always identifies at least one of the STDLTP(Range) paths. In particular, the k-

heuristic(Range) algorithm always identifies the STDLTP(EV) path, or a path with the same 
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expected travel time value as the STDLTP(EV) path. Similarly with the k-heuristic(Weight) 

algorithm, the k-heuristic(Range) algorithm never identifies the STDLTP(Weight) path, which 

is always part of the final solution set of the forward STDLTP(Range) algorithm. Furthermore, 

the k-heuristic(Range) algorithm never identifies the STDLTP(Range) least-time path. This 

indicates that the minimum and median travel time values of a path are not necessarily 

positively correlated.   

 

Table 6.20: Performance of the real-time k-heuristic(Range) algorithm 
Utilized 

information 

Range of arrival 

times (hh:mm:ss) 

Expected time 

of arrivals 

(hh.mm.ss) of 

nondominated 

paths 

‘Approximate 

variance’ 

values of 

nondominated 

path (mm.ss) 

Deviation of 

expected 

values from 

STDLTP(EV) 

path (sec) 

Topology of the 

nondominated 

paths  

Historical 

information 

[8.33.00:9.01.30], 

[8.33.00:9.01.30], 

[8.32.40:9.03.30] 

8.39.21, 

8.39.21 

28.30, 28.30 (0),(0) STDLTP(EV), - 

Real-time 

information 

[8.31.20:8.49.40], 

[8.31.30:8.49.20] 

8.35.21, 

8.35.20 

18.20, 17.50 (+1),(0) -,  

1st 

STDLTP(Range) 

Size of 

prediction 

horizon=10 

minutes 

[8.31.40:8.52.00], 

[8.31.40:8.52.00], 

[8.31.50:8.49.50] 

8.35.49 18.00 (0) 3rd  

STDLTP(Range) 

Size of 

prediction 

horizon=20 

minutes 

[8.31.30:8.50.00] 

 

8.35.45 18.30 (0) STDLTP(EV)  

Size of 

prediction 

horizon=30 

minutes 

[8.31.30:8.50.10], 

[8.32.00:8.49.40] 

8.35.46, 

8.36.05 

18.40,17.40 (0),(+19) STDLTP(EV), 

3rd 

STDLTP(Range)  

 
According to table 6.20, the k-heuristic(Range) algorithm identifies only a small 

number of optimal paths (at most 3), some of which are dominated by the respective 

STDLTP(Range) paths. Most importantly, similarly with the k-heuristic(Weight) paths and the 

k-heuristic(Var) paths, both the expected values and the ‘approximate variance’ values of the 

k-heuristic(Range) paths coincide or are very close to the expected values and the 
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‘approximate variance’ values of the STDLTP(EV) paths. Furthermore all k-heuristic(Range) 

paths exhibit similar ranges of travel time values. Therefore all k-heuristic(Range) paths either 

coincide or exhibit similar travel time characteristics to the STDLTP(EV) paths. However, as 

it has been demonstrated in tables 6.9 to 6.13, the forward STDLTP(Range) algorithm 

generates a big number of optimal paths that exhibit a variety of travel time characteristics. 

Therefore, the real-time k-heuristic(Range) algorithm compromises the solution quality and 

the nature of the ‘extended Dubois’ dominance criterion as it annihilates the variety of travel 

time characteristics associated with the STDLTP(Range) paths.   

 

6.7 ‘Optimal’ routing strategies, for different types of drivers 
Due to the uncertainty associated with the links’ traversal times, in the context of the 

Nottingham urban network, the actual traversal time of a path will rarely coincide with the 

path’s expected travel time value. Dependent upon the driver’s characteristics (risk-averse, 

risk-prone, risk-neutral), paths with lower uncertainty and higher expected travel time value 

may be preferred. The following example shows clearly that independent of the driver’s 

characteristics the STDLTP(Weight) path is the most likely to be preferred (see section 6.6.1 

and table 6.10). In this example, the driver is assumed to depart at 8.15 in the morning. 

Furthermore, it is assumed that the driver makes his request shortly before departing. 

Therefore, the uncertainty associated with the predicted links’ traversal times is relatively 

small. All STDLT paths were found to include a number of SCOOT-monitored areas, flow-

detectorized links and non-detectorized links.  

A very risk-prone driver would select a path that can arrive the earliest at the 

destination node (independent of the probability associated with this arrival time). Therefore, a 

very risk-prone driver would chose the least-time path (identified by the forward 

STDLTP(Range) algorithm). The minimum possible arrival time of the STDLTP(Range) 

least-time path is at 8.27.50 as opposed to the minimum possible arrival time of the 

STDLTP(EV) path at 8.31.30 and the minimum possible arrival time of the STDLTP(Weight) 

path at 8.32.50. However, the probability of occurrence of the path’s minimum possible travel 

time is negligible (<0.05^ 31). Furthermore, all the other travel time characteristics of the least-

time path are undesirable. In particular, the uncertainty associated with the least-time path’s 

arrival time is 34 minutes higher and more than 38 minutes higher than the uncertainty 

associated with the STDLTP(EV) and the STDLTP(Weight) paths’ arrival times respectively. 

Furthermore, the expected arrival time of the least-time path is more than three minutes higher 
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than the expected arrival times of the STDLTP(EV) and the STDLTP(Weight) paths. 

Therefore, very few drivers will favour the least-time path. 

A very risk-averse driver would select a path whose maximum possible arrival time at 

the destination node takes the lowest value. Therefore a very risk-averse driver would choose 

the least-maximum-time path, which coincides with the STDLTP(Weight) path. In particular, 

the maximum possible arrival time of the STDLTP(Weight) path is at 8.46.10 as opposed to 

the maximum possible arrival time of the STDLTP(EV) path at 8.49.30 and the maximum 

possible arrival time of the least-time path at 9.19.50.  

No driver, independent of his characteristics, will favor the STDLTP(Var) path over 

the STDLTP(Weight) path. This is because both paths exhibit the same uncertainty associated 

with their respective arrival times. Furthermore, both paths exhibit identical minimum and 

maximum possible arrival times. However, the expected arrival time of the STDLTP(Weight) 

path is at 8.35.46 as opposed to the expected arrival time of the STDLTP(Var) path at 8.38.17.  

A risk-neutral driver is expected to chose the STDLTP(EV) path. However, very few 

drivers will favor the STDLTP(EV) path over the STDLTP(Weight) path. This is because the 

expected arrival time of the STDLTP(EV) is only 26 seconds lower than the expected arrival 

time of the STDLTP(Weight) path. However, the uncertainty associated with the 

STDLTP(EV) path’s arrival time is  nearly 5 minutes higher than the uncertainty associated 

with the STDLTP(Weight) path’s arrival time. Furthermore, the maximum possible arrival 

time of the STDLTP(Weight) path is over 3 minutes lower than the maximum possible arrival 

time of the STDLTP(EV) path; whilst the minimum possible arrival time of the STDLTP(EV) 

path is only over 1 minute lower than the minimum possible arrival time of the 

STDLTP(Weight) path. Therefore, only a very small number of risk-prone drivers will prefer 

the STDLTP(EV) path over the STDLTP(Weight) path. So, the STDLTP(Weight) path is the 

most likely to be followed by any driver independent of his individual characteristics.  

 However, in the context of a real-time RGS, the STDLTP(EV) and STDLTP(Weight) 

algorithms cannot be employed, as they are not computationally efficient (see tables 5.2 and 

5.10). The relative merits of the minimum ‘weight’ value dominance criterion are not 

maintained when the respective real-time k-heuristic algorithms are employed. In particular, 

for the same request and independent of the employed optimization criterion, all real-time k-

heuristic algorithms identify paths that exhibit virtually the same travel time characteristics as 

the STDLTP(EV) path (see tables 6.17 to 6.20). The uncertainty associated with the k-

heuristic(Weight) path’s arrival time is only 10 seconds lower than the uncertainty associated 

with the STDLTP(EV) path’s traversal time; whilst the expected arrival time of the k-
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heuristic(Weight) path is identical to that of the STDLTP(EV) path. Therefore, in the context 

of a real-time RGS, the choice is restricted between the forward STDLTP(Var) path and the k-

heuristic(EV) path (which coincides with the STDLTP(EV) path). The expected arrival time 

of the STDLTP(Var) path is 2 minutes and 30 seconds higher than the expected arrival time of 

the k-heuristic(EV) path. On the other hand, the uncertainty associated with the STDLTP(Var) 

path’s arrival time is nearly 5 minutes lower than the uncertainty associated with the k-

heuristic(EV) path’s arrival time. Furthermore, the maximum possible arrival time of the 

STDLTP(Var) path is over 3 minutes lower than the maximum possible arrival time of the k-

heuristic(EV) path; whilst the minimum possible arrival time of the k-heuristic(EV) path is 

only over 1 minute lower than the minimum possible arrival time of the STDLTP(Var) path. 

Therefore, the choice between the two paths depends upon the driver’s characteristics. A risk-

prone driver will prefer the k-heuristic(EV) path; whilst a risk-averse driver will prefer the 

STDLTP(Var) path. However, the majority of the drivers will prefer the STDLTP(Var) path 

over the k-heuristic(EV) path.  

To sum up, this example has demonstrated clearly that the benefits of optimization 

criteria that are alternative to the expected value criterion are not always maintained when the 

very computationally efficient real-time k-heuristic versions of the STDLTP algorithms are 

employed. Therefore, the ‘optimality’ of a criterion, defined as its ability to provide best 

compromise paths (i.e. in terms of the path’s expected travel time value and uncertainty ) to 

the driver, depends amongst other factors on the time constraints of the application.   

 

6.8 Conclusions 
This chapter explored the performance of all of the implemented STDLTP algorithms 

and their respective real-time k-heuristic versions, when used to identify optimal paths for two 

selected origin-destination pairs (to include a combination of SCOOT-monitored regions, 

flow-detectors and non-detectorized regions) in the context of the Nottingham urban network.  

It was experimentally verified that the quality of the optimal path solution is clearly dependent 

on the accuracy of the links’ traversal times and the available data sources. Furthermore, it 

was verified, that the historical profile, when used on its own, is unable to provide informative 

results. Therefore, the role of real-time information was found to be essential for the 

estimation and/or prediction of the detectorized links’ and the respective paths’ traversal 

times. It was demonstrated that the role of each of the employed optimization criteria was 

better conveyed when the respective STDLTP algorithms were applied upon a big distance 
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origin-destination pair that included a sufficient number of detectorized links and when real-

time information was utilized.  

The expected value criterion was found to be unable to select paths with acceptable 

levels of uncertainty, even when real-time information was utilized. On the other hand, the 

expected value criterion was found to be the most sensitive to changes on the detectorized 

links’ estimated or predicted travel time values. In particular, the STDLTP(EV) path, based 

upon the current availability of measured travel time data, avoided the detectorized links when 

their average travel time values exceeded the average travel time values of their ‘equivalent’ 

(i.e. of equal length) non-detectorized links. Therefore, the STDLTP(EV) path provided a 

good indication with respect to which detectorized links should be avoided and which 

detectorized links should be followed during different times of the day.  

In this study, the major aim of using alternative optimization criteria to the expected 

value criterion is to identify STDLTP paths, which exhibit lower uncertainty than the 

uncertainty associated with the STDLTP(EV) path, without a significant increase in the paths’ 

expected travel time values. Despite the theoretical sub optimality of the STDLTP(Weight) 

algorithm and the forward STDLTP(Var) algorithm, both of the algorithms were found to 

generate STDLT paths with acceptable expected values and low levels of uncertainty. In most 

of the cases, the STDLTP(Weight) path and the STDLTP(Var) path were found to coincide. 

The above is attributed to two factors: first of all, the similarity between the two optimization 

criteria and secondly, the small number of alternative paths with comparable low levels of 

uncertainty. For only one experiment, the STDLTP(Weight) path was found to coincide with 

the STDLTP(EV) path. However, for some experiments, the STDLTP(Weight) path was 

found to be different to both the STDLTP(EV) and the STDLTP(Var) paths. For these 

experiments, the STDLTP(Weight) path was found to be a better compromise path than both 

the STDLTP(EV) and the STDLTP(Var) paths, as its expected value was very close to the 

expected value of the STDLTP(EV) path and its ‘approximate variance’ value was very close 

to the ‘approximate variance’ value of the STDLTP(Var) path. In all cases, the 

STDLTP(Weight) path was found to be the best compromise path. Therefore, the minimum 

‘weight’ value dominance criterion was found to be superior to both the expected value and 

minimum ‘approximate variance’ value dominance criteria, as it sought a trade off between 

the expected travel time of a path and the uncertainty associated with a path’s traversal time. 

The only drawback of the STDLTP(Weight) path was its lack of sensitivity to the data. For the 

second set of experiments, independent of the type of information being utilized, the same 

path was found to exhibit minimum ‘weight’ value.    
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The forward STDLTP(Range) algorithm was always found to include, as part of its 

final solution set of optimal paths, the STDLTP(EV) path, the STDLTP(Weight) path, the 

least-time path and the least-maximum-time path. Therefore, different types of paths, which 

exhibited different travel time characteristics, in terms of their expected and ‘approximate 

variance’ values, were found to be optimal, based upon the ‘extended Dubois’ dominance 

criterion. So, from all the experiments above, it was apparent that the forward 

STDLTP(Range) algorithm always included paths that were optimal based upon different 

optimization criteria. Therefore, the user can select amongst different paths without binding 

himself to a particular dominance criterion. However, the major disadvantage of the forward 

STDLTP(Range) algorithm was that it could potentially generate a very big number of optimal 

paths, most of which did not exhibit comparable travel time characteristics (in terms of their 

expected and ‘approximate variance’ values) to those of the STDLTP(EV), STDLTP(Weight) 

and STDLTP(Var) paths. This confirmed our expectations that the comparison between paths 

based solely upon their two extreme values is not suitable for our application.  

Here it is important to keep in mind that the limitation of the available data sources and 

the decisions being made with respect to the representation of the non-detectorized links’ 

traversal times compromised the comparisons between the travel time characteristics of the 

different STDLT paths. It is envisaged that different conclusions on the relative merits of each 

of the employed optimization criteria would have been drawn if our network was more 

densely covered.  

In this endeavor, it was experimentally verified that the STDLTP(Weight) algorithm is 

the ‘optimal’ routing strategy, in the context of the Nottingham urban network, given the 

available data sources and the current ‘optimal’ representation of the links’ traversal times.  

However, the relative merits of the minimum ‘weight’ value dominance criterion were greatly 

reduced or annihilated, when the real-time k-heuristic algorithms were employed. It was 

demonstrated that the real-time k-heuristic algorithms led to sub optimal solutions, when 

alternative optimization criteria to the expected value criterion are employed. In particular, the 

real-time k-heuristic algorithms, independent of the employed optimization criterion, failed to 

select paths with acceptable levels of uncertainty. In all cases, the solution quality of the k-

heuristic algorithms was very close or identical to the solution quality of the STDLTP(EV) 

algorithm. Therefore, for applications with real-time characteristics, the minimum ‘weight’ 

value optimization criterion cannot be employed without compromising its nature (i.e. what 

one is seeking to identify), based upon this study’s implemented k-heuristic algorithms. The 

forward STDLTP(Var) algorithm, which exhibits real-time characteristics, can be used as a 
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better ‘approximation’ of the STDLTP(Weight) algorithm than the respective real-time k-

heuristic(Weight) algorithm. However, this is not always the case as section 5.8 has 

demonstrated. Therefore, as an ‘approximation’ of the ‘weight’ value criterion the 

employment of both the forward STDLTP(Var) algorithm and the real-time k-heuristic(EV) 

algorithm is proposed, in order to select the best compromise path. Alternatively the forward 

STDLTP(Range) algorithm can be employed and the best compromise path can be selected 

amongst the final solution set of the forward STDLTP(Range) paths. However, the expected 

and the ‘weight’ values of the forward STDLTP(Range) paths will need to be calculated; 

which can be relatively time-consuming, in the context of a discrete stochastic and time-

dependent network.        

To sum up, this chapter demonstrated the tradeoffs between computational efficiency 

and information in determining STDLT paths. Very computationally demanding optimization 

criteria (i.e. such as the minimum ‘weight’ value dominance criterion) may provide results 

with the highest information content but do not always retain their relative merits when their 

respective heuristic implementations are employed.      
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CHAPTER 7 
 

CONCLUSIONS AND FUTURE WORK 
  

7.1 Introduction 
This thesis presented the work being done towards the development of a real-time in-

vehicle Route Guidance System (RGS) for the city of Nottingham. The role of real-time 

information is essential for the estimation and/or prediction of the links’ and the routes’ 

traversal times and consequently is necessary for the reliability of the RGS’s output. The 

presented work was restricted to SCOOT loop detector data and flow detector data as the only 

data sources of traffic information.   

 

7.2 Overview of the Thesis 
7.2.1 Overview of Chapter 2 

Chapter 2 discussed the available data sources in the context of the Nottingham urban 

network. Based upon information provided by the SCOOT inductive loop detectors, the 

traversal times of the SCOOT-detectorized links were estimated. The accuracy of the travel 

time estimation technique was directly dependent upon the accuracy of the SCOOT model 

(Carden et al, 1989). The travel time estimation technique generally provided accurate 

estimations of the SCOOT-detectorized links’ traversal times at 5-minute time intervals 

(average error of 4%). Therefore, it was decided to represent the instantaneous traversal time 

of a SCOOT-detectorized link, for a given 5-minute time interval, by a deterministic value.  

Subsequently, based upon the information provided by the flow-detectors, the traversal 

times of the flow-detectorized links were estimated. The traffic flow (traffic counter) and 

percentage occupancy data were obtained, by each of the flow-detectors, at 15-minute time 

intervals. The average value of the measurement error for both the flow and percentage 

occupancy data was found to be 40%. However, it was decided to represent the flow and 

percentage occupancy data by deterministic values. Following the methodology proposed by 

Sisiopiku (1994) and using the small number of flow-detectorized links which overlapped with 

SCOOT-detectorized links, a generalized linear regression model was constructed. The flow- 

detectors’ percentage occupancy data was the independent variable and the corresponding 

links’ space speed data was the dependent variable. Only the percentage occupancy values 

were used, because it was experimentally verified that each link’s flow and percentage 
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occupancy values were strongly correlated. Also, the percentage occupancy data have been 

found to be better explanatory variables, for the estimation of the space speed data. Due to the 

big variability of the space speed data per percentage occupancy value, confidence intervals, 

which connected each percentage occupancy value with a range of space speed values, were 

placed upon the generalized linear regression model. So, a combination of the generalized 

regression line and the 50% and 90% confidence intervals were used to provide an indication 

of the space speed, and consequently the travel time values, of any flow-detectorized link in 

the network. Thus the instantaneous traversal time of a flow-detectorized link, for a particular 

15-minute time interval, was represented by a discrete probability distribution.  

 The concept of spatial-dependency was introduced and experiments on identifying 

correlation between consecutive links’ traversal times for the same point in time were 

performed. It was found that the space speed values of consecutive pairs of SCOOT-

detectorized links were uncorrelated, for matching 5-minute time intervals. Therefore, 

estimation of the traversal times of the non-detectorized links did not use the neighbouring 

links’ measured space speed values.  

To sum up, different data sources provided information on the links’ traversal times at 

different levels of uncertainty. The instantaneous travel time values of the SCOOT-

detectorized links were presented by a time-varying deterministic value; whereas the 

instantaneous travel time values of the flow-detectorized links were represented by a discrete 

time-varying probability distribution.  

 

7.2.2. Overview of Chapter 3 

Chapter 3 explored and evaluated the performance of the Ali-Scout prediction strategy 

(Hoffman et al, 1990), under a broad spectrum of traffic conditions and for different sizes of 

the prediction horizon. Furthermore, the performance of the Ali-Scout prediction strategy was 

tested for a number of SCOOT-detectorized and flow-detectorized links, which were found to 

exhibit different travel time characteristics.  

First of all, a historical profile, which represents the ‘average’ traffic characteristics 

(for each 5-minute time interval) over week days, was constructed, for each SCOOT-

detectorized link. A discrete time-varying probability distribution was found to better 

represent the historical links’ traversal times. However, the use of a historical profile approach 

as a prediction method was found to be uninformative during the periods of recurrent 

congestion for links with high historical uncertainty associated with the links’ traversal times 

during the morning and/or afternoon peak periods. Furthermore, because of its nature, the 
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historical profile approach, when used on its own, was unable to cope with unanticipated 

traffic conditions (non-recurrent congestion) as it did not take into account the recent or 

current traffic conditions. The current (instantaneous) link’s travel time value was found to be 

a good predictor of the future link’s travel time values only for the next couple of 5-minutes 

time intervals; provided that abrupt non-linear changes on the link’s travel time values do not 

take place. Consequently, the Ali-Scout prediction strategy, which combined current and 

historical information of the link’s travel time values, was implemented.  

It was experimentally verified that the performance of Ali-Scout deteriorated as the 

size of the prediction horizon increased, especially under congested traffic conditions. Ali-

Scout was found to perform poorly under non-recurrent congestion independent of the size of 

the prediction horizon. The role of Ali-Scout was better conveyed under recurrent congestion, 

for links with high historical uncertainty, and for medium- and sometimes for long- term 

predictions (i.e. predicting 15 to 60 minutes ahead).  For small-term predictions (i.e. predicting 

up to 10 minutes ahead)  Ali-Scout was found to perform comparably with the sole use of the 

current link’s travel time value. For long-term predictions (predicting 30 to 60 minutes ahead), 

as the size of the prediction horizon increased, the historical mean travel time value was found 

to outperform Ali-Scout. However, the exact size of the prediction horizon, after which the 

Ali-Scout predicted travel time value should be discarded and the link’s historical mean travel 

time value used instead, was found to be link-specific and time of the day specific. For links 

that exhibited small historical uncertainty, the historical mean travel time value was found to 

outperform Ali-Scout for both medium- and long- term predictions.  

The basic drawback associated with the Ali-Scout prediction strategy was that it could 

only predict a crisp value and did not provide any indication with respect to the uncertainty 

associated with the predicted link’s travel time value. Consequently, predicted confidence 

intervals were placed upon the Ali-Scout predicted travel time value. In particular, an 

empirical data driven method, based upon the historical distribution of the relative travel time 

prediction error, was used for the construction of the predicted confidence intervals. It was 

decided that a combination of the Ali-Scout predicted travel time value and the information 

provided by the 50% and 90% predicted confidence intervals, could better represent a link’s 

future travel time value. Therefore, the predicted travel time value of a SCOOT-detectorized 

link, for a given 5-minute time interval and any size of the prediction horizon, was represented 

by a discrete probability distribution. Both the 50% and 90% predicted confidence intervals 

were found to be more informative than the respective 50% and 90% historical intervals, when 

prediction took place during the morning and afternoon peak periods. As expected, both the 
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50% and 90% predicted confidence intervals became less informative as the size of the 

prediction horizon increased. Again, the exact size of the prediction horizon, after which the 

historical intervals were more informative than the respective predicted intervals, was found to 

be link-specific as well as time of the day specific.  

Similar steps were followed for the representation of the predicted travel time values of 

the flow-detectorized links. Again, a historical profile, which represents the ‘average’ traffic 

characteristics (for each 15-minute time interval) over week days, was constructed, for each 

flow-detectorized link. A discrete time-varying probability distribution was found to better 

represent the historical links’ percentage occupancy and travel time values. The Ali-Scout 

predicted percentage occupancy values were to be converted into estimations of the future 

link’s travel time values. However, it was experimentally verified that the historical profile 

approach outperformed the Ali-Scout prediction strategy. Consequently, the predicted flow-

detectorized link’s travel time values were represented by the link’s historical travel time 

values, for each 15-minute time interval.   

To sum up, chapter 3 presented and evaluated the performance of the Ali-Scout 

prediction strategy in the context of links, which were ‘equipped’ with loop detectors. The 

predicted SCOOT-detectorized and flow-detectorized links’ traversal times were represented 

by discrete time-varying probability distributions. Consequently, according to chapters 2 and 

3, both stochasticity and time-dependency were essential in order to reflect the different levels 

of uncertainty associated with the different links’ traversal times dependent upon the point in 

time at which each link was anticipated to be traversed and/or the type of data source that a 

link was ‘equipped’ with. The resulting discrete, stochastic and time-dependent network 

reflected the actual and anticipated traffic conditions on the Nottingham urban network.  

 

7.2.3 Overview of Chapter 4 

Chapter 4 provided a literature review of different types of ‘least-time’ path algorithms 

and different types of routing strategies. The suitability of each of the algorithms was judged 

in the context of the Nottingham urban network. Following the conclusions of chapters 2 and 

3, that the current and future detectorized links’ traversal times could be optimally represented 

by a discrete time-varying probability distribution, particular emphasis was placed upon the 

performance of the Stochastic Time-Dependent Least-Time Path (STDLTP) algorithms. 

Despite the discussed relative merits of the adaptive routing strategy over the non adaptive 

routing strategy under congested traffic conditions and when predicting far ahead in time, the 

adaptive routing strategy was not feasible, in the context of the Nottingham urban network, 
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due to the lack of the required technology. Therefore, STDLTP algorithms based upon a-priori 

optimization were considered.  

Using Miller-Hooks’ (1997) STDLTP(EV) and STDLTP(Range) algorithms as a 

starting point, several STDLTP algorithms were developed and implemented based upon 

different optimization criteria. The implemented STDLTP(EV) algorithm was based upon 

Miller-Hooks' STDLTP(EV) algorithm, extended in order to ensure that the least-expected-

time path did not contain a loop. Similarly, the implemented STDLTP(Range) algorithm was 

based upon Miller-Hooks' STDLTP(Range) algorithm but employing the less conservative 

‘extended Dubois’ dominance criterion instead of the deterministic dominance criterion. 

Again the STDLTP(Range) algorithm was extended in order to ensure that the optimal path(s) 

did not contain a loop. The developed STDLTP(Var) algorithm was an extension of the 

implemented STDLTP(Range) algorithm, in terms of implementation, with a modification in 

the dominance criterion. In particular, the STDLTP(Var) algorithm was based upon the 

minimum ‘approximate variance’ value dominance criterion, where the width of a path’s 

range was defined as the ‘approximate variance’ value of a path. The STDLTP(Weight) 

algorithm was a combination of the STDLTP(EV) and the STDLTP(Var) algorithms. A trade 

off was sought between the expected travel time of a path and the uncertainty associated with 

the path’s travel time. The STDLTP(Weight) algorithm was based upon the minimum 

‘weight’ value dominance criterion, where the ‘weight’ value of a path was defined as a 

weighted function of the expected value and the ‘approximate variance’ value of a path. 

Because of the nature of the minimum ‘approximate’ variance value dominance criterion and 

the minimum ‘weight’ value dominance criterion, an additional check was performed in order 

to guarantee that deterministically dominated paths were rejected, independent of their 

dominance status. Similar to Miller-Hooks' STDLTP algorithms, the implemented STDLTP 

algorithms, determined all optimal path(s) for every node in the network to a destination node 

and for each departure time within the time period of interest (many to one and multiple 

departure time label-correcting algorithms). 

Miller-Hooks (1997) proved the optimality of her implemented STDLTP algorithms, 

by extending Bellman’s Principle of Optimality, in the context of a FIFO and non-FIFO 

discrete stochastic and time-dependent network, and for each of the employed dominance 

criteria. Miller-Hooks’ extended Bellman’s Principle of Optimality stated that all sub paths of 

an optimal path, with the same destination node as this path, must themselves be optimal. 

Miller-Hooks proved that the extended Bellman’s Principle of Optimality was valid, for all of 

her implemented STDLTP algorithms, in the context of both a FIFO and non-FIFO discrete 
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stochastic and time-dependent network. As our implemented algorithms, were based upon 

Miller-Hooks’ STDLTP label-correcting framework, but utilizing different dominance criteria, 

similar steps to Miller-Hooks were followed. In particular, in order to prove the theoretical 

optimality of our implemented STDLTP algorithms, it was necessary to prove that the 

extended Bellman’s Principle of Optimality was valid, for each of the employed dominance 

criteria. Both the STDLTP(EV) algorithm and the STDLTP(Range) algorithm were 

theoretically proven to be optimal in the context of a FIFO and non-FIFO discrete stochastic 

and time-dependent network. However, the STDLTP(Var) algorithm and the 

STDLTP(Weight) algorithm, did not guarantee optimal performance in theory. Similar to 

Miller-Hooks’ STDLTP algorithms, the theoretical worst-case computational complexity of all 

of the implemented STDLTP algorithms was non-polynomial.  

The major drawback associated with all of the above implemented STDLTP 

algorithms was that to identify the optimal path(s), for a single origin-destination pair and a 

single departure time request, they needed to  determine the optimal path(s) for all nodes in the 

network to the requested destination node and for each departure time within the time period 

of interest. Thus, they spend a lot of time in unnecessary computations. Subsequently, an 

attempt was made to construct, single departure time algorithms. Because of their nature, 

single departure time algorithms could only be origin based. Therefore, the potential of 

developing one to many and single departure time versions (i.e. forward versions) of the 

STDLTP algorithms was explored. An optimal forward STDLTP(EV) algorithm could not be 

constructed, as previous studies have extensively demonstrated (Fu et al, 1998; Miller-Hooks, 

1997; Hall, 1986). Optimal forward STDLTP(Weight) and optimal forward STDLTP(Var) 

algorithms were also not feasible; as both of the dominance criteria violated the less restrictive 

extended Bellman’s Principle of Optimality.  

However, an optimal forward STDLTP(Range) algorithm was constructed. The 

theoretical optimality of the forward STDLTP(Range) algorithm was proven based upon a 

more restrictive origin based variation of the extended Bellman’s Principle of Optimality 

(forward extended Bellman’s Principle of Optimality). The forward extended Bellman’s 

Principle of Optimality stated that all sub paths of an optimal path with the same origin node 

as this path must themselves be optimal, given a requested departure time from the origin 

node. It was proven that the forward extended Bellman’s Principle of Optimality, for the 

‘extended Dubois’ dominance criterion, was valid in the context of a ‘relaxed’ FIFO discrete 

stochastic and time-dependent network, which was less restrictive on the links’ travel time 

values than Miller-Hooks’ defined FIFO network. Furthermore, due to the efficient way that a 
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path’s ‘approximate variance’ value was calculated in the context of a ‘relaxed’ FIFO discrete 

stochastic and time-dependent network, a non-optimal forward STDLTP(Var) algorithm was 

also constructed.  

The forward STDLTP algorithms determined all optimal paths, from a single origin 

node and for a requested departure time to all other nodes in the network. The chief difference 

between the forward STDLTP(Range) and the forward STDLTP(Var) algorithms and the 

respective STDLTP(Range) and STDLTP(Var) algorithms was that the dominance status of 

each path was determined for a single requested departure time rather than over a time period 

of interest. The above had simplified greatly the implementation of both the forward 

STDLTP(Range) algorithm and the forward STDLTP(Var) algorithm. The theoretical worst-

case computational complexity of the forward STDLTP(Range) algorithm was non-

polynomial. However, it was anticipated that the forward STDLTP(Range) algorithm would 

be much more computationally efficient than the respective STDLTP(Range) algorithm. On 

the other hand, the forward STDLTP(Var) algorithm was of similar computational complexity 

as the standard deterministic one to many label-correcting shortest path algorithms (i.e. 

polynomial complexity).  

In order to speed up the computational performance of the implemented STDLTP 

algorithms, several heuristic algorithms were implemented. In particular, by placing 

restrictions upon the number of p-optimal paths that could be stored per node, a heuristic 

STDLTP(EV) algorithm, a heuristic STDLTP(Weight) algorithm and a heuristic forward 

STDLTP(Range) algorithm were developed. The heuristic STDLTP(EV) and the heuristic 

STDLTP(Weight) algorithms were found to be of pseudo-polynomial complexity; on the other 

hand, the heuristic forward STDLTP(Range) algorithm was found to be of polynomial 

complexity. However, there was no guarantee that any of the heuristic STDLTP algorithms, 

would identify the optimal solution. The algorithmic steps of the heuristic STDLTP algorithms 

were almost identical to the algorithmic steps of the respective optimal STDLTP algorithms. 

The only difference was that a replacement strategy was invoked at a node, which had 

exceeded the maximum permitted number of p-optimal (potentially optimal) paths. Miller-

Hooks (1997) proposed an ‘intelligent’ replacement strategy which replaced the p-optimal 

path that was found to exhibit optimal performance for the least number of time intervals. 

Taking into account that we were only interested in a single origin-destination pair and 

departure time request, Miller-Hooks ‘intelligent’ replacement strategy was extended to meet 

the needs of our application. Therefore, our modified ‘intelligent’ replacement strategy never 

replaced the path, which exhibited optimal performance for the specific origin-destination pair 
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and departure time request. On the other hand, for every other node in the network, the path 

that exhibited optimal performance for the least number of departure time intervals was 

replaced. Furthermore, the algorithms were modified in order to guarantee that all the paths 

that contain the replaced path as their sub path were discarded. Based upon the above 

framework, the heuristic STDLTP(EV) algorithm and the heuristic STDLTP(Weight) 

algorithm were implemented. However, a random replacement strategy was invoked for the 

heuristic forward STDLTP(Range) algorithm. That was because the heuristic forward 

STDLTP(Range) algorithm was a one to many, single departure time algorithm, and therefore 

the p-optimal paths stored at any node were paths emanating from the origin node to that node 

and were all optimal for the requested departure time.  

Furthermore, a conceptually different heuristic algorithm was developed, which was 

free from the constraints imposed upon by the STDLTP algorithms. The implemented k-

heuristic(EV), k-heuristic(Var), k-heuristic(Weight) and k-heuristic(Range) algorithms were 

based upon the Fu’s et al (1998) proposed heuristic algorithm. In particular, the search for the 

optimal paths was reduced to the first K least-time paths as determined by the k-least-time 

path algorithm. Subsequently, dependent upon the employed optimization criterion, each of 

the K least-time paths was evaluated, in the context of the discrete stochastic and time-

dependent network. The optimal path(s) was chosen from the set of K paths according to the 

employed optimization criterion. The basic advantage of the above heuristic algorithm was 

that it was tailored to single origin-destination pairs and single departure time requests. 

 

7.2.4 Overview of Chapter 5 

Chapter 5 presented experimental results and analysis of the actual performance of the 

implemented STDLTP algorithms and their respective heuristic versions, when tested in the 

context of the Nottingham urban network with real travel time data for all detectorized links. 

The computational performance of the implemented STDLTP algorithms was found to be 

dependent upon the employed optimization criterion. The STDLTP(Range) algorithm was 

found to be, by far, the least computationally efficient. The STDLTP(EV) algorithm was 

found to be the most computationally efficient. Furthermore, the STDLTP(Weight) algorithm 

was found to be more computationally efficient than the respective STDLTP(Var) algorithm, 

when the value of the ‘weight’ parameter placed upon the path’s ‘approximate variance’ value 

was greater than zero.  

The average computational performance of the STDLTP(EV) and the 

STDLTP(Weight) algorithms  was much better than  theoretically predicted, when tested in 
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the context of the Nottingham urban network with real travel time data. Furthermore, despite 

the theoretical non-optimality of the STDLTP(Weight) algorithm, its solution quality was 

found to be very good. The computational time of both the STDLTP(EV)  and the 

STDLTP(Weight) algorithms was found to increase slightly worse than linearly with an 

increase in the size of the time period of interest. However, there was still a significant 

difference between the computational times of the STDLTP(EV) and the STDLTP(Weight) 

algorithms for small sizes of the time period of interest and the respective computational times 

of the algorithms for big sizes of the time period of interest. Furthermore, the relative 

difference between the computational times of the STDLTP(Weight) algorithm and the 

STDLTP(EV) algorithm was found to increase as the size of the time period of interest 

increased. The solution quality of both the STDLTP(EV) and the STDLTP(Weight) 

algorithms was found to be affected by the size of the time period of interest parameter. The 

solution quality of the STDLTP(Weight) algorithm was more affected by a decrease in the size 

of the time period of interest than the solution quality of the STDLTP(EV) algorithm. 

Furthermore, experiments were performed in order to identify the ‘optimal’ pair of values for 

the ‘weight’ parameters for the STDLTP(Weight) algorithm. The experiments demonstrated 

that a path’s expected travel time value and a path’s ‘approximate variance’ value were not 

always positive correlated. The minimum ‘weight’ value criterion that placed a slightly bigger 

‘weight’ upon the path’s expected travel time value than the path’s  ‘approximate variance’ 

value (based upon the (0.6,0.4) pair of values), was found to exhibit the best performance. 

Most of the time, it led to STDLTP(Weight) paths with acceptable expected travel time values 

and acceptable ‘approximate variance’ values. The above results demonstrated clearly the 

benefits of an optimization criterion that combined non-correlated optimization criteria.  

The computational performance of the forward STDLTP(Range) algorithm was much 

better than theoretically predicted, when tested in the context of the Nottingham urban 

network with real travel time data. The computational performance of the forward 

STDLTP(Var) algorithm was slightly worse than the computational performance of the 

standard one to many label-correcting deterministic shortest path algorithms (i.e. maximum 

computational time equal to 0.04 seconds). Most importantly, the solution quality of the 

forward STDLTP(Var) algorithm was found to be very good, despite the theoretical non-

optimality of the forward STDLTP(Var) algorithm. As anticipated, the computational time of 

both the forward STDLTP(Range) algorithm and the forward STDLTP(Var) algorithm was 

independent of the size of the time period of interest parameter. However, the solution quality 

of both the algorithms was affected by the size of the time period of interest parameter. 
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Therefore, in order to guarantee optimal performance for both the forward STDLTP(Range) 

and the forward STDLTP(Var) algorithms, the maximum size of the time period of interest 

parameter was assumed. The exceedingly big difference in the computational times between 

the forward and backward versions of both the STDLTP(Range) algorithm and the 

STDLTP(Var) algorithm emphasized clearly the benefits in developing, if possible, forward 

one to many and single departure time STDLTP algorithms rather than the equivalent 

backward many to one and multiple departure time STDLTP algorithms, for single origin-

destination pairs and single departure time requests.  However, the computational time of the 

forward STDLTP algorithms was found to be dependent upon the employed optimization 

criterion. In particular, the computational time of the forward STDLTP(Range) algorithm was 

about ten times higher than the computational time of the forward STDLTP(Var) algorithm. 

Despite the above, the forward STDLTP(Range) algorithm was found to be very 

computationally efficient (i.e. maximum computational time equal to  0.3 seconds). Therefore, 

both of the developed forward STDLTP algorithms were found to exhibit real-time 

characteristics. 

The computational time of the heuristic STDLTP(EV) and the heuristic 

STDLTP(Weight)  algorithms was found to decrease as the number of paths that could be 

stored per node decreased. The solution quality of both the heuristic STDLTP algorithms was 

not found to be significantly affected by this decrease.  In particular, when the number of p-

optimal paths that could be stored per node was equal to four, both the heuristic STDLTP 

algorithms exhibited nearly optimal performance. Furthermore, the computational time of the 

heuristic STDLTP(Weight) algorithm (i.e. when up to four p-optimal paths can be stored per 

node) was found to be more than three times lower than that of the STDLTP(Weight) 

algorithm. Similarly, the computational time of the heuristic STDLTP(EV) algorithms (i.e. 

when up to four p-optimal paths can be stored per node) was half that of the STDLTP(EV) 

algorithm. The computational time of the heuristic STDLTP(EV) algorithm was always lower 

than that of the heuristic STDLTP(Weight) algorithm. However, the major disadvantage of 

both the heuristic STDLTP(EV) and the heuristic STDLTP(Weight) algorithms was  that their 

computational performance was dependent upon the size of the time period of interest. The 

above, imposes a lower bound on the minimum possible computational time, of any of the 

heuristic backward STDLTP algorithms that can be achieved. In particular, the minimum 

possible computational time of the heuristic backward STDLTP(EV) algorithm (i.e. when only 

one p-optimal path can be stored per node and with a time period of interest of 15 minutes) 
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was found to be equal to 1 second. Therefore, neither of the developed heuristic backward 

STDLTP algorithms was found to exhibit real-time characteristics.  

Similarly, when the number of p-optimal paths that could be stored per node was equal 

to four, the computational time of the heuristic forward STDLTP(Range) algorithm was more 

than half that of the forward STDLTP(Range) algorithm. Moreover, the minimum possible 

computational time of the heuristic forward STDLTP(Range) algorithm (i.e. when only one p-

optimal path can be stored per node) was slightly  higher than the computational time of the 

standard label-correcting shortest path algorithms (i.e. maximum computational time equal to 

0.08 seconds). Furthermore, the heuristic forward STDLTP(Range) algorithm identified at 

least one of the optimal paths for all of the tested origin-destination nodes, when a small 

number of p-optimal paths (i.e. at most equal to four) could be stored per node. However, if 

the respective algorithm was required to identify most of the actual optimal paths between a 

given origin-destination pair, then the solution quality of the respective heuristic forward 

STDLTP(Range) algorithm was poor. 

It was experimentally verified that both the computational performance and the 

solution quality of each of the k-heuristic algorithms was dependent upon the value of the K 

parameter used in the algorithm. In particular, the computational time of the k-heuristic 

algorithms was found to increase as the value of K increases. To the contrary, the solution 

quality of the k-heuristic algorithms was found to degrade as the value of K decreases. The 

computational times of both of the k-heuristic(EV) and k-heuristic(Weight) algorithms were 

found to be higher than those of the respective k-heuristic(Var) and k-heuristic(Range) 

algorithms. However, for a big range of K values, the computational times of the k-

heuristic(EV) and k-heuristic(Weight) algorithms were found to be lower than the minimum 

possible computational times of the respective heuristic STDLTP(EV) and heuristic 

STDLTP(Weight) algorithms. Furthermore, the k-heuristic(EV) and k-heuristic(Weight) 

algorithms, with K≤5, were found to be very computationally efficient (i.e. maximum 

computational time <0.3 seconds). However, the performance of the k-heuristic algorithms, in 

terms of solution quality, was dependent upon the employed optimization criterion. In 

particular, the k-heuristic(EV) algorithm, with K=5, was found to exhibit virtually optimal 

performance. The k-heuristic(Range) algorithm, with K=5, was found to exhibit virtually 

optimal performance, provided that only one of the optimal paths for each origin-destination 

pair request was required to be identified. However, for requests where a big number of 

optimal paths exist, the k-heuristic(Range) algorithm, with K=5, because of its limited nature, 

was likely to fail to identify most of the optimal paths. Despite that, the k-heuristic(Range) 
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algorithm, with K=5, outperformed the respective heuristic forward STDLTP(Range) 

algorithm (i.e. when up to 2 p-optimal paths can be stored per node), in terms of both 

computational efficiency and solution quality. Finally, high levels of sub optimality, were 

introduced by both the k-heuristic(Var) and the k-heuristic(Weight) algorithms, with K=5. In 

particular, for some of the tested pairs, the uncertainty associated with the k-heuristic(Var) 

paths and the k-heuristic(Weight) paths, with K=5, was found to be very high.  

Therefore, for applications with real-time characteristics the k-heuristic(EV) algorithm, 

with K≤5, the forward STDLTP(Var) algorithm, the  k-heuristic(Weight) algorithm, with K≤5, 

and the forward STDLTP(Range) algorithm, are the only options available (based upon the 

implemented algorithms of this study). So, for applications with real-time characteristics, with 

the exception of the minimum ‘weight’ value dominance criterion, all of the above dominance 

criteria can be employed, without compromising the solution quality (i.e. what one is seeking 

to identify).  

To sum up, chapter 5 reflected the trade offs between computational efficiency and 

information in determining optimal paths in the context of the stochastic and time-dependent 

Nottingham urban network. The performance of all optimal STDLTP algorithms and all 

heuristic STDLTP algorithms was found to be dependent upon the employed optimization 

criterion. An interesting observation was that both the computational performance of the 

STDLTP algorithms and their solution quality (i.e. for the STDLTP(Weight) and for the 

forward STDLTP(Var) algorithms)  was much better than predicted, when tested in the 

context of the Nottingham urban network with real travel time data. Furthermore, it was 

demonstrated that less complicated and very computationally efficient k-heuristic algorithms, 

that exhibited real-time characteristics, could lead to sub optimal solutions, when alternative 

optimization criteria to the expected value criterion were employed.  

 

7.2.5 Overview of Chapter 6 

Chapter 6 explored the performance of all of the implemented STDLTP algorithms and 

their respective real-time k-heuristic versions, when used to identify optimal paths for two 

selected origin-destination pairs (to include a combination of SCOOT-monitored regions, 

flow-detectors and non-detectorized regions) in the context of the Nottingham urban network. 

It was experimentally verified that the quality of the optimal path solution was clearly 

dependent on the accuracy of the links’ traversal times and the available data sources. 

Furthermore, it was verified that the historical profile, when used on its own, was unable to 

provide informative results. Therefore, the role of real-time information was found to be 
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essential for the estimation and/or prediction of the detectorized links’ and the respective 

paths’ traversal times. It was demonstrated that the role of each of the employed optimization 

criteria was better conveyed when the respective STDLTP algorithms were applied upon a big 

distance origin-destination pair that included a sufficient number of detectorized links and 

when real-time information was utilized.  

The expected value criterion was found to be unable to select paths with acceptable 

levels of uncertainty, even when real-time information was utilized. On the other hand, the 

expected value criterion was found to be the most sensitive to changes on the detectorized 

links’ estimated or predicted travel time values. In particular, the STDLTP(EV) path, based 

upon the current availability of measured travel time data, avoided the detectorized links when 

their average travel time values exceeded the average travel time values of the ‘equivalent’ 

(i.e. of equal length) non-detectorized links. Therefore, the STDLTP(EV) path provided a 

good indication with respect to which detectorized links should be avoided and which 

detectorized links should be followed during different times of the day.  

Despite the theoretical sub optimality of the STDLTP(Weight) algorithm and the 

forward STDLTP(Var) algorithm, both of the algorithms were found to generate STDLT paths 

with acceptable expected values and low levels of uncertainty, when real-time information 

was utilized. The STDLTP(Var) paths included the biggest number of detectorized links and 

the smallest number of non-detectorized links; as the uncertainty associated with a 

detectorized link’s traversal time was, in the majority of the cases, smaller than the uncertainty 

associated with an ‘equivalent’ non-detectorized link’s traversal times. The good results 

associated with the forward STDLTP(Var) algorithm might well be attributed to the small 

number of detectorized links in our network and the decisions being made with respect to the 

representation of the uncertainty associated with the non-detectorized links’ traversal times. 

Consequently, taking into account that between any origin-destination pair in our network the 

number of non-detectorized links exceeded the number of detectorized links, there did not 

exist a big number of alternative paths with comparable low levels of uncertainty.  

In most of the cases, the STDLTP(Weight) path and the STDLTP(Var) path were 

found to coincide. The above was attributed to two factors; first of all, the similarity between 

the two optimization criteria and secondly to the small number of alternative paths with 

comparable low levels of uncertainty. For some of the experiments, the STDLTP(Weight) path 

was found to be different to both of the STDLTP(EV) and the STDLTP(Var) paths. For these 

experiments, the STDLTP(Weight) path was found to be a better compromise path than both 

the STDLTP(EV) and the STDLTP(Var) paths, as its expected value was very close to the 
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expected value of the STDLTP(EV) path and its ‘approximate variance’ value was very close 

to the ‘approximate variance’ value of the STDLTP(Var) path. In all cases, the 

STDLTP(Weight) path was found to be the best compromise path. Therefore, the minimum 

‘weight’ value dominance criterion was found to be superior to both the expected value and 

minimum ‘approximate variance’ value dominance criteria, as it sought a trade off between 

the expected travel time of a path and the uncertainty associated with a path’s traversal time. 

The only drawback of the STDLTP(Weight) path was its lack of sensitivity to the data. For the 

second set of experiments, independent of the type of information being utilized, the same 

path was found to exhibit minimum ‘weight’ value.    

The forward STDLTP(Range) algorithm was always found to include, as part of its 

final solution set of optimal paths, the STDLTP(EV) path, the STDLTP(Weight) path, the 

least-time path and the least-maximum-time path. Therefore, different types of paths, which 

exhibited a variety of travel time characteristics, in terms of their expected and ‘approximate 

variance’ values, were found to be optimal, based upon the ‘extended Dubois’ dominance 

criterion. The forward STDLTP(Range) algorithm was advantageous over the rest of the 

STDLTP algorithms, as it always included paths that were optimal based upon different 

optimization criteria. Therefore, the user could select amongst different paths without binding 

himself to a particular dominance criterion. However, the major disadvantage of the forward 

STDLTP(Range) algorithm was that it could potentially generate a very big number of optimal 

paths. In particular, for the tested big distance origin-destination pair, the forward 

STDLTP(Range) algorithm included roughly 15 optimal paths in its final solution set. The 

above paths were of equal status, from the perspective of the ‘extended Dubois’ dominance 

criterion, but could not be of equal preference from the driver’s perspective. In particular, in 

all of the experiments, the majority of the STDLTP(Range) paths were discarded as they were 

found to exhibit higher ‘approximate variance’ values than that of the STDLTP(EV) path and 

higher expected travel time values than that of the STDLTP(Var) path. The small number of 

STDLTP(Range) paths that were not discarded and did not coincide with the STDLTP(EV) 

path or the STDLTP(Weight) path, were found to be inferior (i.e. in terms of their ‘weight’ 

values) to the STDLTP(Weight) path. The above confirmed our expectations that the 

comparison between paths based solely upon their two extreme values was not suitable for our 

application.  

To sum up, it was experimentally verified that the STDLTP(Weight) algorithm was the 

‘optimal’ routing strategy, in the context of the Nottingham urban network, given the available 

data sources and the current representation of the links’ traversal times. However, the relative 
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merits of the minimum ‘weight’ value dominance criterion were annihilated or greatly 

reduced, when the real-time k-heuristic algorithms (i.e. with K=5) were employed. In 

particular, the solution quality of the k-heuristic(Weight) path, with K=5, was found to be 

virtually identical to the solution quality of the STDLTP(EV) path. Therefore, this chapter 

demonstrated the tradeoffs between computational efficiency and information in determining 

STDLT paths. The very computationally demanding minimum ‘weight’ value dominance 

criterion, which provided results with the highest information content, did not retain its 

relative merits when the very computationally efficient real-time k-heuristic(Weight) 

algorithm was employed.      

Here it is important to notice that the results in both chapters 5 and 6 were not open to 

generalization as they were heavily dependent upon the choices made with respect to the 

representation and accuracy of representation of the links’ traversal times and the available 

data sources. Taking into account that the majority of the links in the network were non-

detectorized links, the representation of the non-detectorized links’ traversal times had a big 

impact upon the overall performance of the above algorithms. Consequently, the limitation of 

the available data sources compromised the comparisons between the characteristics of the 

optimal paths, as generated by each of the implemented STDLTP algorithms, based upon the 

different employed optimization criteria. It is envisaged that different conclusions on the 

relative merits of each of the employed optimization criteria would have been drawn if our 

network was more densely covered. For example, under congested traffic conditions the 

STDLTP(EV)  path avoids the detectorized links whose expected space speed values exceeds 

those of the non-detectorized links. Therefore, under congested traffic conditions, the 

STDLTP(EV) path is likely to pass via a big number of non-detectorized links, which will 

result in a STDLTP(EV) path with high ‘approximate variance’ value. Similarly, independent 

of the experienced traffic conditions, the STDLTP(Var) paths tends to pass via SCOOT-

detectorized links, as their ‘approximate variance’ values are, most of the time, lower than the 

respective ‘approximate variance’ values of the flow-detectorized and the non-detectorized 

links, especially when real-time information is utilized. However, under congested traffic 

conditions, the SCOOT-detectorized links’ travel time values may well become very high, 

which will result in a STDLTP(Var) path with high expected travel time value.  
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7.3 Outcomes  
In this thesis we have achieved the five main objectives of the project.  

 

The first objective of the project was to explicitly incorporate and represent the 

different levels of uncertainty associated with different links’ traversal times, for use by the 

travel time estimation and prediction techniques. A travel time estimation technique was 

implemented for the estimation of the SCOOT-detectorized links’ travel time values and its 

accuracy was quantified. Due to the different information provided by the flow-detectors, a 

different approach was followed for the estimation of the flow-detectorized links’ travel time 

values. In particular, a generalized linear regression model was constructed which converted 

the measured percentage occupancy data into estimations of the flow-detectorized links’ travel 

time values. The accuracy of the above regression model was quantified and confidence 

intervals were placed. The current (instantaneous) values of the SCOOT-detectorized links’ 

travel times were assumed to be known with certainty, on the other hand there was always 

uncertainty associated with the current values of the flow-detectorized links’ travel times. For 

non-detectorized links very big uncertainty was assumed. Also, the accuracy of the employed 

Ali-Scout prediction strategy was quantified for different sizes of the prediction horizon and 

under a variety of traffic conditions, for both SCOOT-detectorized and flow-detectorized 

links. Confidence intervals were placed upon the Ali-Scout predicted travel time values, for 

the SCOOT-detectorized links; whilst the predicted flow-detectorized links’ travel time values 

were represented by the links’ historical travel time values. So, there was always uncertainty 

associated with the future travel time values of both the SCOOT-detectorized and the flow-

detectorized links. 

The second objective of the project was to integrate the estimation and prediction of 

the links’ traversal times with the development of the ‘least-time’ path algorithms. 

Investigation of the current and predicted links’ traversal times concluded that they are best 

represented by discrete time-varying probability distributions. This led to the development and 

implementation of several STDLTP algorithms.   

The third objective of the project was to develop STDLTP algorithms for different 

optimization criteria. Using Miller-Hooks’ (1997) STDLTP(EV) algorithm as a starting point, 

the STDLTP(Var) algorithm and the STDLTP(Weight) algorithm were developed and 

implemented. In particular, the STDLTP(Var) algorithm is based upon the newly defined 

minimum ‘approximate variance’ value dominance criterion and the STDLTP(Weight) 
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algorithm is based upon the newly defined minimum ‘weight’ value dominance criterion. 

However, although the above employed dominance criteria exhibit similar characteristics to 

the expected value dominance criterion, it was demonstrated that the optimality of neither the 

STDLTP(Var) algorithm or the STDLTP(Weight) algorithm could be guaranteed. 

Furthermore, using Miller-Hooks’ (1997) STDLTP(Range) algorithm, based upon the 

deterministic dominance criterion, as a starting point, this study developed and implemented 

the STDLTP(Range) algorithm, based upon the less conservative newly defined ‘extended 

Dubois’ dominance criterion (Dubois et al, 1988). The optimality of the implemented 

STDLTP(Range) algorithm was theoretically proven; as the extended Bellman’s Principle of 

Optimality was found to be valid, for the ‘extended Dubois’ dominance criterion in the context 

of both a  FIFO and non-FIFO discrete stochastic and time-dependent network.  

By imposing some restrictions on the links’ travel time values in order to comply with 

the newly defined ‘relaxed’ FIFO principle, a forward STDLTP(Var) algorithm and a forward 

STDLTP(Range) algorithm were developed and implemented. The above algorithms are 

origin based one to many and single departure time label-correcting algorithms. The 

optimality of the implemented forward STDLTP(Range) algorithm was theoretically proven, 

in the context of both a FIFO and a ‘relaxed’ FIFO discrete stochastic and time-dependent 

network. However, the optimality of the forward STDLTP(Var) algorithm could not always be 

guaranteed, as the Bellman’s Principle of Optimality for the origin based and single departure 

time minimum ‘approximate variance’ value dominance criterion may well be violated.   

The fourth objective of the project was to develop more computationally efficient 

heuristic versions of the STDLTP algorithms. Dependent upon the complexity of the RGS, 

different computational constraints are imposed upon the required computational performance 

of the employed ‘least-time’ path algorithms. Using Miller-Hook’s (1997) heuristic 

STDLTP(EV) algorithm as a starting point, but modifying the replacement strategy in order to 

enhance the solution quality of the algorithm for single origin-destination pairs and single 

departure time requests, a heuristic version of the STDLTP(EV) and the STDLTP(Weight)  

algorithms were developed. Furthermore, a heuristic version of the forward STDLTP(Range) 

algorithm, based upon a random replacement strategy, was developed. However, the time 

constraints in RGS, require routing algorithms that exhibit lower computational times 

algorithms than those of the heuristic STDLTP(EV) and the heuristic STDLTP(Weight) 

algorithms. Consequently, based upon Fu’s et al (1998) k-heuristic algorithm, but extending it 

in order to accommodate different optimization criteria, a k-heuristic(EV) algorithm, a k-

heuristic(Var) algorithm, a k-heuristic(Weight) algorithm and a k-heuristic(Range) algorithm 
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were developed. These algorithms exhibited real-time characteristics for small values of the 

parameter K used in the algorithms (K≤ 5). Furthermore, both of the forward STDLTP(Var) 

and the forward STDLTP(Range) algorithms exhibited real-time characteristics. 

The fifth objective of the project was to identify an ‘optimal’ routing strategy in the 

context of the Nottingham urban network; utilizing all available real-time information for the 

estimation and prediction of the detectorized links’ travel time values. It was experimentally 

verified that the STDLTP(Weight) algorithm was the ‘optimal’ routing strategy, in the context 

of the Nottingham urban network, given the available data sources and the current 

representation of the links’ traversal times. It was verified that the minimum ‘weight’ value 

criterion that placed a slightly bigger ‘weight’ upon the path’s expected travel time value as 

opposed to the path’s ‘approximate variance’ value (i.e. based upon the (0.6,0.4) pair of 

values), was found to exhibit ‘optimal’ performance. In particular, the STDLTP(Weight) 

algorithm led to STDLTP(Weight) paths with acceptable expected travel time values and 

acceptable ‘approximate variance’ values. When tested upon the two study areas (a small 

SCOOT-monitored region and a big region that consists of several SCOOT-monitored regions, 

flow-detectorized links and non-detectorized regions), the STDLTP(Weight) paths were found 

to exhibit expected travel time values and ‘approximate variance’ values that were very close 

to the expected travel time values of the STDLTP(EV) paths and the ‘approximate variance’ 

values of the STDLTP(Var) paths respectively. The above results demonstrated clearly the 

benefits of an optimization criterion that combined not positively correlated optimization 

criteria.   

However, for applications with real-time characteristics, the relative merits of the 

minimum ‘weight’ value dominance criterion were not maintained. In particular, it was 

demonstrated that the solution quality of all real-time k-heuristic algorithms was very close to 

the solution quality of the STDLTP(EV) algorithm. Therefore, with the exception of the 

expected value dominance criterion, the nature of the employed optimization criteria (what 

one is seeking to identify) was greatly compromised, when the real-time k-heuristic versions 

of the STDLTP algorithms were employed. Consequently, this study’s k-heuristic(Weight) 

algorithm is not expected to identify paths that exhibit significantly lower levels of uncertainty 

than those of the STDLTP(EV) paths. Therefore, as an approximation of the ‘weight’ value 

criterion the employment of both the forward STDLTP(Var) algorithm and the real-time k-

heuristic(EV) algorithm is proposed, in order to select the best compromise path. Alternatively 

the forward STDLTP(Range) algorithm can be employed and the best compromise path can be 

selected amongst the final solution set of the forward STDLTP(Range) paths.        
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The ultimate objective of the project was to reveal whether it is possible, given the 

available data sources, to develop a RGS which will supply the driver with information on 

alternative routes and anticipated travel times with bigger precision and smaller uncertainty 

than the one anticipated by the driver. The quality of the optimal path solution is clearly 

dependent on the accuracy of the links’ traversal times and the available data sources. So, it 

was demonstrated that, independent of the intelligence of the routing algorithm (implemented 

STDLTP algorithms) and independent of the employed optimization criterion, the 

performance of each of the implemented STDLTP algorithms was restricted due to the lack of 

traffic information available for the majority of the links in the network. Therefore, there was 

an upper bound on the accuracy that can be achieved by any of the STDLTP algorithms, 

which was determined by the number of non-detectorized links that the optimal path consists 

of. However, the relative merits of the minimum ‘weight’ value criterion and the benefits of 

utilizing real-time information for the estimation and prediction of the detectorized links’ 

traversal times were still able to be demonstrated.  

Independent of the employed optimization criterion, the uncertainty associated with the 

path’s expected arrival time is relatively high, for a regular driver. For a journey of an 

expected duration of 20 minutes the value of the uncertainty associated with the 

STDLTP(Weight) path’s arrival time of 13 minutes (see section 6.7 and table 6.10) cannot be 

acceptable for a regular driver; apart from under special circumstances and unanticipated 

traffic conditions. However, the accuracy achieved, can be satisfactory for a visitor, who does 

not have any expectations about the duration of the journey.  On the other hand, the relative 

merits of the STDLTP(Weight) path over the STDLTP(EV) and the STDLTP(Var) paths are 

most likely to be of relevance for a regular traveler. A visitor, who is only going to perform 

the journey once, is unlikely to be interested in small improvements on the path’s expected 

arrival time and/or small reductions on the uncertainty associated with the path’s arrival time. 

Therefore, apart from the least-time path (i.e. identified by the forward STDLTP(Range) 

algorithm), the remaining paths are probably of equal preference, from a visitor’s perspective.   

 

7.4 Contributions 
The basic contribution of this study was to integrate the representation of the 

Nottingham urban network and the estimation/prediction of the detectorized links’ traversal 

times with the development of the ‘optimal’ routing algorithm.  
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More specifically, and within this framework, the contributions of this work include: 

1) Explicitly incorporating the uncertainty of the relationship between the percentage 

occupancy and the travel time data. Therefore, this study extended Sisiopiku’s (1994) 

approach in order to place confidence intervals upon the generalized linear regression model.  

2) Extending the Ali-Scout prediction strategy (Hoffman et al, 1990), in order to 

explicitly incorporate the uncertainty associated with the future links’ travel time values as the 

size of the prediction horizon increased and under congested traffic conditions; using an 

empirical data driven link-specific method.  

3) Adapting and implementing Miller-Hooks’ (1997) Stochastic Time-Dependent 

Least-Time Path (STDLTP(EV))  algorithm, based upon the expected value criterion, in the 

context of an urban network instead of a highway system. Extending Miller-Hooks’ (1997) 

STDLTP algorithms, for different optimization criteria. In particular, developing the following 

algorithms: the STDLTP(Var) algorithm, based upon the minimum ‘approximate variance’ 

value dominance criterion, the STDLTP(Weight) algorithm, based upon the minimum 

‘weight’ value dominance criterion and the STDLTP(Range) algorithm, based upon the 

‘extended Dubois’ dominance criterion (Dubois et al, 1988).  

4) Developing, when possible, forward versions of the STDLTP algorithms, based 

upon the different employed optimization criteria. In particular, developing the following 

algorithms: the forward STDLTP(Var) algorithm, based upon the minimum ‘approximate 

variance’ value dominance criterion and the forward STDLTP(Range) algorithm, based upon 

the ‘extended Dubois’ dominance criterion. 

5) Extending Miller-Hooks’ (1997) heuristic STDLTP algorithms for the employed 

optimization criteria. In particular, the following heuristic STDLTP algorithms were 

developed and implemented: the heuristic STDLTP(EV) algorithm, based upon the expected 

value dominance criterion, the heuristic STDLTP(Weight) algorithm, based upon the 

minimum ‘weight’ value dominance criterion and the heuristic forward STDLTP(Range) 

algorithm, based upon the ‘extended Dubois’ dominance criterion. Modifying the Miller-

Hooks’ proposed ‘intelligent’ replacement strategy, in order to improve the quality of the 

obtainable solution for the single origin-destination pair and single departure time request.   

6) Extending Fu’s et al (1998) proposed k-heuristic algorithm, in the context of a 

discrete stochastic and time-dependent network, and for all the employed optimization 

criterion. In particular, the following heuristic algorithms were developed and implemented: a 

k-heuristic(EV) algorithm, based upon the expected value dominance criterion, a k-

heuristic(Var) algorithm, based upon the minimum ‘approximate variance’ value dominance 
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criterion, a k-heuristic(Weight) algorithm, based upon the minimum ‘weight’ value dominance 

criterion and a k-heuristic(Range) algorithm, based upon the ‘extended Dubois’ dominance 

criterion.   

7) Modifying Miller-Hooks’ (1997) extended Bellman’s Principle of Optimality, for 

each of the employed dominance criteria, in order to prove the theoretical optimality of each 

of the implemented STDLTP algorithms, in the context of both a FIFO and non-FIFO discrete 

stochastic and time-dependent network. Proving the validity of the extended Bellman’s 

Principle of Optimality, for the ‘extended Dubois’ dominance criterion, in the context of both 

a FIFO and non-FIFO discrete stochastic and time-dependent network. Therefore, proving the 

optimality of the STDLTP(Range) algorithm. Presenting counterexamples in order to show the 

violation of the extended Bellman’s Principle of Optimality for the minimum ‘approximate 

variance’ value dominance criterion and for the minimum ‘weight’ value dominance criterion, 

in the context of a discrete stochastic and time-dependent network. 

8) Developing the concept of a ‘relaxed’ FIFO network, which imposes less 

restrictions on the link’s discrete stochastic and time-dependent travel time values than the 

respective FIFO network; and which was tailored to the ‘extended Dubois’ dominance 

criterion. Demonstrating the validity of the forward extended Bellman’s Principle of 

Optimality for the forward STDLTP(Range) algorithm in the context of the less restrictive 

‘relaxed’ FIFO discrete stochastic and time-dependent network.   

9) Through experiments, demonstrating the sensitivity of each of the employed 

optimization criteria to the quality of information available for the estimation and prediction of 

each link’s travel time values. Defining the concept of an ‘optimal’ routing strategy as a best 

compromise path in terms of its expected travel time value and its ‘approximate variance’ 

value. Demonstrating that the minimum ‘weight’ value criterion that placed a slightly bigger 

‘weight’ upon the path’s expected travel time value as opposed to the path’s ‘approximate 

variance’ value (i.e. based upon the (0.6, 0.4) pair of values), was found to identify the best 

compromise paths. Therefore, demonstrating the benefits of an optimization criterion that 

combines different not positively correlated optimization criteria. Demonstrating that the 

heuristic versions of the STDLTP(EV) and STDLTP(Weight) algorithms can lead to better 

computational times still with acceptable nearly optimal paths; without compromising the 

nature (i.e. what one is seeking to identify) of the employed optimization criteria. 

Demonstrating that the real-time k-heuristic algorithms can annihilate or greatly reduce the 

relative merits of alternative optimization criteria to the expected value criterion. 

Demonstrating that the very computationally demanding minimum ‘weight’ value dominance 
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criterion, which provided results with the highest information content, did not always retain its 

relative merits when its respective real-time k-heuristic(Weight) algorithm was employed.  

 

7.5 Future research and extensions 
In this research, several simplifying assumptions are made as a necessary first step in 

solving the problem of developing a dynamic Route Guidance System (RGS) in the context of 

the Nottingham urban network. These simplifying assumptions may well have an impact upon 

our obtained results.  

 

7.5.1 Data sources 

The presented work was restricted to SCOOT loop detector data and flow detector data 

as the only data sources of traffic information. However, only a small percentage of the 

represented links, in the Nottingham urban network were ‘equipped’ with SCOOT detectors or 

flow-detectors (217 links ‘equipped’ with SCOOT inductive loop detectors and/or flow- 

detectors out of 2054 represented links). Therefore, alternative data sources should be 

incorporated in order to increase the coverage of the Nottingham urban network. The potential 

of utilizing real-time bus location data transmitted by buses in order to determine the traversal 

times of links and/or routes especially at peak periods should be explored.  

In this study, a homogeneous representation was adapted for the representation of the 

non-detectorized links’ traversal times. In the majority of cases, the uncertainty associated 

with a non-detectorized link’s traversal times exceeded the historical uncertainty associated 

with an ‘equivalent’ (i.e. of equal length) detectorized link’s traversal times. This escalated 

when real-time information was utilized. Taking into account that the majority of the links in 

the network were non-detectorized links, the representation of the non-detectorized links’ 

traversal times had a big impact upon the overall performance of the above algorithms. 

Consequently, the limitation of the available data sources compromised the comparisons 

between the characteristics of the optimal paths, as generated by each of the implemented 

STDLTP algorithms, based upon the different employed optimization criteria. A different 

approach should be developed in order to estimate the traversal time of a non-detectorized link 

based upon the traversal times of its neighbouring detectorized links. The failure of the 

concept of spatial dependency, when experimenting with consecutive pairs of SCOOT-

detectorized links’ space speed values, should be further explored. The effect that the traffic 

signal delays and/or the traffic signal progression may have on the correlation of consecutive 
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SCOOT-detectorized links’ space speed values should be investigated.  Furthermore, it would 

be interesting to explore whether the correlation of consecutive links’ experienced traffic 

conditions rather than explicit space speed values would give us improved results. Therefore, 

it would be interesting to explore whether a less detailed representation of the links’ 

experienced traffic conditions (i.e. possibly describe as free flow, moderately congested and 

congested instead with specific space speed values) would improve the results on spatial 

dependency. Furthermore, dependent upon the results obtained on spatial dependency, it 

would be interesting to explore the number and the positioning of links that are required to be 

detectorized, in order for the traversal times of the non-detectorized links to be estimated 

and/or predicted with acceptable levels of uncertainty. The above, is envisaged to be 

dependent upon the quality of information available for the different types of the detectorized 

links.  

Other simplifying assumptions are mainly associated with the employed travel time 

estimation and prediction techniques. The quality of both the link-specific regression models 

and the generalized linear regression model were compromised due to the non availability of 

travel time information for the majority of the flow-detectorized links. Probe data should be 

used in order to enhance the quality of both the link-specific regression model and the 

generalized regression models. Secondly, information with respect to the other traffic and 

physical characteristics of each of the flow-detectorized links should be collected in order to 

enhance the predictive ability of the generalized regression model.  

It might well be more realistic to represent the current and/or predicted flow-

detectorized links’ travel time values with time-varying confidence intervals instead of a 

discrete time-varying probability distribution. Similarly it may well be more realistic to 

represent the non-detectorized links’ travel time values via time invariant confidence intervals. 

Finally, it may well be preferable to adopt different representations of the SCOOT-

detectorized links’ predicted traversal times dependent upon the size of the prediction horizon; 

in order to reflect the degradation of the quality of information provided by the prediction 

strategy as the size of the prediction horizon increases. Therefore, different types of 

representation of the links’ traversal times may well co-exist in the Nottingham urban network 

ranging from deterministic values to confidence intervals; reflecting the different levels of 

uncertainty associated with different links’ traversal times. It would be interesting to explore 

the complexities arising when the heterogeneity of information associated with different links’ 

traversal times is explicitly represented and taken into account for the development of the 

STDLTP algorithms. 
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This work did not take into account the delay experienced by vehicles in signalized 

intersections (turning penalties). Furthermore, this work did not take into account turning 

prohibitions. It would be interesting to explore whether in the context of high congestion and 

big queues at junctions, the additive effect of a turning penalty is significant and should be 

independently taken into account. Furthermore, it would be interesting to explore whether it is 

meaningful for a prediction strategy to predict turning penalties. Finally, it would be 

interesting to explore whether it is possible for the a priori STDLTP algorithms to be extended 

in order to incorporate turning penalties and turning prohibitions associated with turning 

movements. Therefore, it would be interesting to explore the additional complexity and 

computational overhead added and the improvement in the algorithms’ solution quality, when 

turning penalties and turning prohibitions are explicitly represented and taken into account in 

the STDLTP algorithms.  

 

7.5.2 Prediction method 

In order for the Ali-Scout prediction strategy to be able to cope with non-recurrent congestion, 

a different approach to the construction of the historical profile may well be required. The 

travel time data should be classified based on traffic conditions rather than the commonly used 

day and time of the day, type of classification. Therefore, the historical profile will consist of 

defined traffic condition patterns. The future links’ travel time values will be based on a 

comparison of conditions with the previously defined traffic condition patterns. The above 

statement should be further explored. It would also be interesting to explore the relationship 

between how fine or coarse an aggregation interval is, when constructing an historical profile, 

and the reliability of the historical profile.  

A more generalized method in quantifying the accuracy of the Ali-Scout prediction 

strategy and constructing predicted confidence intervals should be developed. Following from 

this, the potential of developing link-specific (or generalized) regression models with the size 

of the prediction horizon (and/or the experienced traffic conditions) as the independent 

variable, and the error associated with the predicted travel time value, as the dependent 

variable should be explored.   

Furthermore, the potential of the exponential discounting prediction strategy 

(Koutsopoulos et al, 1992) to enhance Ali-Scout’s performance, especially for long-term 

predictions, should be further explored. The potential of extending the exponential discounting 

prediction strategy in order for the Ali-Scout predicted travel time value to progressively 

converge to the link’s historical confidence intervals instead of the link’s historical mean 
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travel time value should be investigated. Furthermore, alternative prediction methods should 

be considered, such as ARMA models and neural networks models. The relative merits of 

each of the prediction models should be explored under a variety of traffic conditions and 

under recurrent and non-recurrent congestion. The potential of utilizing a number of prediction 

methods, dependent upon the time of the day and/or the anticipated traffic conditions, should 

be considered.    

Finally, it would be worth investigating the effects on the performance of the 

prediction strategy when a more accurate travel time estimation technique than the one 

provided by the SCOOT model, with finer aggregation intervals, is incorporated. It would be 

worth exploring the relationship between the size of the aggregation interval (i.e. how fine or 

how coarse) of the predicted link’s travel time values, and the size of the prediction horizon. It 

is anticipated that the bigger the size of the prediction horizon the bigger would be the 

required size of the aggregation interval, for the predicted link’s travel time values, in order 

for the prediction strategy to provide us with meaningful results.   

 As has been mentioned above, no prediction strategy can comprehensively deal with 

incidents. Therefore, an incident detection model should be incorporated for detecting as well 

as predicting the effects of incidents on the links’ travel time values.  

 

7.5.3 STDLTP algorithms 

All of the implemented many to one and multiple departure time STDLTP algorithms 

terminate when all optimal paths for every other node of the network to the destination node 

and for every departure time, within the time period of interest, have been calculated. 

Therefore, all of the destination based STDLTP algorithms appear to spend a lot of time in 

unnecessary computations for single origin-destination pair and single departure time requests. 

It was demonstrated in chapter 5, that adjusting the time period of interest based upon the 

single origin-destination pair and departure time request, reduced the overall computational 

time of all STDLTP algorithms; without compromising their solution quality. Consequently, a 

method in order to dynamically determine the size of the time period of interest that 

guarantees optimality for the STDLTP algorithms, given different origin-destination pairs and 

departure time requests, needs to be developed.  

As mentioned in chapter 4, the departure time intervals should be at least as fine as the 

precision of the links’ travel time values, so that the discretization error does not have any 

impact on the accuracy of the STDLTP algorithms. Therefore, all links’ travel time values are 

assumed to change every 10 seconds (i.e. coincide with accuracy of representation of the 
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links’ travel times) in order for the optimality of all STDLTP algorithms to be guaranteed. 

However, the very small size of the discrete departure time intervals resulted in an increase in 

the number of departure time intervals within the time period of interest and consequently 

increased the computational time of all the implemented STDLTP algorithms (see chapter 5). 

Therefore it would be worth exploring the extent to which the optimality of STDLTP 

algorithms is compromised, when the size of the departure time intervals is coarser than the 

precision of the links’ travel time values. Alternatively, it would be worth investigating the 

loss of information associated with a less accurate representation of the links’ travel time 

values. Furthermore, it would be worth considering the potential of altering the definition and 

representation of a link in our network. In particular, it would be worth exploring the potential 

of mapping more than one existing links into one aggregated link for the STDLTP algorithms. 

The above would increase the aggregated links’ travel time values and consequently a smaller 

precision would be required for the representation of the aggregated links’ travel time values.  

Similarly to the standard shortest path algorithms (Dijkstra, 1959; Bellman, 1958), all 

of the implemented STDLTP algorithms spent a lot of time in unnecessary computations, 

because they search indiscriminately amongst all links of the network independent of 

direction. The reduction of the search space towards the links that are relevant to our search 

needs to be further explored. Consequently, it would be worth exploring the potential of 

developing A* (Rilett et al, 1994) versions of the STDLTP algorithms. Moreover, it would be 

worth exploring the potential of developing A* versions of the k-heuristic algorithms. 

This study did not take into account the computational time required for checking and 

imposing the FIFO principle on the detectorized links’ traversal times, in the context of the 

discrete deterministic and time-dependent network. Furthermore, this study did not take into 

account the computational time required for checking and imposing the ‘relaxed’ FIFO and/or 

the extended ‘relaxed’ FIFO principle on the detectorized links’ traversal times, in the context 

of the discrete stochastic and time-dependent network. It would be worth investigating the 

relationship between the computational time required for checking and imposing the extended 

‘relaxed’ FIFO principle and the ‘relaxed’ FIFO principle as opposed to the computational 

times of the real-time k-heuristic algorithms and the computational times of the forward 

STDLTP algorithms respectively, as a function of the number of detectorized links in the 

network, the size of the time period of interest and/or the aggregation intervals of the travel 

time estimation and prediction techniques. Furthermore, if the computational times were found 

to be comparable, it would be worth investigating the potential of developing k-heuristic 

algorithms that utilize the respective percentile speed values instead of the percentile travel 
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time values (Sung et al, 2000). Moreover, if the above was found to be feasible, it would be 

worth exploring the tradeoff between the increase in the computational time of the k-heuristic 

algorithms, when speed values are utilized, as opposed to the computational time required for 

checking and imposing the extended ‘relaxed’ FIFO principle for the k-heuristic algorithms 

when travel time values are utilized. Additionally, it would be worth exploring the tradeoff 

between the increase in the computational time of the k-heuristic algorithms, in the context of 

a non-FIFO discrete stochastic and time-dependent network, as opposed to the computational 

time of the k-heuristic algorithms, in the context of an extended ‘relaxed’ FIFO network, 

taking into account the computational time required for checking and imposing the extended 

‘relaxed’ FIFO principle on the detectorized links’ traversal times. Similarly, it would be 

worth investigating the potential of developing a forward STDLTP(Range) that utilizes speed 

values instead of travel time values. Moreover, if the above was found to be feasible, it would 

be worth exploring the increase in the computational time of the forward STDLTP(Range) 

algorithm, due to the computational time required for the conversion of the speed values into 

travel time values as opposed to the additional computational time required for checking and 

imposing the ‘relaxed’ FIFO principle on the links’ travel time values.    

The violation of the ‘relaxed’ FIFO principle in the context of a discrete stochastic and 

time-dependent network is partly attributed to the conflict between the relatively coarse 

aggregation intervals of the travel time estimation and consequently prediction techniques (i.e. 

update travel time values at most every 5 minutes) and the very fine aggregation intervals (i.e. 

coincide with the size of 10-seconds departure time intervals) of all links’ travel time values, 

as perceived by all the implemented STDLTP algorithms. It would be worth exploring the 

relationship between the violation of the ‘relaxed’ FIFO principle and the size of the 

aggregation interval of the travel time estimation and prediction techniques. Consequently, 

travel time estimation and prediction techniques that provide more frequent updates on the 

links’ travel time values should be considered. Furthermore, it would be worth investigating 

the relationship between the violation of the ‘relaxed’ FIFO principle and the size of the 

discrete departure time intervals of the STDLTP algorithms.   

Similarly, the FIFO principle, in the context of the discrete stochastic and time-

dependent network, was found to be very restrictive and impossible to impose on the 

detectorized links’ travel time values without significant loss of information. The above was 

again partly attributed to the conflict between the relatively coarse aggregation intervals of the 

estimated and predicted detectorized links’ travel time values and the very fine aggregation 

intervals (i.e. coincide with the size of 10-seconds departure time intervals)  of all links’ travel 
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time values, as perceived by all the implemented STDLTP algorithms. It would be worth 

exploring the relationship between the violation of the FIFO principle and the loss of 

information when imposing FIFO characteristics on a link’s travel time values, and the size of 

the aggregation interval of the travel time estimation and prediction technique. Furthermore, it 

would be worth exploring the relationship between the violation of the FIFO principle and the 

loss of information when imposing FIFO characteristics on a link’s travel time values, and   

the size of the discrete departure time intervals of the STDLTP algorithms.  

The assumption of a ‘relaxed’ FIFO network simplified greatly the STDLTP(Range) 

and the STDLTP(Var) algorithms. In particular, both the forward STDLTP(Range) algorithm 

and the forward STDLTP(Var) algorithm were found to be much more computationally 

efficient than their respective backward STDLTP(Range) and backward STDLTP(Var) 

algorithms. The computational time of the forward STDLTP(Var) algorithm was found to be 

slightly higher than the respective computational time of the standard label-correcting shortest 

path algorithm. Most importantly, despite its theoretical non-optimality, the solution quality of 

the forward STDLTP(Var) algorithm was found to be very good. This indicates the potential 

benefits of developing a theoretically non-optimal, forward version of the STDLTP(Weight) 

algorithm. Because of the non-additive nature of a path’s expected travel time values in the 

context of a stochastic and time-dependent network; a path’s ‘weight’ value cannot be 

calculated optimally in a forward way. The links’ median values can be used as an 

approximation of the links’ and the respective path’s expected travel time values. Therefore, 

an additional inaccuracy will be introduced. It would be worth exploring the solution quality 

of a forward STDLTP(Weight) algorithm, when the paths’ ‘weight’ values are not evaluated 

correctly. Alternatively, it would be worth exploring the computational time added in the 

forward STDLTP(Weight) algorithm, when the paths’ expected values are evaluated correctly 

in a backward way. Subsequently, it would be worth exploring the effects in the solution 

quality of the forward STDLTP(Weight) algorithm, when the paths’ expected and 

consequently the paths’ ‘weight’ values are evaluated correctly.   

All of the k-heuristic algorithms are based upon the k-least-time path algorithm. 

However, a basic disadvantage associated with the k-least-time path algorithm is that it can 

generate a big number of topologically similar paths (Park et al, 1997). In general the outcome 

of the k-least-time path algorithm is a group of paths, which follow almost identical routes. 

Topologically similar paths would exhibit similar values, for any of the employed 

optimization criterion. The above may be one of the reasons, amongst other factors, of the 

very poor performance of the k-heuristic algorithms, based upon the minimum ‘approximate 
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variance’ value, the minimum ‘weight’ value and the ‘extended Dubois’ dominance criteria. 

The k-reasonable-least-time path algorithm aims to identify paths, which are dissimilar in 

terms of the proposed routes but similar in terms of their travel times (Park et al, 1997). It 

would be worth exploring the performance of the k-heuristic algorithms when the k-

reasonable-least-time path algorithm is employed instead of the k-least-time path algorithm.  

Furthermore, for all k-least-time path algorithms, the median values represent the 

links’ traversal times. The poor performance of the k-heuristic algorithms, based upon the 

minimum ‘approximate variance’ value dominance criterion and the minimum ‘weight’ value 

dominance criterion, was mainly attributed to the non-correlation between a path’s expected 

value (in the context of the deterministic and time-dependent network) and the uncertainty (i.e. 

measured via ‘approximate variance’ value) associated with the path’s traversal time. It would 

be worth exploring the performance of the k-heuristic(Var) and the k-heuristic(Weight) 

algorithms, when other levels of travel time reliability are used for the representation of the 

links’ travel time values, for the k-least-time path algorithms. For example, it would be worth 

investigating the performance of the k-heuristic(Var) and the k-heuristic(Weight) algorithms, 

when the 95% percentile travel time values represent the links’ traversal times. This appears to 

be promising as in the experiments in chapter 6, the STDLTP(Weight) path was always found 

to coincide with the least-maximum-time path.  

The algorithms based upon the minimum ‘approximate variance’ value dominance 

criterion and the minimum ‘weight’ value dominance criterion can be greatly simplified in the 

context of a stochastic and time independent network. In particular, due to the additive nature 

of a path’s ‘approximate variance’ values and ‘weight’ values in the context of a stochastic 

and time independent network, the Bellman’s Principle of Optimality is valid and 

consequently very computationally efficient algorithms can be constructed. However, the 

elimination of time-dependency will result in very conservative estimations of a link’s and a 

path’s ‘approximate variance’ values and ‘weight’ values. Similarly, a link’s and a path’s 

expected values would not be very informative. It would be worth exploring the solution 

quality of the stochastic and time independent algorithms based upon the minimum 

‘approximate variance’ value dominance criterion and the minimum ‘weight’ value dominance 

criterion, as opposed to the solution quality of the STDLTP(Var) and the STDLTP(Weight) 

algorithms. Furthermore, it would be worth exploring the potential benefits of developing a k-

heuristic(Var) algorithm and a k-heuristic(Weight) algorithm, which utilizes a k-stochastic and 

time independent algorithm (instead of the k-least-time path algorithm), based upon the  

respective dominance criteria.  
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This work has only empirically identified the ‘optimal’ values of the ‘weight’ 

parameters for the STDLTP(Weight) algorithm. However, the ‘optimal’ values of the ‘weight’ 

parameters are expected to be origin-destination pair specific and time of the day specific. The 

relationship between the origin-destination pair characteristics and the ‘optimal’ values of the 

‘weight’ parameters, during different times of the day, should be further explored and if 

possible formalized. The potential of dynamically updating the values of the ‘weight’ 

parameters, as the STDLTP(Weight) algorithm unfolds, should be considered.  

It would be worth exploring the benefits of an adaptive routing strategy under fast 

fluctuating traffic conditions (incident, traffic jam) and/or when the delay experienced by 

vehicles in signalized intersections is explicitly incorporated. Moreover, it would be 

interesting to consider the development of a hybrid routing strategy, which will be a 

combination of an adaptive and a non-adaptive routing strategy. In particular, subject to the 

uncertainty associated with the optimal path’s traversal time, as identified by any of the 

implemented a priori STDLTP algorithms or their respective heuristic versions, the adaptive 

routing strategy would or would not be activated.  

Finally, it would be interesting to explore the potential benefits of transferring all of 

the above procedures, from the travel time estimation and prediction strategies to the STDLTP 

algorithms, in the continuous domain.   

 
7.5.4 Fuzzy criteria 

A problem associated with all of the existing dominance criteria is that they are 

established, based upon comparisons of crisp values. The above can lead to erroneous results 

and a number of paths with desirable traffic characteristics may appear to be dominated. For 

example, a path whose expected travel time value is a few seconds higher than the respective 

expected travel time value of the optimal path is considered to be dominated based upon the 

existing dominance criterion. However, from a driver’s perspective a few seconds or even a 

few minutes of difference is not a perceptible difference. Furthermore, taking into account the 

general noise and the different types of uncertainties and inaccuracies that co-exist within a 

route guidance system, differences between paths’ travel time values of seconds or even of a 

few minutes are meaningless. Therefore, an interesting extension would be the fuzzification of 

the above employed dominance criteria. In particular, each of the dominance criteria should be 

established, based upon range of acceptable values, instead of crisp values. For example, 

instead of selecting a path that exhibits the strictly minimum expected value, the fuzzy 
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expected value dominance criterion will select all paths whose expected travel time values lie 

within a range of acceptable values. Furthermore, it would be interesting to explore the 

complexities which arise when the input data of the STDLTP algorithm (that is the travel time 

estimation and prediction data) as well as the employed optimization criteria are both 

fuzzified.  
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APPENDIX A.1 
 

Graphs on the relationship between the percentage occupancy and flow data  
 
Figure 1: Relationship between the percentage occupancy and flow data, for flow detector D02527 

 
 
 
Figure 2: Relationship between the percentage occupancy and flow data, for flow detector D13456 
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Figure 3: Relationship between the percentage occupancy and flow data, for flow detector D13455 

 
 
Figure 4: Relationship between the percentage occupancy and flow data, for flow detector D10266 
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Figure 5: Relationship between the percentage occupancy and flow data, for flow detector D10265 

 
 
Figure 6: Relationship between the percentage occupancy and flow data, for flow detector D09476 
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APPENDIX A.2 
 

Graphs on the link-specific linear regression models, for all studied flow-detectorized 
links 
 
Figure 1: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D02516 

 
 
Figure 2 : Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D02527 
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Figure 3: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D13456 

 
Figure 4: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D13455 
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Figure 5: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D10266 

 
Figure 6: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D10265 
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Figure 7: Link specific linear regression model, between the percentage occupancy data and the estimated 
space speed data, for link ‘equipped’ with flow detector D09476 
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APPENDIX A.3 
 

Graphs on the travel time values and space speed values on consecutive SCOOT-
detectorized links within the Valley Road SCOOT-region, for different daily profiles 
 
Figure 1: Travel time values for consecutive pairs of SCOOT-detectorized links, in Valley Road, for data 
collected on 19/06/02 

 
Figure 2: Space speed values for consecutive SCOOT-detectorized links, in Valley Road, for data collected 
on 19/06/02 
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Figure 3: Travel time values for consecutive SCOOT-detectorized links, in Valley Road, for data collected 
on 30/07/02 

 
Figure 4: Space speed values for consecutive SCOOT-detectorized links in Valley Road, for data collected 
on 30/07/02 
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Figure 5: Travel time values for consecutive SCOOT-detectorized links in Valley Road, for data collected 
on 29/04/02 

 
Figure 6: Space speed values for consecutive SCOOT-detectorized links in Valley Road, for data collected 
on 29/04/02 
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APPENDIX A.4 
 

Graphs on the correlation of the space speed values for consecutive SCOOT-detectorized 
links 
 
Figure 1: Best fit line between the space speed value of the SCOOT-detectorized link N10231C and the 
space speed value of its immediate downstream SCOOT-detectorized link N10241G, in Alfreton Road 

 
 
Figure 2: Best fit line between the space speed values of the SCOOT-detectorized link N18411G and the 
space speed values of its immediate downstream SCOOT-detectorized link N18141C, in Queens Drive 
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Figure 3: Best fit line between the space speed values of the SCOOT-detectorized link N13231G and the 
space speed values of its immediate downstream SCOOT-detectorized link N13241C, in Sherwood 

 
Figure 4: Best fit line between the space speed values of the SCOOT-detectorized link N13451R and the 
space speed values of its immediate downstream SCOOT-detectorized link N13421A, in Daybrook 
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APPENDIX B.1 
 

Daily and historical profiles for the different types of SCOOT-detectorized links 
 
Graphs on the daily and historical profiles on the first category of SCOOT-detectorized links 
 
Figure 1: Changes of the instantaneous link’s N20141A travel time values, based upon daily profile on 
29/04/02 

 
 

Figure 2: Historical Profile for link N20141A  
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Graphs on the daily and historical profiles on the second category of SCOOT-detectorized 
links 
 
Figure 3: Changes of the instantaneous link’s N11541G travel time values, based upon daily profile on 
29/04/02 

 
 
Figure 4: Historical profile for link N11541G 

 
 
 
 
 
 
 
 
 
 
 



 353

Graphs on the daily and historical profiles on the third category of SCOOT-detectorized links 
 
Figure 5: Changes of the instantaneous link’s N11542C travel time values, based upon daily profile on 
29/04/02 

 
 
Figure 6: Historical profile for link N11542C 
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APPENDIX B.2 
 
Graphs on the effects that the experienced traffic conditions and/or the time of the day 
parameter have on Ali-Scout’s performance, for short- and medium- term predictions 
 
Figure 1: Effect of traffic conditions, on Ali-Scout’s performance, 

 for link N20141A (Lenton Boulevard) 

 
Figure 2: Effect of traffic conditions, on Ali-Scout’s performance, 

 for link N11541G (Valley Road) 
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Figure 3: Effect of the time of the day parameter on Ali-Scout’s performance,  

for link N20141A (Lenton Boulevard) 

 

 

According to figure 3, link N20141A, exhibits higher values of the mean absolute relative 
error during the morning peak period and the afternoon off peak period, where there is 
maximum historical uncertainty and high rate of change associated with the link’s traversal 
times. On the other hand, the mean absolute relative error exhibits low values during the 
afternoon peak-period because the historical uncertainty associated with the link’s travel time 
values is not as big (See appendix B.1 and figure 2) 

 
Figure 4: Effect of the time of the day parameter on Ali-Scout’s performance,  

for link N11541G(Valley Road) 
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APPENDIX B.3 
 

Graphs on Ali-Scout’s performance for the different types of the SCOOT-detectorized 
links (two first categories) 
 
Graphs on Ali-Scout’s performance for the first category of SCOOT-detectorized links 
Figure 1: Performance of the Ali-Scout prediction strategy, for link N20141A,  

during the morning peak-period 

 
 
Figure 2: Performance of the Ali-Scout prediction strategy, for link N20141A,  

during the afternoon peak-period 

 
 



 357

Figure 3: Performance of the Ali-Scout prediction strategy, for link N20141A,  

during the evening off peak period 

 
 
 
Graphs on Ali-Scout’s performance for the second category of SCOOT-detectorized links 
Figure 4: Performance of the Ali-Scout prediction strategy, for link N11541G,  

during the morning peak-period 
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Figure 5: Performance of the Ali-Scout prediction strategy, for link N11541G,  

during the afternoon peak period 

 
 
Figure 6: Performance of the Ali-Scout prediction strategy, for link N11541G,  

during the evening off peak period 
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APPENDIX B.4 
 

Graphs on the performance of the exponential discounting prediction strategy 
 
Figure 1: Quantification of the performance of the exponential discounting prediction strategy, for link 
N11531C (Valley Road) 

 
 
Figure 2: Quantification of the performance of the exponential discounting prediction strategy, for link 
N11541G (Valley Rroad) 
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Figure 3: Quantification of the performance of the exponential discounting prediction strategy, for link 
N20141C (Lenton Boulevard) 
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APPENDIX B.5 
 

Graphs on the relationship between the percentile values of the relative travel time 
prediction error and the time of the day and size of the prediction horizon parameters 
 
Figure 1: Effect of the time of the day and size of the prediction horizon parameters on the 5% percentile 
value of the relative travel time prediction horizon 

 
 
Figure 2: Effect of the time of the day and size of the prediction horizon parameters on the 25% percentile 
value of the relative travel time prediction horizon 

 



 362

Figure 3: Effect of the time of the day and size of the prediction horizon parameters on the 75% percentile 
value of the relative travel time prediction horizon 

 
 

Figure 4: Effect of the time of the day and size of the prediction horizon parameters on the 95% percentile 
value of the relative travel time prediction horizon 
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APPENDIX B.6 
 

Graphs on Ali-Scout’s performance, for flow-detectorized links 
 
Figure 1: Quantification of Ali-Scout’s performance, for flow-detectorized link D10265 

 
Figure 2: Quantification of Ali-Scout’s performance, for flow-detectorized link D09476 
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Figure 3: Quantification of Ali-Scout’s performance, for flow-detectorized link D02527 

 
Figure 4: Quantification of Ali-Scout’s performance, for flow-detectorized link D13455 
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Figure 5: Quantification of Ali-Scout’s performance, for flow-detectorized link D13456 

 




